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Abstract: As established by Prodinger in ”On the Expansion of Fibonacci
and Lucas Polynomials”, we give g-analogue of identities established by Bel-
bachir and Bencherif in ”On some properties of bivariate Fibonacci and Lucas
polynomials”. This is doing according to the recent Cigler’s definition for the
g-analogue of Fibonacci polynomials, given in ”Some beautiful g-analogues of
Fibonacci and Lucas polynomials”, and by the authors for the g-analogues
of Lucas polynomials, given in ” An Alternative approach to Cigler’s ¢-Lucas
polynomials”.
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Résumé : Comme établi par Prodinger dans ”On the Expansion of Fibonacci
and Lucas Polynomials”, nous donnons le g-analogue des identités établies par
Belbachir et Bencherif dans ”On some properties of bivariate Fibonacci and
Lucas polynomials”. Ces identités sont basées sur ’approche de Cigler pour
le g-analogue des polynomes de Fibonacci, donnée dans ”Some beautiful g-
analogues of Fibonacci and Lucas polynomials”, et par les auteurs pour les
g-analogues de polyndomes de Lucas, donnée dans ”An Alternative approach
to Cigler’s ¢-Lucas polynomials”.
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1 Introduction

The bivariate polynomials of Fibonacci and Lucas, denoted respectively by (U,,) and (V},),
are defined by

Upy=0, Uy =1, g Vo=2 V=1,
Uy = tUp_1 + 2Up_s (n>2), H Vo=tV 14+ 2V,s (n>2).

It is established, see for instance [1], that

2 2
— n—2k _k — n—2k _k > )
Uni1 E ( I )t z", V., E n—k:( k‘ )t 28 (n>1)

k=0

In [2], the first author and Bencherif proved that, for n — 2 [n/2] < k <n — |n/2], the
families (kanH_k) . and (kan_k)k constitute two basis of the Q-vector space spanned
by the free family (m”_%yk) ,» and they found that the coordinates of the bivariate poly-
nomials of Fibonacci and Lucas, over appropriate basis, satisfies remarkable recurrence

relations. They established the following formulae

Ve = 2an = 2, (1)
Wopy1 = Zankt Von_s, Wwith ank—2z J*’“( ) (—1)"** (Z) 2)
Vo = ;bmkt’%n_k, with b,y = (—1)* (Z) (3)
Vono1 = icn,ktkU%_k, with ¢, = 2(=1)"" (Z) — [k =1], (4)
k=1
Wh g = Xn:dn,kt%nlk, with d,; = (—1)’“+1M(n>, (5)
— n k
2y, = ien,ktkvgnk, with (6)
k=1

o = ) B (1) e (1)

A similar approach was done by the authors, see [3], for Chebyshev polynomials.

As g-analogue of Fibonacci and Lucas polynomials, J. Cigler [6], considers the following
expressions

[n/2]
Foi (m) = 3 gl T {” 5 k] Pk 7)
k=0 q

[n/2]
(m+1)( k [”]q n—k k
Luc, (z,y,m Z q —[ iy v, (8)
q
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with the ¢-notations

lg=1+q+-+¢" [, =12 [l [” - k} _ [n],!

k| T TR =R,

Without loss the generality, we can suppose that ¢ = 1. We refer here to the modified
polynomials given by H. Prodinger in the introduction of [8].

Using the g-analogues of Fibonacci and Lucas polynomials suggested by J. Cigler, H.
Prodinger, see [8], give g-analogues for relations (3) and (5), and the authors, see [4], give
g-analogues for relations (1), (2), (4), (6).

The g-identities associated to relations (2) and (6), given in [4], do not give for ¢ = 1
the initial relations. This is the motivation which conclude to this paper: we propose an
alternative ¢g-analogue for all the former relations (1), (2), (3), (4), (5) and (6) based on
Cigler’s definition, see [6], for the Fibonacci polynomials, and the definitions givn by the
authors, see [5], for the Lucas polynomials.

In [5], we have defined the ¢-Lucas polynomials of the first kind L (z) and the ¢-Lucas
polynomials of the second kind L (z) respectively by

Do)+ = 3 g P (e ) o)

S () () [” . ﬂ (1 " q’“%> & (0

—

Il
o

,_

~
[\

[t

L, (z,m)
k=0

and we have showed that the polynomials L,, (z) and L, (z) satisfy the recursions

Ln+1 (z,m) = Ln (Za m) + qnilZLnfl (qulz,m) ) (11)
Lnt1 (z,m) = Ly (g2, m) + qzLy—1 (¢™'2,m) . (12)

These two recursions are satisfied by the g-analogue of Fibonacci polynomials F,, (z,m),
see [6].

2 Main results

In [5], the authors expressed the g-Lucas polynomials of the both kinds in terms of ¢-
Fibonacci polynomials by the identities

L,(z,m) = 2F, (E, m) —F,(z,m),
q
L, (z,m) = 2F,1(z,m)—F,(z,m),

which are considered as a g-analogue of the equality (1).
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The following result gives two g-analogues of relation (2), the first one is related to the
g-Lucas polynomials of the first kind and the second one is related to the ¢-Lucas poly-
nomials of the second kind.

Theorem 1 For every integer n > 0, one has

< n
2F2n+1 <a, m> = Z q\2 |i :| +k L2n k (Z m) +
n—1 J
2 Z Zq —n [ } (=1 Ly, (¢%2,m), (13)
7=0 k=0 q

-1 J .
OF9, 1 (z,m) = ZZZ(] 3)+2ni H (=" Lopy, (¢" % 2,m) +
q

7=0 k=0
n

q

The g-analogue of relation (3), found by Prodinger in [8], is given by the following Theorem
which gives also a second g-analogue identity.

Theorem 2 Forn > 1, we have

Fou (2m) — Zq H J By (2,m) (15)

Fo, (z,m) = Z q(ngj) [?} (—l)j+1 Fo,_; (qu,m) ) (16)

q

The relation (4), admits two g-analogues related to the g-Lucas polynomials of the first
kind L (z), and two g-analogues related to the g-Lucas polynomials of the second kind
L (2), given respectively by the following Theorem.

Theorem 3 Forn > 1, the g-Lucas polynomials of the first kind is developed by

Lo, Z m —22(] |: :| j+1F2n —j (277)1) —Fo, 1 (Zym)7 (17)

Loy1(z,m) =2 E q(ngj) {n] (—1)jJrl Fo,_; (qj_lz, m) —Fo,1(2,m). (18)
, J
Jj=1 q
and the q-Lucas polynomials of the second kind is developed by

Lon_1(z,m) =2) g m (=1 Fan_j (2,m) = Fan_y (2,m), (19)

J=1

Loa-t (z,m) = 23" U (~1))7 Py (F2,m) — Faor (zm) . (20)
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Using the ¢g-Lucas polynomials of the both kinds we find two g-analogues of relation (5).

Theorem 4 Forn > 1, we have

2Lgy, 4 Z m Zq |: :| k+1 qu <1 + [n — k]q> Loy 2 (Zam)> (21)

[n],
—~ (- [n k+1 g n—Fk q k
2,1 (2,m) = Zq( 2") [k;] (—1) (1 +q [ o ] ) Lop_1-k (q z,m)(22)

q

In the following theorem, we give two g-analogues of (6).

Theorem 5 For every integer n > 0, one has

—~ () [n k1 ftl n—kl,
= % q(Z) lk] . (—1)"" ¢ <1 + | | ) Lon—o1 (2,m) +

e 7],
n—1
1 B [n—1 n—
5 q(2> [ 1 :| (—1) Lk L2n72fk (QZ, m) +
k=0 q
n—2 j k . . ] .
Sl ] () Ly (P 2m). (23)
j=0 k=0 7
and
2F2n (Z)
RS nky |7 k+1 1-n 0 — Kl k
- 1] g (1+q ) Lo () +
k=1 q 4
1 - 1) (n— k1) [ —1 n— —n
§Zq<n 1)( k>+(+){ . } (=1)" " Loy oy (¢FF 2, m) +
k=0 d
n=l g ;
U@ m (~ 1" Lo a4 (¢%2,m) (24)
j=0 k=0 q

Remark 1 Notice that the coefficients appeared in the sums given in the different results
do not depends on m.

3 Proof of the results

We need the following Lemmas.
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Lemma 6 For U, (z) satisfying (11) and (12) respectively, we have for k > 1

Proof. We use induction over k, the case k
We suppose the relation true for &,

and

m(kgl)zk—HUn—l—k (qu+mz7 m)

k

Jj=0

OO0V, ()

k
2

= qm( )ZkUnfk (quz,m) .

=1 is given by the recursions (11) and (12).

! g)—("*;*k)zkHUnikil (qu-&-m—l—kZ’ m)
n—k
Jo()= () gk (Uns1-k (™
)+(n;1)_(n_;_k)kun+1_k (qu
_qm(g)ﬂg)*(n;k)qkkun_k (™ Fz,m)

—*2, m) —U,_s (qu’kz, m))

_kz, m)

J

(1 Urioacy o) = 0 || (417 Uiy e

i q(2) (q@ m ) +qfq>") L’ f 1} q> (=1) Unsrra-s (2,m)

Jj=0

(_1)j Un+k+1fj (Za m)

q
O U (7 2em) = U (47 2m))

O[] 1 U (g7 Hem) -
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Lemma 7 For every integer n > 1, one has

z
Font1 (—7 m)
q

§=0
FQn-‘rl (Z, m)
— (=) q(ngl)ﬂn(g) i qu(2n71)+(mf3)(%) (—2) Lag) <qm]—JZ’m> )
=0

Proof. We use induction over n, the case n = 1 is given by the following relations, see

[5]
L, (Za m) = Fnop (57 m) +2F, (qmza m) )
q

L, (z,m) = Fo(z,m)+q¢" '2F,_, (qulz,m) )

We suppose the identities true for n, then

z
F2n+3 <_7 m)
q

= L2n+2 (Z; m) - ZF2n+l (qmza m) )

_ L2n+2 (Z, m) + (_Z>n+1 q(m+1)(n-2-1) B

n—1 ) )
237 q) (=g 2) Loy (2 m)
j=0

= (—z)"! q(m“)(n;l) + Zq@) (—z) Loga1-j) (g™ 2,m).
=0

and

F2n+3 (Zu m)

= Lonto (Za m) - q2n+1

ZFQnJrl (qulz’ m) )

= Lopso (z2,m) — ¢*" 1z (—2)" q(;)erO;1> +
2 nzl qj(2n+1)+(m—3)(j;1) (—z)j Lom_j) (qmj+m—1sz’ m) 7
=0
= Lonsa (z,m) + (—2)" ™ q(nf)m(ngl) -
S P IOT) (Lo Ly (g m).
=0
= (o) () +zn: gD 8C) (2 Ly (™2, m) |

Jj=0
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Proof of relations (13) and (14)..

respectively, in Lemma 6, we get

2], -

LG k (z,m)

and

o)) SV L 7 m)

k
k=0
L omy [ k ;
q( 2 )|:k3:| (=1)" Lon— (qk_2]27m)
k=0 q

using these relations in Lemma 7, we draw

2F2n+1 (_a )

j=0 k=0
and
o (sm) = 3 oq(3H 08|

k=0
n—1 7 .
> )
j=0 k=0

|

Proof of relations (15) and (16)..

6, we have
2],
S]] P

J

an _i(z,m)

Proof of relations (17), (18), (19) and (20)..

relations (15) and (16) in

Lon—1 (Za m)

LQn—l (Za m)

Replacing U, (2) by L, (z) and L, (2)
q(m+l)(g)zn2

Y

gD E)+2nd iy, iy (@™ 2, m) .

q"()zn2,

¢m=2(0)= i1, s (@™ z,m) .

kg_;q H 1) Ly, (2m) +

For k =n and U, (2) = F, () in Lemma

qm(é)—&-(;) ZnFQ (qmn—nz’ m) 0,

qm@)z"Fo (™" z,m) = 0.

It suffices to replace

2F,, (z, m) —Fop1 (27 m) )
q
2Fy, (z,m)

— F2n—1 (Z, m) .
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Proof of relations (21) and (22)..

Zq [n—lL (1) Lopok (z,m) =

Zq [n—lL (—1)" Lop14 (z,m) =

2 ()" ("2 )+ (

According to Lemma 6, we have

n—l)
2

)

and
iq(n_i_k> {ngll (—1)" Lo, o k(qk+2 "z,m) = 2qm(n ) (qz)n_l
n— q(n_;_k> n—1 (=1) Lon_4 k(qk+1 "z,m) _ qm(”Ql)znfl
2 ;
. _
Then WLy (2,m)
= ] 0 e
k=1 q
n—1 mn—1
2k=1Q()[ k L( Y bz m)
_ 2 Bl k+1 nfk[k]q [n—k]q L (z.m
SO, o (q o, T, ) P e
" vy [n k41 n—kj,
I 6 M - <1+[ - ] )L (z,m).
and

E—1
k=1
n—1 e —1
2261( )[ L :| ( ) LQn 1 k(qu nz7m)7
k=1 q

Proof of the relations (23), (24)..

q) IL’27171716 (qk—i-l—nZ?m) )

k
q) Lop—1-% (qu_nza m) -

Using relations (13), (14), (21), (22) in

2Fy, (za m) =
q

2F 9, (z,m)

we draw the results. m

Lon_1(z,m) + Fopq (2,m),

]LG,1 (Z, m) -+ anfl (Z, m) .
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Remark 2 Considering these results, we obtain a duality between the q-Lucas polynomials
of the first kind and the q-Lucas polynomaials of the second kind.
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