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How to use observability inequalities to solve some inverse problems

for evolution equations ?

Kais Ammari1

1Department of Mathematics, University of Monastir, 5019 Monastir, Tunisia,
kais.ammari@fsm.rnu.tn

Abstract

We survey some of our recent results on inverse problems for evolution equations. The goal is
to provide an unified approach to solve various types of evolution equations. The inverse problems
we consider consist in determining unknown coefficients from boundary measurements by varying
initial conditions. Based on observability inequalities, and a special choice of initial conditions we
provide uniqueness and stability estimates for the recovery of volume and boundary lower order
coefficients in wave and heat equations.
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The Adjacency Matrix and the discrete Laplacian acting on forms

Hatem Baloudi

University of Gafsa, Tunisia
hatem.beloudi@gmail.com

Abstract

We complete the understanding of the question of the essential self-adjoitness and non-essential
self-adjointness of the discrete Laplacian acting on 1-forms. We also discuss the notion of com-
pleteness. Moreover, we study the relationship between the adjacency matrix of the line graph and
the discrete Laplacian acting on 1-forms. Thanks to it, we exhibit a condition that ensures that
the adjacency matrix on line graph is bounded from below and not essentially self-adjoint.
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Combinatorics of multipartitions and k-species PASEP

Amine Belkhir

USTHB, Faculty of Mathematics, RECITS Laboratory
BP 32, El-Alia, 16111 Bab-Ezzouar, Algiers, Algeria

ambelkhir@gmail.com

Abstract

An ordered partition of {1, 2, . . . , n} into k blocks B1, B2, . . . , Bk is a partition where the order
of blocks is important. It is well-know that the number of ordered set partition is k!

{
n
k

}
where{

n
k

}
is Stirling number of second kind. The purpose of this talk is to introduce an extension of the

ordered partitions by considering that each block of the partition has r(i) copies. This extension
allow us to introduce a generalization of Stirling and Lah numbers which called a multivariate Stir-
ling and Lah numbers, respectively. As an application, we give a bijection beteween the generalized
ordered partitions and k-rhombic alternative tableaux and we provide an explicit formula of the
steady state probabilities of the k-species asymmetric simple exclusion process (ASEP).

Key words :Lah numbers; Stirling numbers; Ordered set partition.
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Graphs and Scheduling

Mourad Boudhar

USTHB, Faculty of Mathematics, RECITS Laboratory
BP 32, El-Alia, 16111 Bab-Ezzouar, Algiers, Algeria

mboudhar@yahoo.fr

Abstract

The graphs have been used in scheduling since the sixties, they allow to model different prac-
tical situations (constraints): precedence, conflict, exclusion, concordance, compatibility, etc. The
developed algorithms use the structure of the graph to schedule the jobs of the problem, so they are
algorithms combining both the notions and the techniques used in graph theory and those of the
theory of scheduling. In this presentation, we present some classical results, recent developments
in this area and the challenges.
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Code Based Cryptography: Past-Present and Future

Kenza Guenda1

1USTHB, Faculty of Mathematics, BP 32, El-Alia, 16111 Bab-Ezzouar, Algiers, Algeria,
ken.guenda@gmail.com

Abstract

Error-correcting codes have been introduced in 1948 by Claude Shannon to the area of informa-
tion theory in order to correct the noise added by the canal. Later in 1976 McEliece and Niederreiter
have introduced their cryptosystems based on error-correcting codes. Since then; various modified
and improved versions on these system have been given or implemented in order to reduce the
weakness of the first systems which is the length of the Keys. More recently, many research have
been done in order to built computers which work according to the law of quantum physics which
aim to solve mathematical problems difficult to solve by classical computers. One of the good news
for the coddist’s community is the fact that codes based cryptography are the best resistant to
quantum attacks. This appears in the call of the NIST; where there were 17 code-based encryption
candidates in Round 1 and 7 in Round 2. In this talk we will discuss the issue of the codes-based
cryptography in the past-the present and the future.
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Identification of some time series models using predictive density

criterion

Fayçal HAMDI

USTHB, Faculty of Mathematics, RECITS Laboratory
BP 32, El-Alia, 16111 Bab-Ezzouar, Algiers, Algeria

hamdi fay@yahoo.fr

Abstract

It well known that the model selection problem in applied research is of vital importance. When
a class of models proves to be adequate to represent data, it will be question to find the best set-
ting of its parameters since there exist various competitive models. There exist, nowadays, several
interesting results obtained by using a variety of methods and approaches. For the autoregressive
(AR), periodic AR and Self-Exciting Threshold Autoregressive (SETAR) models, the predictive
density criterion (PDC) is known to be the most efficient one. In this talk, we study how successful
this approach is in determining the correct model for other classes of time series models.

Key words :Bayesian approach ; Model selection problem ; Nonlinear time series ; Predictive den-
sity criterion ; SETAR model ; buffered threshold autoregressive model ; mixture autoregressive
model.
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Combinatorial interpretations on a finite set and partitional

polynomials.

Miloud Mihoubi

USTHB, Faculty of Mathematics, RECITS Laboratory
BP 32, El-Alia, 16111 Bab-Ezzouar, Algiers, Algeria

mmihoubi@usthb.dz

Abstract

the aim of this work is to show the role of the combinatorial interpretations on a finite set in
different framworks mathematics. In other words, we present some mathematical tools and their
applications in combinatorics, analysis and probalities.

Key words :Lah numbers; Stirling numbers; Ordered set partition.
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Pascal-like triangles and polyhedra

László Németh1

1University of Sopron, Faculty of Forestry, Institute of Mathematics,
H9400, Bajcsy Zs. u. 4., Sopron, Hungary,

nemeth.laszlom@uni-sopron.hu

Abstract

The binomial interpolated and the trinomial transforms of a sequence are a generalization of
the well-known binomial transform. We examine Pascal-like triangles under these transformations,
focusing on the binomial and ternary linear recurrent sequences. We also introduce the tetrahedron
trinomial coefficient transform which takes a Pascal-like arithmetical triangle to a sequence. We
define a Pascal-like infinite tetrahedron H, and prove that the application of the tetrahedron tri-
nomial transform to one face T of H provides the opposite edge E to T in H. Furthermore, we give
some properties and examples of these new arithmetical objects.

Key words: Binomial and trinomial coefficient, binomial and trinomial transform, Pascal-like
triangle and tetrahedron, recurrent sequence.

1 Introduction

Let us define the sequence (bn)∞n=0 ∈ R as the binomial transform of the given sequence (an)∞n=0 ∈ R
by

bn =

n∑

i=0

(
n

i

)
ai.

This transformation is invertible with formula an =
∑n

i=0

(
n
i

)
(−1)n−ibi. Several researchers exami-

ned the properties and the generalizations of the binomial transformation. In the following we give
three possible generalizations and three arithmetical objects on which the generalized transformati-
ons work.

2 Binomial interpolated triangle

One of the generalizations of binomial transform is the so-called binomial interpolated transform
[1] given by

bn =

n∑

i=0

(
n

i

)
uivn−iai

for any non-zero u, v ∈ R.
Let the binomial interpolated triangle [3] be defined by terms an,k (k-th entry in row n – see

Figure 1) from the sequence {an,0}∞n=0, where

an,k = uan,k−1 + van−1,k−1 (1 ≤ k ≤ n),

u, v ∈ R and uv 6= 0. Its right diagonal sequence is a binomial interpolated transform of the left
diagonal sequence with parameters u and v as Theorem 1 follows when k0 = 0, k = n, ai = ai,0
and bn = an,n. Moreover, the converse also holds, with the parameters −v/u and 1/u.

9
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a0,0

a1,0 a1,1

a2,0 a2,1 a2,2

a3,0 a3,1 a3,2 a3,3

a4,0 a4,1 a4,2 a4,3 a4,4

...
...

...
...

...
...

an−1,k−1

an,k−1 an,k

v
u

an−1,k−1

an,kan,k−1

− v
u 1

u

Figure 1: Binomial interpolated triangle

Theorem 1 For all integer k, k0 such that k0 ≤ k ≤ n, where k0 ≥ 0 is a fixed integer, we have

an,k =

k−k0∑

i=0

(
k − k0
i

)
uivk−k0−ian−k+k0+i,k0

.

Figure 2 shows an example for a vertically symmetrical binomial interpolated triangle, where
a0 = 2, a1 = 1, an = an−1 + an−2, u = −1 and v = 1.

2

1 1

3 −2 3

4 −1 −1 4

7 −3 2 −3 7

11 −4 1 1 −4 11

18 −7 3 −2 3 −7 18

Figure 2: A symmetrical binomial interpolated triangle

3 Trinomial transform triangle

An other generation of the biomial transform is the trinomial transform. Let it be given by

bn =

2n∑

i=0

(
n

i

)

2

ai,

where for 0 ≤ i ≤ 2n (
n

i

)

2

=

i∑

j=0

(
n

j

)(
j

i− j

)

holds with the classical binomial coefficients. It is known that the trinomial triangle determi-
nes the trinomial coefficients

(
n
i

)
2

which arise in the expansion of (1 + x + x2)n. (For example,
Belbachir et al. [2] discussed some details of the trinomial coefficients, the trinomial tringle and
their generalizations.)

10
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Let the trinomial transform triangle T be defined the following way [4]. Row 0 consists of the
terms of a given sequence (ak)∞k=0, and any term in an other row is the sum of the three terms
directly above it according to Figure 3. The exact definition is

ak0 = ak,

akn = ak−1n−1 + akn−1 + ak+1
n−1, (1 ≤ n ≤ k).

a00 · · ·a10 · · ·a20 · · ·a30 · · ·a40 · · ·a50 · · ·a60 · · ·

a11 · · ·a21 · · ·a31 · · ·a41 · · ·a51 · · ·a61 · · ·

a22 · · ·a32 · · ·a42 · · ·a52 · · ·a62 · · ·

a33 · · ·a43 · · ·a53 · · ·a63 · · ·

...
...

...
. . .

Figure 3: Construction of the trinomial transform triangle T

We let (bn) denote the 0th diagonal sequence (ann) in T . Now we obtain the next theorem.

Theorem 2 The diagonal sequence (bn) of the trinomial transform triangle is the trinomial trans-
form sequence of (ak).

Let (sn)∞n=0 be the sum sequence of the values of columns in T , so that sn =
∑n

i=0 a
n
i .

Theorem 3 The column sum sequence can be given with the expression

sn =

2n∑

`=0

[(
n

`

)]

2

a`0,

where
[(
n
`

)]
2

=
∑n

j=0

(
n−j
`−j
)
2
.

4 Tetrahedron trinomial coefficient transform tetrahedron

Let an arithmetical triangle T be given by tij ∈ R, where 0 ≤ j ≤ i and i, j ∈ N, and the items tij
are arranged in rows and columns according to indices i and j, respectively. For example, in case of
Pascal’s triangle the items tij =

(
i
j

)
are the classical binomial coefficients. Let the sequence {bn}∞n=0

be the tetrahedron trinomial coefficient transform (in short tetrahedron coefficients transfom) on
T defined by

bn =

n∑

i=0

i∑

j=0

(
n

j, n− i, i− j

)
tij ,

where the symbol (
n

p, q, r

)
=

n!

p! q! r!
=

(
n

p

)(
n− p
q

)

denotes the tetrahedron trinomial coefficient, n, p, q, r are non-negative integers, and p+q+r = n.
Let the tetrahedron H be defined the following way [5]. A (infinite) face of this Pascal-like

tetrahedron is the triangle T and let the other elements be given recursively by the sum of the
three items according to Figure 4. The exact definition of hij,k is

hij,0 = tij , (0 ≤ j ≤ i),
hij,k = hi−1j,k−1 + hij,k−1 + hij+1,k−1, (1 ≤ k),

11
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where 0 ≤ k ≤ i, 0 ≤ j ≤ i− k and i, j, k ∈ N. The indices i, j and k show the position of an item
in level i, in row k parallel to T and in column j.

h1,2
3

h0,0
3

h0,1
3 h1,0

3

h1,1
3

h2,1
3

h2,0
3

h3,0
3

h0,2
3

h0,3
3

h0,0
2

h0,1
2 h1,0

2

h1,1
2 h2,0

2h0,2
2

t0
0

t0
1 t1

1

t0
2 t1

2 t2
2

t0
3 t1

3 t2
3 t3

3

h0,1
1

h0,0
0

h0,0
1

h1,0
1

Figure 4: Construction of the tetrahedron H

Theorem 4 The items hn0,n of H in edge E opposite to T form the tetrahedron coefficient transform
sequence {bn} of T .

Let the triangle T be Pascal’s triangle. Thus tij =
(
i
j

)
, (0 ≤ j ≤ i), then

Theorem 5 For any 0 ≤ k ≤ i, 0 ≤ j ≤ i− k we have

hij,k =

k∑

`=0

(
2`+ i− k
`+ j

)(
k

`

)
.

Theorem 6 The tetrahedron coefficient transform sequence of Pascal’s triangle is the binomial
transform sequence of the central binomial coefficients. Thus

hn0,n =

n∑

`=0

(
2`

`

)(
n

`

)
,

where sequence bn = hn0,n (n = 0, 1, . . .) is the binomial transform of
(
2`
`

)
.
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Karim NOUR

Univerity of Savoie .Laboratoire de Mathématiques, Equipe de Logique (LAMA)
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Abstract

A fundamental discovery of proof theory is what is called the Curry-Howard correspondence.
It has been realized that, with each mathematical proof, we could associate a program as a term
denoting a computation. This happens in the following way: a proof consists of a series of appli-
cations of the rules of deduction, starting from the axioms ; a program, on the other hand, is a
series of basic instructions, addressed to the processor of a machine. If we manage to associate
an instruction with each deduction rule, we will have transformed each proof into a sequence of
instructions, that is to say into a program.

This method of producing programs requires the choice of a fairly expressive logic in order to
write a large class of mathematical proofs. The advantage is that since we can easily verify that
a demonstration is correct, we will also have a way to certify that a program encoding a proof is
correct.

In this area of research, we are interested in : - studing the syntactical properties of this kind of
programs, - well understanding the connection between mathematical proofs and their algorithmic
content, - finding semantics for logical systems.

Parigot introduced in 1992 the λµ-calculus to capture the algorithmic content of mathematical
proofs using second order logic with absurdity reasoning. This calculus contains several reduction
rules: µ, µ′, ....In 1999, Parigot posed a question about the termination of the µµ′ -rules. This
question was solved in 2007 by David-Nour. I present in my talk a very simple proof of this result
that I obtained recently with P. Battyányi.
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Algorithm and computational experiences on 2n ± α · 2m + α2 = x2
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Abstract

In the lecture, we discuss an algorithm for solving the diophantine equations

2n ± α · 2m + α2 = x2,

where α is a given odd prime such that 2 is a non-quadratic residue modulo α. Some α’s allow
rather large solution, for instance,

266 − 2708477 · 24 + 27084772 = 85899350192.

Applying the implementation of the procedure in Maple, apart from the plus case with the condi-
tion n < m we solve completely the problem for α < 3 · 106. The theoretical background relies on
the treatment was worked out to solve the equation 2n + 2m + 1 = x2.

Key words: algorithm, diophantine equation, polynomial-exponential equation, number of bits in
square.

Finding, understanding, and explaining patterns in mathematics have always been provided
motivation for people who love mathematics. To find specific values in a list of items which obeys
a given pattern of numbers is a challanging activity independently of the difficulty of the problem.
Look at, for example the sequence

0001

10001

110001

1110001

11110001

111110001

1111110001
...

of binary expansion of positive integers, and determine the full squares of them. In the language
of diophantine equations it is the equation

2n − 3 · 23 + 32 = 2n − 15 = x2.

There exist several works on studying the occurrence of full squares in specified infinite sets of
integers, and some of them claim a few nonzero digits in base p. For example, the simple equation
2n + 1 = x2 with positive integers n asks the odd integers x having two 1 bits in the binary
expansion of its square. The analogous equation with three 1 bits was studied in [8]. The author
proved that the equation 2n+2m+1 = x2 with integers n ≥ m ≥ 0 and x ≥ 0 has only the solutions
(n,m, x) = (2t, t + 1, 2t + 1) for integers t ≥ 1, and (n,m, x) = (1, 0, 2), (5, 4, 7), (9, 4, 23). The

14
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approach of this paper is built upon the method worked out in [8]. The equation 2n− 2m + 1 = x2

was also considered by [8]. The solutions are (n,m, x) = (2t, t+1, 2t−1) (t ≥ 2), (n,m, x) = (t, t, 1)
(t ≥ 1), and (n,m, x) = (5, 3, 5), (7, 3, 11), (15, 3, 181). Luca [7] extended the problem to arbitrary
odd prime base p, and proved that the equation pn + pm + 1 = x2 possesses no integer solutions.

The question arises naturally: what happens if the square is replaced by any pure power? The
paper [1] of Bennett and Bugeaud contains the following result. If sn + sm + 1 = xk holds for
the positive integers s, n > m, k ≥ 2 with gcd(k, ϕ(s)) = 1, then (s, n,m, xk) = (2, 5, 4, 72),
(2, 9, 4, 232), (3, 7, 2, 133), or (2, 2t, t+ 1, (2t + 1)2) (t ≥ 1). When the condition gcd(k, ϕ(s)) = 1 is
omitted, but s = 2 or 3 is assumed, the equation has the same set of solutions (see [2] and [1]).

An other extension of the problem if one takes different bases of powers. In this direction Hajdu
and Pink [4] completely solved the diophantine equation 1 + 2a + tb = xk assuming odd t ≤ 50.
Later Bérczes et al. [5] examined the more general equation 1 + sa + tb = xk, and provided all the
solutions with the conditions k ≥ 4, 1 ≤ s, t ≤ 50, and s 6≡ t (mod 2).

Now consider the following variation of the equations 2n ± 2m + 1 = x2. Multiply the second
2-power by an odd prime α, and replace the constant 1 term by α2 to obtain the title equations.
Note that the case α = 3 was handled in [6], therefore we can assume that α ≥ 5. Further we
suppose that the Legendre symbol (2|α) = −1, i.e. 2 is a quadratic non-residual modulo α. Such
primes have the form 8β ± 3, the first few are

3, 5, 11, 13, 19, 29, 37, 43, 53, 59, 61, 67, 83, 101, . . . .

The principal result is an algorithm for solving

2n ± α · 2m + α2 = x2 (0.1)

with given α, respectively, in the + case with the condition n ≥ m. We implemented the procedures
in Maple, and run it for α < 3 · 106 in each case. Clearly, x = |2t ± α| always satisfies (0.1), we
call this family regular solutions. Hence the algorithm claims the exceptional (i.e. non-regular)
solutions, respectively. The results are recorded in the following two tables (Table 1, and Table 2).

α (n,m, x) α (n,m, x)

3 (6, 3, 7) 5 (4, 0, 6)

5 (6, 3, 7) 11 (8, 3, 17)

13 (10, 3, 33) 37 (14, 4, 131)

53 (14, 3, 137) 149 (18, 4, 531)

853 (22, 3, 2217) 2389 (26, 4, 8531)

3413 (26, 3, 8873) 57467 (42, 4, 2097939)

218453 (38, 3, 567977) 2708477 (66, 4, 8589935019)

Table 1: solution to 2n − α · 2m + α2 = x2 with α ∈ P, (2|α) = −1, α < 3 · 106
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α (n,m, x) α (n,m, x)

3 (2, 0, 4) 3 (6, 5, 13)

3 (8, 3, 17) 5 (4, 4, 11)

5 (8, 4, 19) 5 (10, 3, 33)

11 (6, 0, 14) 11 (10, 0, 34)

13 (8, 3, 23) 19 (12, 4, 69)

19 (16, 3, 257) 29 (14, 4, 133)

43 (10, 0, 54) 107 (16, 3, 279)

149 (24, 4, 4099) 317 (22, 3, 2073)

461 (22, 4, 2101) 683 (18, 0, 854)

2731 (22, 0, 3414) 6827 (28, 3, 17751)

43691 (30, 0, 54614) 44939 (34, 0, 138562)

174763 (34, 0, 218454) 1887437 (46, 4, 8598325)

2796203 (42, 0, 3495254)

Table 2: solution to 2n + α · 2m + α2 = x2 with n ≥ m, α ∈ P, (2|α) = −1, α < 3 · 106
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Abstract

The goal of this paper is to define and study λ-double almost statistical convergence of weight
g. Further some inclusion relations have been examined. We also introduce a new sequence space
by using double almost statistical convergence and Orlicz function.
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Abstract

We present recent results on zero-sum problems related to arithmetical questions in algebraic
number fields. The focus is on the system of sets of lengths and more specifically on results that
provide explicit descriptions or characterizations of systems of sets of lengths. Most of our contri-
butions are joint work with A. Geroldinger and Q. Zhong.

Key words : Krull monoid, system of sets of lengths, arithmetic progression.

1 Introduction

There are numerous structures of interest, a main example being rings of algebraic integers, and
more generally Dedekind domains, where each element admits a factorization into irreducible ele-
ments, yet this factorization is not necessarily unique. A goal of factorization theory is to understand
from a qualitative and quantitative point of view the various phenomena of non-uniqueness that
can occur. Historically, a main motivation was to understand the arithmetic of rings of algebraic
integers and related structures. Today, a main structure for which such questions are studied are
Krull monoids. The monoids of non-zero elements of the ring of algebraic integers of a number field,
more generally of a Dedekind or a Krull domain, is a Krull monoid. For such a monoid problems
on factorizations can be studied in the monoid of zero-sum sequences over (a subset of) its class
group (see for example [3, Chapter 3] or [1]).

Various invariants are investigated in order to understand the different arithmetic phenomena.
Many of them are based on factorization lengths, in other words the number of irreducible factors
in a factorization.

The set of lengths of an element is the set of all its factorization lengths, and the system of sets
of length of a structure is the collection of all its sets of lengths.

We present some classical and recent results on the system of sets of lengths of monoids of zero-
sum sequences over finite abelian groups. Our focus is on results that characterize and compare
systems of sets of lengths.

2 Notations and definitions

We recall some key definitions and notations. Let H be a monoid; by monoid we mean a cancellative
semigroup with identity. If a ∈ H is a product of k irreducible elements, say a = u1 . . . uk, then k
is a factorization length and the set L(a) ⊂ N of all factorization lengths of a is the set of lengths
of a. If a is invertible in H, then L(a) = {0}. We denote by

L(H) = {L(a) | a ∈ H}

the system of sets of lengths of H.
For k ∈ N, we set

ρk(H) = sup{supL | L ∈ L(H), k ∈ L} ∈ N ∪ {∞}

unless H is a group in which case we set ρk(H) = k.
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Let G be an additive abelian group, let G0 ⊂ G be a subset, and let F(G0) be the free abelian
monoid with basis G0. The elements of F(G0) are called sequences over G0. For a sequence

S = g1 · · · gl =
∏

g∈G0

gvg(S) ∈ F(G0),

we call |S| = l =
∑

g∈G vg(S) ∈ N0 the length of S and σ(S) =
∑l

i=1 gi the sum of S.
The sequence S is said to be a zero-sum sequence if σ(S) = 0 and a minimal zero-sum sequence

if it is a nontrivial zero-sum sequence and every non-empty subsequence is not a zero-sum sequence.
The monoid of zero-sum sequences over G0 is defined as

B(G0) = {S ∈ F(G0) | σ(S) = 0} ⊂ F(G0).

To simplify notation we set, for k ∈ N,

ρk(G0) = ρk
(
B(G0)

)
, and L(G0) = L(B(G0)).

The atoms (irreducible elements) of the monoid B(G0) are precisely the minimal zero-sum sequences
over G0, and they will be denoted by A(G0). The Davenport constant of G0, denoted D(G0), is
the maximal length of an atom, that is,

D(G0) = sup
{
|U |

∣∣ U ∈ A(G0)
}
∈ N0 ∪ {∞}.

By Cn we denote a cyclic group of order n.

3 Explicit descriptions

In case the group G is small complete and explicit descriptions of L(G) are well-known.

Proposition 1 1. L(C1) = L(C2) =
{
{m} | m ∈ N0

}
.

2. L(C3) = L(C2 ⊕ C2) =
{
y + 2k + [0, k]

∣∣ y, k ∈ N0

}
.

3. L(C4) =
{
y + k + 1 + [0, k]

∣∣ y, k ∈ N0

}
∪
{
y + 2k + 2 · [0, k]

∣∣ y, k ∈ N0

}
.

4. L(C3
2 ) =

{
y + (k + 1) + [0, k]

∣∣ y ∈ N0, k ∈ [0, 2]
}

∪
{
y + k + [0, k]

∣∣ y ∈ N0, k ≥ 3
}
∪
{
y + 2k + 2 · [0, k]

∣∣ y, k ∈ N0

}
.

5. L(C2
3 ) = {[2k, l] | k ∈ N0, l ∈ [2k, 5k]}

∪ {[2k + 1, l] | k ∈ N, l ∈ [2k + 1, 5k + 2]} ∪ {{1}}.

For proofs see [3, Theorem 7.3.2] and for the final point [4, Proposition 3.12].
In [7] such descriptions were obtained for C5, C2 ⊕ C4 and C4

2 as well. One can see that the
complexity increases quickly, and explicit descriptions become infeasible for larger groups.

4 Structural results for sets of lengths

In order to describe the structure of sets of lengths in general the notion of almost arithmetical
multiprogressions (AAMPs) is crucuial. We recall its definition as given in [3, Chapter 4] as well
as some related concepts.

Definition 1 Let d ∈ N, l,M ∈ N0 and {0, d} ⊂ D ⊂ [0, d]. A subset L ⊂ Z is called an

• arithmetical multiprogression (AMP for short) with difference d, period D and length l, if L
is an interval of minL+D + dZ.

• almost arithmetical multiprogression (AAMP for short) with difference d, period D, length l
and bound M , if

L = y + (L′ ∪ L∗ ∪ L′′) ⊂ y +D + dZ

where L∗ is an AMP with difference d (whence L∗ 6= ∅), period D and length l such that
minL∗ = 0, L′ ⊂ [−M,−1], L′′ ⊂ maxL∗ + [1,M ] and y ∈ Z.

• almost arithmetical progression (AAP for short) with difference d, bound M and length l, if
it is an AAMP, with difference d, period {0, d}, bound M and length l.
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We recall the Structure Theorem for Sets of Lengths for monoids of zero-sum sequences over a
finite abelian group. A first version of this result was obtained by A. Geroldinger in the 1980s, and
it sparked many further investigations. We refer to [3, Chapter 4].

Theorem 1 (Structure Theorem for Sets of Lengths) Let G be a finite abelian group with
|G| ≥ 3. There exists some M ∈ N0 and some finite set ∆∗ of integers such that every set of
lengths L ∈ L(G) is an AAMP with some difference d ∈ ∆∗ and bound M .

The notion of AAMPs is a natural one to use in this context. There is a sort of converse to the
result above (see [11]).

Proposition 2 For every M ∈ N0 and every finite nonempty set ∆∗ ⊂ N, there is a finite abelian
group G∗ such that: for every AAMP L with difference d ∈ ∆∗ and bound M there is some yL ∈ N
such that

y + L ∈ L(G∗) for all y ≥ yL.

In another direction it can be shown that only for a few groups more restricted notions such as
AMP or AAP suffice (see [6]).

Theorem 2 Let G be a finite abelian group.

1. The following statements are equivalent:

(a) All sets of lengths in L(G) are arithmetical progressions.

(b) G is cyclic of order |G| ≤ 4 or isomorphic to a subgroup of C3
2 or isomorphic to a subgroup

of C2
3 .

2. The following statements are equivalent:

(a) There is a constant M ∈ N such that all sets of lengths in L(G) are AAPs with bound
M .

(b) G is isomorphic to a subgroup of C3
3 or isomorphic to a subgroup of C3

4 .

3. The following statements are equivalent:

(a) There is a finite set ∆∗ such that all sets of lengths in L(G) are AMPs with difference
in ∆∗.

(b) G is cyclic with |G| ≤ 6 or isomorphic to a subgroup of C3
2 or isomorphic to a subgroup

of C2
3 .

5 Characterizations and inclusions among systems of sets of
lengths

For G and G′ finite abelian groups it is known that monoids of zero-sum sequences B(G) and B(G′)
are isomorphic if and only if the groups G and G′ are isomorphic ([3, Corollary 2.5.7]). The question
arises whether the same is true for the system of sets of lengths, that is, whether L(G) = L(G′)
implies that G and G′ are isomorphic. Of course, Proposition 1 provides two pairs of counter
examples. Yet the standing conjecture is that these are the only exceptions (it was first stated in
[2]):

Conjecture Let G be a finite abelian group with D(G) ≥ 4. If G′ is an abelian group with
L(G) = L(G′), then G and G′ are isomorphic.

The conjecture holds true for G having rank at most two, for groups of the form G = Cr
n if r is

small with respect to n, and in some other cases ([5, 9, 13]).
It is however not hard to see that at most finitely many non-isomorphic finite groups can have

the same system of sets of lengths.
Let G be a finite abelian group with D(G) ≥ 4. If G′ is a finite abelian group with L(G) = L(G′),

then
ρ2(G) = sup{supL | 2 ∈ L ∈ L(G)} = sup{supL | 2 ∈ L ∈ L(G′)} = ρ2(G′).

Now, it is well-known and not hard to see that ρ2(G) = D(G) and that there are (up to isomorphism)
only finitely many finite abelian groups with given Davenport constant (see for example [7]).
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Thus, the conjecture is equivalent to the statement that for each m ≥ 4 and for each two non-
isomorphic finite abelian groups G and G′ having Davenport constant m the systems L(G) and
L(G′) are distinct. In other words one needs to understand

Ωm = {L(G) | G is a finite abelian group with D(G) = m}.

In [7] we obtained the following result.

Theorem 3 For m ∈ N, let

Ωm = {L(G) | G is a finite abelian group with D(G) = m}.

Then L(Cm−1
2 ) is a maximal element and L(Cm) is a minimal element in Ωm (with respect to set-

theoretical inclusion). Furthermore, if G is an abelian group with D(G) = m and L(G) ⊂ L(Cm−1
2 ),

then G ∼= Cm or G ∼= Cm−1
2 .

In [7] it was shown that L(Cm−1
2 ) need not be the largest element in Ωm. Moreover, L(Cm) ⊂

L(Cm−1
2 ) for m ∈ [2, 5], where the inclusion is strict for m ≥ 4. On the other hand, it is shown in

[10] that L(Cm) 6⊂ L(Cm−1
2 ) for infinitely many m ∈ N. More recently, in ongoing joint work with

A. Geroldinger, we were able to show that L(Cm) 6⊂ L(Cm−1
2 ) for all sufficiently large m. It is our

hope that we can determine for all m whether L(Cm) is a subset of L(Cm−1
2 ).
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and total tardiness
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Abstract

The aim of this presentation is to give an overview of some logistics optimization problem es-
pecially about the scheduling ones. The scheduling is to assign jobs to resources at established
moments according to some constraints in order to optimize a given criterion. A couple of Results
on parallel machines, re-entrant process and jobshop cases are developed with different criteria.
The problems are both industrial configuration, with industrial partner, and academic. These re-
sults are proved, implemented on real data and already published in international journals.

Key words :Scheduling, parallel machines, re-entrant process, job-shop, theoretical case, industrial
case, optimization methods.
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Modélisation et optimisation de la gestion des terminaux portuaires.

Adnan Yassine1
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Abstract

Un terminal maritime est un système complexe où la gestion des flux joue un rôle crucial pour
l’efficacité du port et son attractivité. Face au flux croissant de marchandises, aux contraintes
de compétitivité de plus en plus rigoureuses, à l’augmentation remarquable de la capacité des
navires, tout terminal portuaire doit assurer sa croissance et sa rentabilité, tout en mâıtrisant
ses impacts environnementaux. Dans ce travail, nous présentons des modèles mathématiques, des
algorithmes méta-heuristiques efficaces et des résultats numériques sur des instances de grandes
tailles pour optimiser le passage portuaire des marchandises dans un terminal à conteneurs puis
dans un terminal roulier.
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Amoebas and motion: an example of complexity in mathematics
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Abstract

This talk is concerned with the mathematical modeling of chemotaxis, the movement of cells,
amoebas or bacteria, attracted or repelled by some chemical. With the amoeba Dictyostellium
Discoideum, the chemical may be produced by the amoeba itself, as a signal to attract each other.
This may result in the aggregation of tens of thousands of amoebas, making a transition from
many microscopic unicellular bodies into one multicellular organism, which starts to behave as
one macroscopic individual. This transition from ”many micros” to ”one macro” is challenging
mathematically, and makes an example with many interesting questions related to complexity in
mathematics.
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The q-analogue of the r-Lucas polynomials of type s

Sadjia ABBAD1
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16111 Bab-Ezzouar, Algiers, Algeria, Sadjiaabbad@gmail.com

Abstract

In this presentation , we define the companion sequence family associated to the r- Fibonacci
sequence, named the r-Lucas polynomials of type s. Then, we propose their q-analogue in wich,
we extend the unified approach of Carlitz and Cigler for the r-Lucas polynomials.

Key words: Fibonacci sequence, companion sequence, q-binomial coefficient, q-calculus.

1 Introduction

For any integer r ≥ 1, the r-Fibonacci bivariate polynomial sequence (U
(r)
n (x, y))n is given by

the recursion U
(r)
n+1 = xU

(r)
n + yU

(r)
n−r for (n ≥ r), with initial conditions U

(r)
0 = 0 and U

(r)
k =

xk−1 for (k ≤ r).
The companion sequences family of (U

(r)
n ) indexed by s (1 ≤ s ≤ r) are defined by the following

recursion

{
V

(r,s)
0 = s+ 1, V

(r)
k = xk, (1 ≤ k ≤ r),

V
(r,s)
n+1 = xV

(r,s)
n + yV

(r,s)
n−r (n ≥ r).

(1.1)

The sequence (V
(r,s)
n ) is called r-Lucas sequence of type s.

The following theorem gives us an explicit formulation for V
(r,s)
n in terms of s and U

(r)
n .

Theorem 1 Let r and s be nonnegative integers such that 1 ≤ s ≤ r, and x, y are elements of an
unitary ring A. We suppose that y is reversible in A, we have for n ≥ r,

V (r,s)
n = U

(r)
n+1 + syU

(r)
n−r, (1.2)

also, we get the explicit form, for n ≥ 1,

V (r,s)
n =

bn/(r+1)c∑

k=0

n− (r − s)k
n− rk

(
n− rk
k

)
xn−(r+1)kyk. (1.3)

2 The q-analogue of the sequence (V
(r,s)
n )

In [1], Belbachir et al. give a generalized q-analogue of r-Fibonacci polynomial U
(r)
n+1(z,m), which

is a unified approach of Carlitz and Cigler ones [4]. They define

U
(r)
n+1(z,m) :=

bn/(r+1)c∑

k=0

q(
k+1
2 )+m(k

2)
[
n− rk
k

]

q

zk, (2.1)

with U
(r)
0 (z,m) = 0.

Where
[n]q := 1 + q + · · ·+ qn−1, [n]q! := [1]q[2]q · · · [n]q,
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and [
n

k

]

q

=
[n]q!

[k]q![n− k]q!
.

These polynomials satisfy the following recurrences

U
(r)
n+1(z,m) = U(r)

n (qz,m) + qzU
(r)
n−r(zqm+1,m), (2.2)

U
(r)
n+1(z,m) = U(r)

n (z,m) + qn−rzU(r)
n−r(zqm−r,m). (2.3)

We propose a q-analogue of the r-Lucas polynomials of type s, inspired by the explicit formula of

the sequence (V
(r,s)
n )n≥0 given by Relation (1.2) in Theorem 1.

Definition 1 For nonnegative integers r, s such that 1 ≤ s ≤ r, we call the q-analogue of the
r-Lucas polynomials of type s of first kind and of second kind respectively, the polynomials defined,
for n ≥ 0, by

V(r,s)
n (z,m) :=

bn/(r+1)c∑

k=0

q(m+1)(k
2)
[
n− rk
k

]

q

(1 + s
[k]q

[n− rk]q
)zk, (2.4)

V(r,s)
n (z,m) :=

bn/(r+1)c∑

k=0

q(
k+1
2 )+m(k

2)
[
n− rk
k

]

q

(1 + sq(n−(r+1)k) [k]q
[n− rk]q

)zk, (2.5)

with V
(r,s)
0 (z,m) = V(r,s)

0 (z,m) = s+ 1.

Theorem 2 For nonnegative integers r, s, the polynomials V
(r,s)
n (z,m) and V(r,s)

n (z,m) satisfy the
following recurrences

V(r,s)
n (z,m) = (1 + s)U

(r)
n+1(z/q,m)− sU(r)

n (z,m), (2.6)

V(r,s)
n (z,m) = (1 + s)U

(r)
n+1(z,m)− sU(r)

n (z,m). (2.7)

Corollary 1 For nonnegative integers r, s such that 1 ≤ s ≤ r, the polynomials V
(r,s)
n and V(r,s)

n

satisfy the following recurrences

V
(r,s)
n+1 (z,m) = V(r,s)

n (qz,m) + qzV
(r,s)
n−r (zqm+1,m), (2.8)

V(r,s)
n+1 (z,m) = V(r,s)

n (z,m) + qn−rzV(r,s)
n−r (zqm−r,m), (2.9)

with initials V
(r,s)
0 = V(r,s)

0 = s+ 1.
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Generalized Fibonacci, Lucas and Chebyshev polynomials
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Abstract

This talk is about the study of the sequences of bivariate generalized polynomials of Fibonacci
and Lucas of which some of classical sequences are particular cases and the study of generalized
Chebyshev polynomials after showing the link of the two families of polynomials.

Key words : Fibonacci polynomials, Lucas polynomial, Chebyshev polynomials.

1 Introduction

The classical Fibonacci’s, Lucas’ and Pell’s sequences, Catalan’s, Jacobsthal’s and Byrd polynomial
sequences..., are a part of a more general family of recursive sequences which we call the bivariate
generalized polynomials of Fibonacci and Lucas. They are defined respectively by

{
U0 = 0, U1 = 1

Un(x, y) = h(x)Un−1(x, y) + k(y)Un−2(x, y)

and {
V0 = 2, V1 = h(x)

Vn(x, y) = h(x)Vn−1(x, y) + k(y)Vn−2(x, y)

were h(x) and k(y) are polynomials with real coefficients.
In the first part of the talk, we will study some of properties of these sequences. From these

properties, follow some known classical identities like Fibonacci’s and Lucas’.
Furthermore, we give a link with Chebyshev polynomials of first and second kind defined re-

spectively by
Tn(x) = 2xTn−1(x)− Tn−2(x) (1.1)

Wn(x) = 2xUn−1(x)− Un−2(x) (1.2)

with T0 = 1, T1 = x and U0 = 1, U1 = 2x.
We prove that, for n ≥ 1,

Un+1(x, y) = in
(√

k(y)
)n

Wn


 h(x)

2i
(√

k(y)
)




and

Vn(x, y) = 2in
(√

k(y)
)n

Tn


 h(x)

2i
(√

k(y)
)


 .

Let h(x) ∈ R[x] be a polynomial of degree ≥ 1 which is distinct from ax where a is rational.
With the same initial conditions and by replacing 2x by h(x) in expressions (1.1) and (1.2) we obtain
the generalized Chebyshev polynomials of first and second kind which are also called h-Chebyshev
polynomials of first and second kind.

In the second part of the presentation, we give generalized functions of Tn and Un, their explicit
forms and also identify the vector space En[x] to which they belong and give its standard basis.
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The space En[x] is then provided with two bases one is formed from polynomials Tn and the
other from polynomials Un. We determine the coordinate of Tn and Un in these new bases. The
objective being the highlighting of the existing interaction between these polynomials through the
obtained writings.
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Abstract

We address a simultaneous planning of maintenance and a multi-item lot-sizing problem with
fixed capacity and variable demand. We develop a mixed-integer linear program to solve the joint
problem taking into consideration the loss of order by imposing a penalty for shortage demand. It
is proved that the proposed model reduces the total cost induced by set-up, inventory, production,
and maintenance.
Key words :Production, planning, lot-sizing, condition based maintenance, shortage demand.

1 Introduction

The integration of production planning and preventive maintenance into manufacturing systems is
becoming an active research area because of its importance in today’s highly competitive environ-
ment. Besides, it can reduce not only the downtime but also the total expected cost.

In the case of very reliable equipment, preventive maintenance programs can be performed at
a lower frequency (one month or more). Therefore, maintenance actions must be integrated into
tactical production planning. Production consists of determining the quantities of items to be
produced in each period. We are therefore faced with a problem of lot-sizing. In [2], the authors
gives an overview of the recent work in this area.

In some cases, the customer does not admit any delay in orders, which leads to a partial or
total loss of demand for economic reasons or insufficient capacity. We are, therefore talking about
shortage demand. In a situation where competition is rough, and the risk of customer loss is high,
the costs of shortage on demand are very high penalties compared to other costs and minimization
of these costs is considered as the primary objective. However, it may be more profitable to have
shortages in demand than to satisfy them in full, even in a situation where capacity is not limited.
This situation occurs when the sum of the cost of production and storage costs is higher than the
cost of rupture.

We consider condition-based maintenance for the preventive maintenance policy where the
equipment is actively monitored for its state. When the condition is considered too low a mainte-
nance activity is performed, and the machine is restored to its nominal status.

Our contribution consists in integrating condition-based maintenance and multi-item capaci-
tated lot-sizing planning while also considering the break in demand.

2 Mathematical formulation

We consider a production system composed of a single machine and a set of references P that must
be produced in lots on this machine during a finite time horizon T composed of N fixed periods of
a duration of τ , T = N ∗ τ and that for each product i ∈ P a request dit must be satisfied at the
end of the period t ∈ T .
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2.1 Nomenclature

Model parameters

ct: Available capacity at period t.

cmax: Maximum capacity of the machine.

αit: Production cost of item i at period t.

γit: Inventory cost of item i at period t.

βit: Set up cost of item i at period t.

ϕit: Shortage demand cost of item i at period t.

λ: Capacity reduction coefficient.

mt: Maintenance cost in period t.

Decision variables

xit: Quantity of item i produced at period t.

yit: Binary variable equal to 1 if item i is produced at period t.

rit: Shortage for item i at period t.

sit: Inventory value at the end of period t.

zt: Binary variable equal to 1 if maintenance is performed in period t.

The Mixed Integer Linear Program (MILP):

min
∑

t∈T
(
∑

i∈P
(αitxit + βityit + ϕitrit + γitsit) +mtzt) (2.1)

subject to:
xit + rit − sit + si,t−1 = dit ∀i ∈ P, t ∈ T (2.2)

∑

i∈P
xit ≤ ct ∀t ∈ T (2.3)

xit ≤ (
∑

s≥t,s∈T
dis)yit ∀i ∈ P, t ∈ T (2.4)

ct = max(λct−1, cmaxzt) ∀t ≥ 2 (2.5)

rit ≤ dit ∀i ∈ P, t ∈ T (2.6)

xit, rit, sit, ct ≥ 0 ∀i ∈ P, t ∈ T (2.7)

yit ∈ {0, 1} , zt ∈ {0, 1} ∀i ∈ P, t ∈ T (2.8)

The objective function is to minimize the various costs of production, installation, stock, and
maintenance. The conservation of flows is ensured by constraint (2) which guarantees that the sum
of the quantities produced and store a reference i in each period t is sufficient to satisfy demand
while the remaining stock is kept for subsequent periods, while constraint (3) is the capacity
constraint where the production capacity in each period is assumed to be finite. The constraint (4)
ensures that the quantity to be produced of a i item in a t period does not exceed the sum of the
requests for that item in subsequent periods. Constraint (5) describes the capacity assessment. If
maintenance is performed at the moment t zt = 1, then the capacity is reset to its nominal state
Cmax. Otherwise, it will be exponentially decreasing according to 0 ≤ λ ≤ 1. The constraint (6)
requires that the break for the i reference to the t period must be less than the demand for the
same reference to the same period. Constraints (2.7) and (2.8) characterize the variables domains.

The linearization of the non-linear capacity constraints (2.5) given by [4] as follows:

ct ≤ cmax; ∀t ∈ T (2.9)

ct ≤ λct−1 + cmaxZt; ∀t ≥ 2 (2.10)

It is well known that the multi-item multi-period capacitated lot-sizing problem with set-up
time is an NP-hard problem [5]. [1] demonstrate that the capacitated lot-sizing problem with
shortage cost is also an NP-hard problem.
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3 Computational results

In order to solve the proposed mathematical program, we use the CPLEX solver model OPL
12.6.0.0.0 for its simplicity and also for its efficiency. Developing a decomposition heuristic or for
a similar problem requires a substantial amount of programming. The model we describe is only
about twenty lines of high-level code in the modeling language. Also, any improvement made to
the solver will automatically result in an improvement in computation times or solution quality.
The instances chosen for the tests are those introduced by [3].

Computational results show that using condition-based maintenance against preventive mainte-
nance mainly cyclical one is more advantageous because of the fluctuation of the demand over the
time horizon. On the other hand, the results found by taking into account the demand shortage are
not different from those of the model without a demand shortage penalty. If we compare our results
with those introduced in [3], it is remarkable that we can lead to a substantial saving by replacing
preventive maintenance with condition-based maintenance, especially when the capacity is tight.
The model presented enabled us to solve much larger problem instances than could previously be
solved.

4 Conclusion

In this paper, we presented a multi-item multi-period capacitated lot-sizing model with demand
shortages jointly with condition-based maintenance planning. The deterioration of the equipment
was modeled by a gradual reduction of its capacity. It has been demonstrated that integrating
condition-based maintenance strategy and production planning can lead to substantial savings
compared to regular preventive maintenance.
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Abstract

We introduce a new generalization of Stirling numbers of the first kind (classical and analogues
versions) related to an extension of elementary symmetric function. These new numbers appear

as the coefficients of xk in the expression
∏n−1
j=0 (xs + jxs−1 + · · ·+ js−1x+ js). The array formed

by these coefficients can be seen as natural generalization of the first Stirling triangle. We further
give a combinatorial interpretation of the classical numbers in terms of s-tuple permutations of [n]
having together k cycles and using the inversion statistic on the cycles for the q-analogue numbers,
which also allows us to establish as particular case the q-Stirling numbers of the first kind. In addi-
tion, using the Legendre-Stirling numbers and the Stirling numbers of the first kind new formulas
and useful properties are proposed.

Key words: Stirling numbers of the first kind, q-Stirling numbers of the first kind, Legendre-
Stirling numbers of the first kind, symmetric functions.

1 Introduction

The bisnomial coefficient or ordinary multinomial number is defined as the k-th coefficient in the
development

(1 + x+ x2 + · · ·+ xs)n =
∑

k≥0

(
n

k

)

s

xk. (1.1)

A natural extension of the bisnomial coefficient is the q-bisnomial coefficient satisfies the fol-
lowing recursion [

n

k

](s)

q

=

s∑

j=0

q(n−1)j

[
n− 1

k − j

](s)

q

(1.2)

and appear as the coefficients of the following product

n−1∏

j=0

(
1 + qjz + · · ·+ (qjz)s

)
=
∑

k≥0

[
n

k

](s)

q

xk. (1.3)

For more details, we refer the reader to [1, 2].

In [1], we proposed a new symmetric function to interpret the bisnomial coefficients and their
analogues. This function is a generalization of elementary symmetric function given as follows

E
(s)
k (n) := E

(s)
k (x1, ...., xn) =

∑

α1+α2···+αn=k
0≤α1,α2,...,αn≤s

xα1
1 xα2

2 · · ·xαn
n , (1.4)

where E
(s)
0 (n) = 1, E

(s)
k (n) = 0 unless 0 ≤ k ≤ sn, and satisfy the following recurrence relation

E
(s)
k (n) =

s∑

j=0

xjnE
(s)
k−j(n− 1). (1.5)
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Using this function and relation (1.5) a simple induction proves.

1. E
(s)
k (1, 1, . . . , 1) =

(
n
k

)
s
,

2. E
(s)
k (1, q, . . . , qn−1) =

[
n
k

](s)
q
.

2 Main results

We propose a generalization of Stirling numbers of the first kind using the symmetric function
defined by (1.4), which we give a recursive definition and an ordinary generating function.

Definition 1 For all n ≥ 0 we write to denote c(s)(n, k) the generalized Stirling numbers of the
first kind, which are given by the initial conditions

c(s)(n, 0) = δn,0, c(s)(0, k) = δ0,k

and recurrence relation

c(s)(n, k) =

s∑

j=0

(n− 1)jc(s)(n− 1, k − s+ j), (2.1)

where c(s)(n, k) = 0 unless s ≤ k ≤ sn.
Comparing this definition with the generalized elementary symmetric function E

(s)
k (n) and relation

(1.5) a simple induction proves.

Proposition 1 For n ≥ 1 and s ≤ k ≤ sn,
c(s)(n, k) = E

(s)
sn−k(1, 2, . . . , n− 1). (2.2)

According to the relation (2.1), we will show below that c(s)(n, k) is the coefficient of the k-th term
of the product.

Theorem 1 We have,

n−1∏

j=0

(xs + jxs−1 + · · ·+ js−1x+ js) =

sn∑

k=0

c(s)(n, k)xk.

The cycle maxima of a given permutation are the numbers which are largest in their cycles. For
example, if π = (1, 3, 5)(2, 6, 8)(7)(4, 9)(10) is a permutation in S10, written in cycle notation, then
it cycle maxima are 5, 7, 8, 9 and 10.

Definition 2 The generalized Stirling permutation s-tuple of length n is an ordered s-tuple (π1, . . . , πs)
with π1, . . . , πs ∈ Sn for which the following hold.

1. The cycles number of π1 is greater than or equal to the cycles number of π2 and the cycles
number of π2 is greater than or equal to the cycles number of π3 and so on until πs.

2. The cycle maxima of π2 is included in the cycle maxima of π1 and the cycle maxima of π3
are included in the cycle maxima of π2 and so on until πs.

Theorem 2 For n ≥ 1 and all k with s ≤ k ≤ sn, the number of generalized Stirling permutation
s-tuples (π1, . . . , πs) of length n having together exactly k cycles is c(s)(n, k).
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Abstract

We introduce the biperiodic r-Fibonacci sequence, we give its linear recurrence relation, gener-
ating function, companion matrix and Binet’s formula. We also define the familly of the r-Lucas
sequences and give the link with the biperiodic r-Fibonacci sequence.

Key words : The biperiodic r-Fibonacci sequence, The biperiodic r-Lucas sequence, Generating
function, Companion matrix.

1 Introduction

In recent years, many authors have studied generalizations of the Fibonacci and Lucas sequences.
In 2011, Yayenie [3] has introduced for a, b, c, d ∈ R∗, the biperiodic Fibonacci sequence, F0 =
0, F1 = 1, and

Fn =

{
aFn−1 + cFn−2 if n ≡ 0 (mod 2),
bFn−1 + dFn−2 if n ≡ 1 (mod 2).

We have considered its companion sequence, the biperiodic Lucas sequence, L0 = 2, L1 = a, and

Ln =

{
bLn−1 + dLn−2 if n ≡ 0 (mod 2),
aLn−1 + cLn−2 if n ≡ 1 (mod 2).

its linear recurrence relation is

Lk = (ab+ c+ d)Lk−2 − cdLk−4.

its generating function is

G(x) =
2 + ax− (ab+ 2c)x2 + adx3

1− (ab+ c+ d)x2 + cdx4
.

and the Binet’s formula is

Ln =
aξ(n)

(ab)b(n+1)/2c

(
αb(n+1)/2c(α+ d− c)n−b(n+1)/2c(α− β + d− c)

α− β

)

+
aξ(n)

(ab)b(n+1)/2c

(
βb(n+1)/2c(β + d− c)n−b(n+1)/2c(α− β − d+ c)

α− β

)
.

where α and β are roots of the quadratic equation x2 − (ab+ c− d)x− abd = 0

2 The biperiodic r-Fibonacci sequence

We define the biperiodic r-Fibonacci sequence:
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Definition 1 Let a, b, c, d ∈ R∗; for n ≥ r + 1

Fn =

{
aFn−1 + cFn−r−1 si n ≡ 0 (mod 2),
bFn−1 + dFn−r−1 si n ≡ 1 (mod 2),

F0 = 0, F1 = 1, F2 = a, F3 = ab, F4 = a2b, F5 = a2b2, ...Fr = abr/2cbb(r−1)/2c the initial conditions.

For k ≥ 2r + 2, it satisfies the linear recurrence relation:

Theorem 1

Fn = abFn−2 + (aξ(r+1)d+ bξ(r+1)c)Fn−r−1−ξ(r+1) − (−1)r+1cdFn−2r−2.

where ξ(r) = 2(r/2− br/2c).
The generating function is giving by

Theorem 2 The generating function of the biperiodic r-Fibonacci sequence is

G(x) =

∑2r+1
k=0 Fkx

k − abx2∑2r−1
k=0 Fkx

k − (aξ(r+1)d+ bξ(r+1)c)xr+1+ξ(r+1)
∑r−ξ(r+1)
k=0 Fkx

k

1− abx2 − (aξ(r+1)d+ bξ(r+1)c)xr+1+ξ(r+1) + (−1)r+1cdx2r+2
.

3 The familly of the biperiodic r-Lucas sequences

We define the biperiodic r-Lucas sequence

Definition 2 Let a, b, c, d ∈ R∗; for n ≥ r + 1

Ln =

{
bLn−1 + dLn−r−1 if n ≡ 0 (mod 2),
aLn−1 + cLn−r−1 if n ≡ 1 (mod 2),

L0 = s + 1, with 0 ≤ s ≤ r and L1 = a, L2 = ab, L3 = a2b, L4 = a2b2, L5 = a3b2, ..., Lr =
ab(r+1)/2cbbr/2c the initial conditions.

This sequence satisfies the same linear recurrence relation as the biperiodic r-Fibonacci sequence
for n ≥ 2r + 2

Theorem 3

Ln = abLn−2 + (aξ(r+1)d+ bξ(r+1)c)Ln−r−1−ξ(r+1) − (−1)r+1cdLn−2r−2.

And its generating function is giving by

Theorem 4 The generating function of the biperiodic r-Lucas sequence is

H(x) =

∑2r+1
k=0 Lkx

k − abx2∑2r−1
k=0 Lkx

k − (aξ(r+1)d+ bξ(r+1)c)xr+1+ξ(r+1)
∑r−ξ(r+1)
k=0 Lkx

k

1− abx2 − (aξ(r+1)d+ bξ(r+1)c)xr+1+ξ(r+1) + (−1)r+1cdx2r+2
.

4 The companion matrix of the biperiodic r-Fibonacci and
r-Lucas sequences

The companion matrix of the biperiodic r-Fibonacci sequence of order 2r + 2

C :=




0 0 · · · · · · · · · · · · · · · · · · 0 (−1)rcd
1 0 · · · · · · · · · · · · · · · · · · 0 0
...

. . .
. . .

. . .
. . .

. . .
. . .

. . .
...

...

0 0
. . .

. . .
. . .

. . .
. . .

. . .
... 0

0 0
. . .

. . .
. . .

. . .
. . .

. . .
... α(a, b)

0 0
. . .

. . .
. . .

. . .
. . .

. . .
... 0

...
...

. . .
. . .

. . .
. . .

. . .
. . .

...
...

0 0
. . .

. . .
. . .

. . .
. . .

. . .
... 0

0 0
. . .

. . .
. . .

. . .
. . . 1 0 ab

0 0 · · · · · · · · · · · · · · · 0 1 0




,

38



DIMACOS2019, Hammamet, Tunisia. October 26-29

where α(a, b) = aξ(r+1)d+ bξ(r+1)c, in the last column and the r + 1 + ξ(r + 1) line.
Using this companion matrix and some other tools, we derive the Binet’s formula

Theorem 5 The Binet’s formula for the biperiodic r-Fibonacci sequence

Fn =

r+1∑

i=1

(
r∑
j=1

(−1)j

∑
1≤k1<k2<...<kr+1−j≤r+1

rk1rk2 ...rkr+1−j
∏

1≤k≤r+1

(ri−rk) F2j−2+ξ(n) +
F2r+ξ(n)∏

1≤k≤r+1

(ri−rk)

)
r
bn/2c
i .

and for the biperiodic r-Lucas sequence

Ln =

r+1∑

i=1

(
r∑
j=1

(−1)j

∑
1≤k1<k2<...<kr+1−j≤r+1

rk1rk2 ...rkr+1−j
∏

1≤k≤r+1

(ri−rk) L2j−2+ξ(n) +
L2r+ξ(n)∏

1≤k≤r+1

(ri−rk)

)
r
bn/2c
i .

5 The link between the biperiodic r-Fibonacci sequence and
its companion sequence

We have

Theorem 6

Ln = Fn+1 + scξ(r+1)dξ(r)
[
aξ(n+1)bξ(n)

a

]ξ(r+1)

Fn−r.
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Abstract

In this study, we obtain some connection formulas for some families of two-variable orthogonal
polynomials and present some representations for parametric derivatives of these polynomials.
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1 Introduction

The classical orthogonal polynomials have many applications in many areas of mathematics and
mathematical physics. Koornwinder [7] derived a method to obtain two-variable generalizations
of the one-variable orthogonal polynomials by using an approach given by Agahanov [1]. Two
examples of Koornwinder’s method are considered as follows in [5].
The polynomials T (α,β,γ)n,k (x, y)

T
(α,β,γ)
n,k (x, y) = P

(α+2k+1,γ)
n−k (1− 2x) (γx)

k
P
(β,γ)
k (1− 2y

x
), (1.1)

are orthogonal with respect to the weight function ω(x, y) = xα−β−γyβ (x− y)
γ

(1− x)
γ on Ω =

{(x, y) ∈ R2 : 0 < y < x < 1} where P (α,β)n (x) is the classical Jacobi polynomials of degree n
defined by the Rodrigues formula [9]

P (α,β)n (x) =
(−1)

n
(1− x)

−α
(1 + x)

−β

2nn!
(1.2)

× dn

dxn

{
(1− x)

n+α
(1 + x)

n+β
}
.

By getting
(
γ−1x, γ−2y

)
instead of (x, y) in (1.1) and then taking the limit as γ → ∞, by using

the limit relation
lim
β→∞

P (α,β)n

(
1− 2β−1x

)
= L(α)n (x),

where L(α)n (x) is the classical Laguerre polynomials of degree n defined by the Rodrigues formula
[9]

L(α)n (x) =
x−αex

n!

dn

dxn
(
e−xxn+α

)
,

it follows
lim
γ→∞

T
(α,β,γ)
n,k

(
γ−1x, γ−2y

)
= R

(α,β)
n,k (x, y),

which is Laguerre-Laguerre Koornwinder polynomials defined in [3].
The polynomials U (α,β,γ)n,k (x, y)

U
(α,β,γ)
n,k (x, y) = P

(α+2k+1,γ)
n−k (1− 2x) (γx)

k
P
(β,0)
k (

y

x
), (1.3)
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are orthogonal with respect to the weight function ω(x, y) = xα−β (x− y)
β

(1− x)
γ on Ω =

{(x, y) ∈ R2 : −x < y < x, 0 < x < 1}. If we replace (x, y) by
(
γ−1x, γ−1y

)
in (1.3) and

then take the limit as γ →∞, we

lim
γ→∞

U
(α,β,γ)
n,k

(
γ−1x, γ−1y

)
= S

(α,β)
n,k (x, y),

which is Laguerre-Jacobi Koornwinder polynomials defined in [3].
In the present paper, we give connection formulas and obtain some representations of parametric

derivatives of these two-variable orthogonal polynomials.
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Abstract

In this paper, we propose an extension of a periodic GARCH (PGARCH) model to a Markov-
switching periodic GARCH (MS − PGARCH) one, and provide some probabilistic properties of
this class of models. In particular, we address the question related to the existence of strictly and
weakly periodically stationary solutions. We establish necessary and sufficient conditions ensuring
the existence of higher-order moments. We further provide closed-form expressions for calculating
the even-order moments as well as the autocovariances of the squares of a MS−PGARCH process.
Finally, we propose a method to estimate the parameters of our model.

Key words :Markov-switching models; periodic GARCH models; periodic stationarity; higher-
order moments; parameters estimation.

1 Introduction

Modeling volatility remains an important research area given its crucial role in modeling financial
data such as stock price indices, interest rates and exchange rate data. Among the volatility models,
we find the GARCH model proposed by Bollerslev (1986) which is one of the most popular models,
because it represents a powerful tool for analyzing and forecasting the volatility of financial markets.
After its introduction in time series literature, GARCH model has captured several empirical
features that characterize many financial data, referred to as stylized facts, such as lack of serial
correlation, nonlinear dependence, heavy-tailed marginal distributions and volatility clustering.
However, other features like multimodality of marginal distributions and regime changes remain
uncaptured by this class of models. These features are best represented by regime switching models.

Since the seminal paper by Hamilton (1989), the use of Markov-switching (in short MS) models
has become increasingly popular in dynamic econometrics. Introducing changes in regime into
the classical time series models substantially increases the model flexibility. Therefore, different
research works using ARCH-type models have been developed in that direction. Cai (1994) and
Hamilton and Susmel (1994) introduced the Markov-switching ARCH model (MS − ARCH).
Gray (1996) proposed a Markov-switching GARCH (MS − GARCH) model assuming that the
conditional variance, knowing the current regime, depends on the expectation of past conditional
variances, rather than their values. Haas et al. (2004) proposed other MS−GARCH formulations
that differ from Gray’s one. Since then, an important number of studies have been devoted to
MS-GARCH models. See, among others, Augustyniak (2014), Augustyniak et al. (2018) , Bauwens
et al. (2010), Billio and Cavicchioli (2017) and Francq and Zaköıan (2005).

On the other hand, it is widely documented that most asset and exchange rate returns exhibit
strong seasonal patterns in the form of day of the week and holiday effects (see, e.g. Bollerslev and
Ghysels, 1996; Franses and Paap, 2000). Hence, we can say that each day of the week constitutes
a different regime. This seasonal effect can be interpreted as a deterministic regime-switching
behavior. Contrary to the MS modeling, the regime that occurs at any given in point in time is
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known with certainty in advance. As a result, financial time series analysts have, nowadays, become
more convinced of the need to combine periodicity and conditional heteroskedasticity in one model.
In particular, the class of periodic GARCH (PGARCH) models introduced by Bollerslev and
Ghysels (1996) has shown to be appropriate for capturing periodicity in the conditional variance,
a property that cannot be explained by the classical GARCH formulation. Despite the interest
and importance of the PGARCH model since its introduction, various limitations of this class of
models (see e.g. Bentarzi and Hamdi, 2008a, b; Regnard and Zaköıan, 2011; Hamdi and Souam,
2018) pushed us to propose another, more flexible, class of models, able to capture different features
that characterize, usually, economic series in general, and financial time series in particular.

In this paper, we present a study of the probabilistic properties of a Markov-switching periodic
GARCH (MS−PGARCH) model and we propose a method to estimate the model’s parameters.

2 The Markov-switching PGARCH (1, 1) model

The Markov-switching periodic GARCH (1, 1) model, we propose, can be seen as a bivariate process
{(εt,∆t) ; t ∈ Z} ; wherein the process (∆t); which governs the regime changes is a Markov chain
defined on a finite state-space, and (εt) is a PGARCH (1, 1) process.
Definition A stochastic process {εt; t ∈ Z} is said to have a Markov-switching periodic GARCH
representation with orders (1, 1) and period S (denoted MS − PGARCHS (1, 1)) if it is given by





εt =
√
htηt, t ∈ Z

ht =
d∑
k=1

ω
(k)
t 1(∆t=k) +

d∑
k=1

α
(k)
t ε2t−11(∆t=k) +

d∑
k=1

d∑
l=1

β
(k)
t h

(l)
t−11(∆t=k,∆t−1=l),

(2.1)

where ht = E
[
ε2t | Ft−1

]
, Ft denotes the σ-algebra based on the information available up to time

t and 1(·) is the indicator function. The process (∆t) is a homogenous Markov chain defined on
a finite state space E = {1, 2, . . . , d} , and {ηt; t ∈ Z} is a sequence of independent and identically

distributed (i.i.d.) random variables such that E (ηt) = 0 and E
(
η2
t

)
= 1. The coefficients ω

(k)
t ,

α
(k)
t and β

(k)
t , for 1 ≤ k ≤ d, are periodic functions with period S (i.e. ω

(k)
t+τS = ω

(k)
t , α

(k)
t+τS = α

(k)
t

and β
(k)
t+τS = β

(k)
t ), and satisfy the constraints ω

(k)
t > 0, α

(k)
t ≥ 0 and β

(k)
t ≥ 0, for 1 ≤ k ≤ d.

We note that a MS-PGARCH is a PGARCH process in which the periodic parameters at
each time point depend on a latent Markov-chain (∆t).

To rewrite our proposed model in a simple form, we make the following notations. Let

ωt (∆t) : =

d∑

k=1

ω
(k)
t 1(∆t=k),

αt (∆t) : =

d∑

k=1

α
(k)
t 1(∆t=k),

βt (∆t) : =

d∑

k=1

β
(k)
t 1(∆t=k),

and

ht−1 :=

d∑

l=1

h
(l)
t−11(∆t−1=l),

then model (??) can be written as

{
εt =

√
htηt,

ht = ωt (∆t) + αt (∆t) ε
2
t−1 + βt (∆t)ht−1,

t ∈ Z. (2.2)

In what follows, we consider that the processes (ηt) and (∆t) are assumed to be independent. In
addition, (∆t) is a homogenous, stationary, irreducible and aperiodic Markov chain. The stationary
probabilities of (∆t) are denoted by π (k) = P (∆1 = k) , the transition probability matrix is denoted
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by P and written in the following way

P = (p (k, l))k,l=1,...,d =




p (1, 1) p (2, 1) · · · p (d, 1)
p (1, 2) p (2, 2) · · · p (d, 2)

...
...

. . .
...

p (1, d) p (2, d) · · · p (d, d)


 ,

where p (k, l) = P (∆t = l | ∆t−1 = k) , and the i-step transition probabilities are denoted by
p(i) (k, l) = P (∆t = l | ∆t−i = k) , for k, l ∈ E and i ≥ 1.

Using these definitions and notation, we studied the probabilistic properties of this model, and
proposed a method that allows us to estimate the parameters of the model.
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Abstract

Let k and l be positive integers with k > l. A cycle with two blocks C(k, l) is an oriented
cycle formed by the union of two internally disjoint directed paths of lengths k and l respectively.
Recently, Kim et al. proved that any strong digraph containing no subdivisions of C(k, l) has chro-
matic number at most 12k2. In our work, we improve this upper bound to 8k2, not only for strong
digraphs but also for digraphs having a spanning out-tree. Moreover, we prove that every digraph
containing a hamiltonian directed path with no subdivisions of C(k, l) has chromatic number at
most 3(k − 1).

1 Introduction

Throughout our work, all graphs are considered to be simple, that is, there are no loops and no
multiple edges. By giving an orientation to each edge of a graph G, the obtained oriented graph
is called a digraph. Reciprocally, the graph obtained from a digraph D by ignoring the directions
of its arcs is called the underlying graph of D, and denoted by G(D) (a circuit of length 2 in D
correspond to one edge in G(D)). The chromatic number of a digraph D, denoted by χ(D), is the
chromatic number of its underlying graph.

Let F be a digraph. A subdivision of F is a digraph F ′ obtained from F by replacing each arc (x, y)
by an xy-dipath of length at least 1. A digraph D is said to be F -subdivision-free if it contains no
subdivisions of F as a subdigraph.

For positive integers k and l with k > l, a cycle with two blocks C(k, l) is an oriented cycle
which consists of two internally disjoint directed paths of lengths k and l respectively. An important
question is to ask if a digraph with large chromatic number can contain a subdivision of C(k, l). In
this context, Benhocine and Wojda [2] proved that every tournament on n > 4 vertices contains a
2-blocks cycle C(k, l) for every positive integers k, l with k+ l = n. However, for general digraphs,
Gyárfás and Thomassen provided a negative answer to the above problem by showing the existence
of acyclic digraphs with arbitrarily large chromatic number and no oriented cycles of two blocks.
On the other hand, considering strong digraphs, the situation is completely different. A digraph D
is said to be strong if for any two vertices u and v of D, there is a directed path from u to v. Cohen
et al. [4] proved that the chromatic number of such digraphs containing no subdivisions of C(k, l)
is bounded from above by O((k + l)4). More recently, Kim et al. [8] improved this upper bound
to 12k2, and they asked if this upper bound can be improved to O(k + l), which is remained to be
open. However, dealing with hamiltonian C(k, l)-subdivision-free digraphs (a digraph D is said to
be hamiltonian if it contains a hamiltonian directed cycle, that is, a directed cycle passing through
all the vertices of D), Kim et al. [8] were able to prove that such digraphs have a chromatic number
not exceeding k + l − 1.

In our work, we improve the previous upper bound found by [8] for the chromatic number
of strong C(k, l)-subdivision-free digraphs from 12k2 to 8k2. Moreover, we prove a more general
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statement by treating the problem of existence of two blocks cycles in the class of digraphs having a
spanning out-tree, that includes the strong ones. As a key step, we consider C(k, l)-subdivision-free
digraphs having a hamiltonian directed path, and we bound from above the chromatic number of
such digraphs by 3(k − 1). This intermediate result will be used in the improvement mentioned
before, replacing the complicated and technical proof in [8] based on Bondy’s theorem [3] which
describes the strong digraphs structural properties, by an elementary one based only on the simple
notion of maximal out-tree [5].
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Abstract

This paper is dedicated to study the fully discretized semi implicit and implicit schemes of a
2D parabolic semi linear problem modeling MEMS devices. Starting with the analysis of the semi-
implicit scheme, we proved the existence of the discrete solution which converges under certain
conditions on the voltage λ. On the other hand, we consider a fully implicit scheme, we proved
the existence of the discrete solution, which also converges to the stationary solution under certain
conditions on the voltage λ and on the time step. Finally, we did some numerical simulations which
show the behavior of the solution.

Key words :Micro-Electromechanical Systems (MEMS), pull-in voltage, 2D semi implicit scheme,
2D implicit scheme, numerical simulations.

1 Introduction

Micro-Electromechanical Systems (MEMS)combine electronics with micro-size mechanical devices
to design various types of microscopic machinery(see [4]). From a very early vision in the early
1950’s, MEMS has gradually made its way out of research laboratories and into everyday prod-
ucts. In the mid-1990’s, MEMS components began appearing in numerous commercial products
and applications including accelerometers used to control airbag deployment in vehicles, pressure
sensors for medical applications, and inkjet printer heads. Today, MEMS devices are also found in
projection displays and for micropositioners in data storage systems. However, the greatest poten-
tial for MEMS devices lies in new applications within telecommunications (optical and wireless),
biomedical and process control areas. An overview of the developing technology of MEMS devices
is given in [14] and the references within.

We consider a simple idealized electrostatic MEMS device (see [4]), which consists of a thin
and deformable elastic dielectric membrane with a small finite thickness, coated with a negligibly
thin metallic conducting film. Following the electrostatic analysis (see [4] and [14]), we obtain the
parabolic problem modeling dynamical case, given by

∂u

∂t
−∆u =

λf(x)

(1− u)2
in Ω,

u(t, x) = 0 on ∂Ω,
u(0, x) = 0 in Ω.

(1.1)

The steady state of this problem is the solution of the following semi-linear elliptic problem:

−∆u =
λf(x)

(1− u)2
in Ω,

u(x) = 0 on ∂Ω,
0 ≤ u < 1 in Ω.

(1.2)
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The initial condition in (1.1), demonstrates that initially the elastic membrane was at rest,
u = 1 − d corresponds to the deflection, where d represents the undeflected gap size, λ is the
relative strength of the electrostatic and mechanical forces in the system and is given in terms of

the applied voltage λ =
ε0V

2L2

2Tld3
, where L is the length scale of the membrane, Tl is the tension

of the membrane, ε0 is the permittivity of the free space in the gap between the membrane and

the bottom plate, and f =
ε0

ε2(Lx)
represents the varying dielectric permittivity of the elastic

membrane(see [4]).
One of the main goals of studying (1.2) is to achieve the maximum possible stable deflection

before touchdown occurs, which is referred to as the pull-in distance (see [10], [7]), and one way
of achieving larger values of λ∗, while simultaneously increasing the pull-in distance, consists of
introducing a spatially varying dielectric permittivity ε2(x) of the membrane(see [13]), moreover,
0 ≤ f(x) < 1 for all x ∈ Ω (see [4]). Furthermore, a result concerning an estimate on the values of
λ for which touchdown occurs was derived in [6], such that there exists some λ∗ such that if λ > λ∗

touchdown occurs.
The pull in voltage is defined as:

λ∗(Ω, f) = sup{λ > 0|(1.2) possesses at least one solution}.

A solution u(t, x) of (1.1) is said to touchdown, i.e. quenching, at finite (infinite) time T =
T (λ,Ω, f), if the maximum value of u reaches 1 at the time T < ∞ (T = ∞). More precisely
quenching time T ∗ is defined by sup{t > 0 | ‖u(s, ·)‖∞ < 1,∀s ∈ [0, t]} ([18]).

Some proposed modifications on the device, such as tailoring the dielectric properties of device
components to achieve a greater stability was established in [13]. Besides, the problems above are
studied as well in ([2], [6], [7], [8], [9], [15], [16]) and the references within them.

Indeed, the 1D numerical analysis of problem (1.1) was studied in ([3]), they proved that the
solutions for both semi-implicit and implicit semi-discrete schemes are monotonically and pointwise
convergent to the minimal solution of the corresponding elliptic partial differential equation under
proper assumptions. Besides, they studied the fully discretized semi-implicit scheme, they proved
that the solution of the stationary problem exists and that the discrete solution converges to
this steady state. Some numerical simulations were also made, by using the continuation method
adopted in [1], they found an upper bound on λ namely the pull in voltage λ∗ and showed graphically
the touch down phenomenon for some λ > λ∗.

Consequently, our aim is to extend the result that has been done in [3], we considered a 2D
semi-implicit fully discretized scheme. We prove that the steady state of (1.1) exists if 0 ≤ λ ≤
2π2(1− δ)δ2

(b− a)2
, for some δ ∈ (0, 1), moreover the discrete solution of this problem converges to this

steady state if λ <
(1− ‖U∗‖∞)3

(b− a)2
, where U∗ denotes the steady state. As well as the study of the

semi-implicit scheme, we consider the implicit scheme, we adopted newton method (see [5]), where

the jacobian matrix at the steady state is invertible if the time step τ <
(b− a)2

2π2δ2(1− δ) . Finally, we

give numerical simulations which show the behavior of the solutions, errors, and the touch down
phenomenon as well.
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Abstract

Dans ce travail, nous considérons un nouveau problème d’ordonnancement d’atelier de type
chain-reentrant shop hybride avec tâches détériorables bi-objectif. Le premier objectif est la min-
imisation du makespan et le deuxième est la minimisation de la consommation totale d’énergie.
Pour la résolution de ce problème nous présentons deux méta-heuristiques et une méthode d’aide
à la décision multicritère.

Key words : Chain-Reentrant hybride, Tâches détériorables, Méta-heuristiques, Makespan, En-
ergie.

1 Introduction

Vu les exigences du marché qui se traduisent par une grande variété de produits manufacturés,
une entreprise ne peut se maintenir que si ses produits sont compétitifs, pour cela une réduction
des durées de réalisation de ses produits est indispensable. D’autres parts, des problèmes de
l’environnement tel que la pollution de l’air et l’épuisement des ressources s’imposent comme des
enjeux majeurs de notre époque. Ainsi, la réduction de la consommation d’énergie est une parmi
les solutions envisageables pour remédier à ce problème.

Dans ce travail nous considérons un nouveau problème d’ordonnancement d’atelier de type flow
shop hybride avec recirculation. Contrairement aux problèmes d’ordonnancements classiques qui
supposent que la durée de traitement d’une tâche est fixe, nous étudions dans ce travail le cas des
tâches déteriorables, où la durée de traitement des tâches est variable dans le temps. L’atelier
est constitué de deux étages, le premier étage contient une seule machine tandis que le deuxième
contient m machines parallèles générales. Chaque tâche doit être traitée d’abord sur le premier
étage (la première machine), ensuite elle sera exécuteé sur une des m machines du deuxième étage
et elle revient sur la première machine pour sa dernière opération. On suppose que la préemption
des tâches n’est pas autorisée et que toutes les tâches sont disponibles à l’instant zéro. L’objectif est
la minimisation de la date de fin de traitement de l’ensemble des tâches ainsi que la consommation
totale d’énergie de l’ensemble des machines. Nous commençons par donner quelques notations du
problème étudié ainsi que les contraintes considérées. Pour la résolution de ce problème on propose
une heuristique de type ”algorithme de liste”, et deux méta-heuristiques : l’algorithme génétique
”NSGA2” et le recuit simulé ”AMOSA”. Après obtention du front Pareto optimal par ces deux
méta-heuristiques ; la meilleure solution selon les préférences du décideur est déterminée par la
méthode d’aide à la décision multicritère à posteriori ”TOPSIS”.

2 Définition et notations du problème traité

Le problème d’ordonnancement d’atelier de type Chain réentrant shop hybride avec tâches détériorables
est défini par la donnée d’un ensemble de n tâches T1, T2, ..., Tn. Chaque tâche doit se traiter d’abord
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sur la première machine (M1), ensuite elle passe sur un étage composé de m machines générales
(M2,M3, ...,Mm+1) et elle revient sur M1 pour sa dernière opération. On suppose que les tâches
sont soumises à des contraintes de détérioration, chaque tâche possède un temps de traitement
variable, on considère que la durée de traitement d’une tâche est une fonction linéaire du temps
donnée par la formule suivante p′ij = pij +αi tij , où p′ij , pij , αi , tij représentent respectivement
le temps d’exécution actuel, le temps d’exécution initial, le taux de détérioration et le début du
temps d’exécution de la tâche Ti. On suppose aussi que la machine Mj consomme au cours de
son traitement une quantité δj d’énergie par unité de temps. Ainsi, l’énergie consommée pour le
traitement d’une tâche Ti par une machine Mj est pij × δj et cette énergie augmente par un taux
θj dans le temps. L’énergie totale consommée par une machine Mj pour le traitement d’une tâche
Ti est donnée par l’équation suivante: Eij = pij × δj + θj × tij .
L’énergie totale consommée par toutes les machines est donnée par la formule :

TEC =
m∑
j=1

n∑
i=1

Eij =
m∑
j=1

n∑
i=1

pij × δj + θj × tij .
Le problème consiste à trouver un ordonnancement réalisable qui minimise la date de fin de traite-
ment de l’ensemble des tâches (Cmax) et la consommation totale d’énergie (TEC).

Notons que, dans ce travail nous considérons le problème général que nous noterons P , ainsi
que deux sous-problèmes (deux variantes de P ) notés P1 et P2 respectivement. Pour le premier
sous-problème P1, la détérioration des tâches et la consommation d’énergie ne sont pas prises en
considération sur la première machine. Par contre dans le deuxième sous problème P2, la machine
M1 consomme de l’énergie mais la détérioration des tâches n’est pas considérée sur cette machine.
Ces deux cas peuvent être rencontrés en pratique lorsque la machine M1 est une opération de
transport. Le transport peut se faire manuellement par le biais d’un chariot comme dans P1 ou
bien automatiquement (un robot qui transporte les pièces) comme dans le problème P2.

3 Résolution et expérimentations numériques

Le problème considéré dans ce travail est un problème NP-difficile au sens fort ; en effet plusieurs cas
particulier de ce problème le sont, nous citons à titre d’exemple le problème P2||Cmax ou le problème
F2|ChR|Cmax. Pour cela nous proposons pour sa résolution deux méta-heuristiques: NSGA2 (Non
Dominated Sorting Genetic Algorithm) voir [4] et AMOSA (Multi-Objective Simulated Annealing
Algorithm) [3]. Pour ces deux méthodes ; une solution est représentée par un vecteur de permutation
de taille n. Le calcul du Cmax et du TEC, se fait par le biais d’un algorithme de liste. En outre,
une méthode d’aide à la décision multicritère de type TOPSIS (Technic for Order Performance by
Similarity to Ideal Solution) est aussi présentée. Dévelopée par Yoon et Hwang en 1981 [7] cette
méthode servira comme outil de sélection de la meilleure solution parmi les solutions obtenues par
les deux méta-heuristiques citées ci-dessus. Les méthodes proposées sont toutes programmées avec
le langage C sur un pc personnel de type Pentium i3 2.00 GHZ et 4.00 Go Ram. Les paramètres
utilisés dans les implémentations sont le nombre de machines m et le nombre de tâches n. Toutes
les instances ont été générées aléatoirement et sont classées en quatre classes pour chaque classe
le nombre de tâches n prend ses valeurs dans l’ensemble {10, 30, 50, 100, 200}. La première classe
correspond à m = 2, la deuxième est associée à m = 5 la troisième et la quatrième sont associées à
m = 10 et à m = 20, respectivement.

Les instances de chaque classe sont construites comme suit : pour chaque paire {m,n}, nous
avons généré trois ensembles de 100 instances correspondant respectivement au problème général
P et à ses deux variantes P1 et P2. Ainsi, le nombre total des instances générées est égal à
:4× (5× (100× 3)) = 6000 instances.

Il est clair que l’évaluation de l’efficacité d’une méthode approchée dans le cas multicritère n’est
pas aussi simple que dans le cas monocritère. Jaszkiewicz, 2004 [5] a introduit différentes mesures
pour l’évaluation de l’efficacité de ces méthodes. Pour notre cas nous avons considéré deux critères
qui sont respectivement la quantité et la qualité de l’approximation calculées par ces algorithmes,
notés Q1, Q2 respectivement, voir [5]. Après avoir fait une série de tests nous avons remarqué que
lorsque m = 2 ou m = 5, NSGA2 est meilleure que AMOSA en terme du critère quantité (Q1),
pour le deuxième critère de qualité (Q2) AMOSA est meilleure que NSGA2 (voir histogramme pour
le cas m = 5 et n = 100). Lorsque m = 10 ou m = 200 ; NSGA2 domine AMOSA pour les deux
critères considérés. En terme de temps d’exécution moyen, AMOSA est plus rapide que NSGA2
(voir histogramme pour le cas m = 20 et n = 50).
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Histogramme pour le cas : m= 5 et n=100
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Histogramme pour le cas : m= 10 et n=200
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4 Conclusion

Dans ce travail, nous avons considéré un problème d’ordonnancement d’atelier de type chain-
reentrant shop hybride avec tâches détériorables bi-objectif, ce problème est NP-difficile au sens fort.
Pour sa résolution, nous avons proposé une heuristique de type algorithme de liste et deux méta-
heuristiques avec des expérimentations numériques. Une méthode d’aide à la décision multicritère
à posteriori pour le choix de la meilleure solution est aussi présentée. Les résultats des tests ont
montré qu’on général NSGA2 domine AMOSA pour les deux critères de quantité et de qualité. En
ce qui concerne le temps d’exécution moyen AMOSA est plus rapide que NSGA2.
Ce travail ouvre la voie à de nouvelles pistes de recherches par exemple résoudre ce problème avec
des méthodes exactes comme la méthode de Branch and Bound et la programmation dynamique.
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Abstract

We establish the recurrence relations associated with the sum of elements located along the
finite transversal of Tribonacci triangle and we give the generating function of the established sum.
We give also an identity for the even and odd terms of Tribonacci sequence.

Key words :Tribonacci triangle, recurrence relations, Tribonacci sequence.

1 Introduction

Alladi and Hoggat [1] established the Tribonacci triangle ;

n\k 0 1 2 3 4 5 6 7 8 9
0 1
1 1 1
2 1 3 1
3 1 5 5 1
4 1 7 13 7 1
5 1 9 25 25 9 1
6 1 11 41 63 41 11 1
7 1 13 61 129 129 61 13 1
8 1 15 85 231 321 231 85 15 1
9 1 17 113 377 681 681 377 113 17 1

Table 1. Tribonacci triangle.

Let g(n, k) be the element in the nth row and kth column of the Tribonacci triangle. The triangle
is given by

g(n, k) = g(n− 1, k) + g(n− 1, k − 1) + g(n− 2, k − 1), (1.1)

where g(n, 0) = g(n, k) = 1. We use the convention g(n, k) = 0 for k /∈ {0, . . . , n} .
Barry [2], proved that

g(n, k) =

k∑

j=0

(
k

j

)(
n− j
k

)
. (1.2)

Alladi and Hoggat proved that the rising diagonal sum of elements in the Tribonacci triangle gives
the terms of Tribonacci sequence.
Let Tn+1 the general term of Tribonacci sequence given by

Tn+1 =
∑

k

g(n− k, k).
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Theorem 1 [1] The sequence {Tn}n>0 satisfies the following recurrence relation

Tn = Tn−1 + Tn−2 + Tn−3,

with T0 = 0 and T1 = T2 = 1.

Kuhapatanakul [4], used the relation (1.1) to give a relation between Tribonacci triangle and
Fibonacci sequence.

2 Main result

We exhibit the recurrence relations associated with the sum of elements laying along the finite
transversal of Tribonacci triangle and we give an identity for the even and odd terms of Tribonacci
sequence.
For α ∈ N and α > 1, let be the sequence

T
(α)
n+1 =

∑

k

g(n− αk, k).

Theorem 2 The sequence (T
(α)
n )n satisfies the following recurrence relation

T
(α)
n+1 = T (α)

n + T (α)
n−α + T (α)

n−α−1,

with T
(α)
1 = 1, T

(α)
−i = 0 for i ∈ {0, 1, . . . , α}.

Remark 1 For α = 1, we get the Tribonacci sequence.

Example 1 For α = 2,

T (2)
n = T

(2)
n−1 + T

(2)
n−3 + T

(2)
n−4,

with T
(2)
0 = 0, T

(2)
1 = T

(2)
2 = T

(2)
3 = 1. The first terms are (0, 1, 1, 1, 2, 4, 6, 9, 15, 25, . . .), see Sloane

as A006498.
For other values of α, the sequences in Sloane were also found, see A079972 for α = 3 and A121832
for α = 4.

We consider the general case, for r ∈ N, 0 ≤ p < r and α ∈ Z.
Let be the sequence

T (r,p,α)
n+1 =

∑

k

g(n− αk, p+ rk).

Theorem 3 For n ≥ 2r + α, the sequence {T (r,p,α)
n }n≥0 satisfies the following linear recurrence

relation

r∑

s=0

(−1)s
(
r

s

)
T (r,p,α)
n−s =

r∑

s=0

(
r

s

)
T (r,p,α)
n−r−α−s. (2.1)

Now we give an identity for the even and odd terms of Tribonacci sequence.

Theorem 4 The even and odd terms of Tribonacci sequence satisfy

T2n+1 =
∑

k

g(n+ k, 2k),

T2n =
∑

k

g(n+ k, 2k + 1).
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Abstract

In this communication, we give a formula for the number of parallelogram polycubes according
to the width, height, and depth. We also give a Dirichlet generating function for parallelogram
polyominoes according to the area for a fixed width. We extend this result to dimension 3
Key words :Polyominoes, polycubes, enumeration, Dirichlet generating function

1 Introduction

In the plan Z2, a polyomino is a finite connected set of unit squares called cells, the connection
is through the edges, without a cut point and defined up to translation [6]. Many parameters
are defined for a polyomino, the area is the number of its cells and the width (resp. height) is
the difference between its greatest and smallest indices according to ~i (resp. ~j). Some families of
polyominoes were defined. The parallelogram polyominoes are defined as two path made of north
(one unit according to i) and east (one unit according to j) steps, with intersection at extremities,
see Fig. 1.
The enumeration of polyominoes in general case according to the number of cells is an open prob-
lem, Jensen’s algorithm gave the value up to 56 cells [7]. However exact enumerations exist for
some families. In particular, a lot of results exists concerning the enumeration of parallelogram
polyominoes (see [1, 2, 4] for instance).
The extension of polyominoes to the dimension 3 are called polycubes. In the space Z3, a polycube
is a finite union of unit cubes, called cells, connected by their faces and defined up to translation
[8]. The volume of a polycubes is the number of its cells and the width (res. height, depth) is the

difference between its biggest and smallest indices according to ~i (resp. ~j, ~k). The front (resp. the
back ) of a polycube is the closest (resp. the furthest) side of the plane (O,~i,~j). The bottom (resp.
top) of a polycube is the smallest (greatest) indice of the cells according to vecj. A stratum is a
polycube of width 1 and plateau is a rectangular stratum. A parallelogram polycube is a polycube
such that its strata are plateaus and each vertical plateau has no vertical plateau to its right and
behind it that gets a cell under its bottom neither to its left and in front of it that gets a cell above
its top, see Fig. 1.
Like polyominoes, there is no formula for the number of polycubes according to the volume, the
best known value is by Luther and Mertens up to 19 cells [9]. In [3], a functional equation for
parallelogram polycube was established according to the volume, width, height of the last plateau,
width of the last plateau and the area of the rightmost face of the polycube, but no solution was
given by the authors. In this work, we will first give an enumeration of parallelogram polycubes
according to the width, height and depth. And then we give the Dirichlet generating function
for parallelogram polyominoes according to the width and area, and we will extend to polycubes
according to the width and volume.
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Figure 1: Example of parallelogram polyomino and a parallelogram polycube.

2 Main results

2.1 Enumeration according to the width, height and depth

By projecting a parallelogram polycube on the planes (O,~i,~j) and (O,~i,~k) we obtain a parallel-
ogram polyomino on each plane, both have the same width as the polycube. The height of the
first one is equal to the height of the polycube and the height of the second one is equal to the
depth of the polycube. Knowing from [5] the formula for the number of parallelogram polyominoes
according to the width and height, we get the following theorem.

Theorem 1 Let pn,m,k be the number of parallelogram polycubes, of width k, height n and depth
m. Then for k, n,m ≥ 1, we have,

pk,n,m =
1

(k + n− 1)(k +m− 1)

(
k + n− 1

n

)(
k + n− 1

k

)(
k +m− 1

m

)(
k +m− 1

k

)
.

2.2 Enumeration according to the width and volume

We first give in the following proposition, the formula for the number parallelogram polyominoes
according to the width and the area.

Proposition 1 Let am1,m2,...,mk
be the number of parallelogram polyominoes of width k and area

of the ith column is mi, with i = 1...k. Then for k,mi ≥ 1,

am1,m2,...,mk
= min(m1,m2) · · ·min(mk−1,mk).

From this proposition we define the generating function for parallelogram polyominoes. Let Vk(x1, x2, ..., xk)
be the Dirichlet generating function of the parallelogram polyominoes of width k, where xi codes
the area of the ith column with i = 1...k.

Vk(x1, x2, ..., xk) :=
∑

m1,m2,...,mk≥1

am1,m2,...,mk

mx1
1 m

x2
2 · · ·mxk

k

We define pm1,m2,...,mk
as the number of parallelogram polycubes of width k and volume of the ith

plateau is mi, with i = 1...k.
The Dirichlet generating function of parallelogram polycubes of width k is :

Pk(x1, x2, ..., xk) :=
∑

m1,m2,...,mk≥1

pm1,m2,...,mk

mx1
1 m

x2
2 · · ·mxk

k

,

where xi codes the volume of the ith column with i = 1...k.
Using the same property of projection as in Subsection 2.1 and the fact that, the volume of the
ith plateau is equal to the area of the ith column of the first polyomino times the area of the ith
column of the second polyomino, we get the following theorem.

Theorem 2 Pk(x1, x2, ..., xk) = Vk(x1, x2, ..., xk)2
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Abstract

Automata are recognizers used to represent finite or infinite set of words i.e. languages or
to verify whether a given word belongs to a language or not. Regular expressions are compact
representations for these languages. A lot of methods have been proposed to realize this conver-
sion. These methods were extended to tree automata. In this paper, we recall a construction of
tree automaton from a given regular tree expression. Moreover, a combinatorial approach will be
presented to enumerate ranked trees.
Key words :Tree automata, ranked trees, language, regular expression, enumeration

1 Introduction

The conversion of word automata to regular expressions, recognizing the same language, and vice
versa is a fundamental theorem in automata theory [5]. A lot of methods have been proposed to
provide this transformation. Glushkov [4] in 1964, introduced a construction of a non deterministic
automaton called position automaton. Its basic idea is to define sets called First, Next and Last
which are calculated according to the occurrences of the symbols that appear in the expression.
Thatcher [8] in 1968, gave a generalization of word automata named tree automata and since that
time, the constructed methods studied on word automata were extended to tree automata in a Top
Down way, see [6]. In this paper, we recall a construction method of tree automaton from a given
regular tree expression inspired from [4, 6] but in a Bottom Up interpretation.

Furthermore, in order to estimate and analyze the average complexity of this construction
algorithm, it is recommended to use random generation of ranked trees as used in [7, 3] in the
study of deterministic and non deterministic finite automata (case of unary trees i.e. words), and
to do so, it is useful and important to know the exact number of these structures. In the second part
of this paper, we are interesting to give an enumeration of some ranked trees using a combinatorial
approach.

2 Main results

A ranked alphabet Σ is a finite set of symbols, where each symbol fk ∈ Σ or f ∈ Σk is said to be
of arity (or rank) k. We consider a data structure built from Σ called a ranked tree. A tree t over
Σ is inductively defined by t = f(t1, . . . , tk) where fk ∈ Σ and t1, . . . , tk are k-trees over Σ. We
denote by n the size of a given tree which represents the number of its nodes. The relation ”s is a
subtree of t”is denoted by ”s ≺ t” for any two trees s and t. We denote by root(t) the root symbol
of the tree t, i.e.

root(f(t1, . . . , tk)) = f. (2.1)
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We denote by father(t, f), for a tree t and a symbol f the couples

father(t, f) = {(g, i) ∈ Σl × N | ∃r = g(s1, . . . , sl) ≺ t, root(si) = f}. (2.2)

These couples link the predecessors of f and the indices of the subtrees in t where f is the root of.

father(t, f) =
⋃

i≤n
father(ti, f) ∪ {(g, i) | f ∈ root(ti)}. (2.3)

We define the position functions that are considered in the construction of the automaton: The set
Root(E), subset of Σ, contains the roots of the trees in a regular language L(E),

Root(E) = {root(t) | t ∈ L(E)}. (2.4)

The set Father(E, f), subset of Σ× N,

Father(E, f) =
⋃

t∈L(E)

father(t, f). (2.5)

We show how these functions are computed inductively by proposing the following lemma:

Lemma 2.1 [1] Let E be a linear expression over a ranked alphabet Σ.

Root(f(E1, ..., En)) = {f},
Root(E1 + E2) = Root(E1) ∪ Root(E2),

Root(E1 ·c E2) =

{
Root(E1) \ {c} ∪ Root(E2) if c ∈ L(E1),

Root(E1) otherwise,

Root(E∗c1 ) = Root(E1) ∪ {c},
Father(g(E1, ..., En), f) =

⋃

i≤n
Father(Ei, f) ∪ {(g, i) | f ∈ Root(Ei)},

Father(E1 + E2, f) = Father(E1, f) ∪ Father(E2, f),

Father(E1 ·c E2, f) = (Father(E1, f) | f 6= c) ∪ Father(E2, f)

∪ (Father(E1, c) | f ∈ Root(E2))

Father(E∗c1 , f) = Father(E1, f) ∪ (Father(E1, c) | f ∈ Root(E1)),

where E1, . . . , En are n regular expressions over Σ and {gn,fk, c} ∈ Σ.

Definition 1 The Bottom-Up position automaton PE of a linear expression E over a ranked
alphabet Σ is the automaton (Σ,Pos(E),Root(E), δ) defined by:

((f1, . . . , fn), g, g) ∈ δ ⇔ ∀i ≤ n, (g, i) ∈ Father(E, fi).

Proposition 1 [1] The Bottom Up position automaton of an expression E recognizes L(E).

From a combinatorial point of view, let us focus on the number of ranked trees over Σ. In what
follows, we consider f1 the root of a given tree and we assume that all the arities k1, k2, . . . are
greater than 1 and all the α1, α2, . . . are of rank zero.

Lemma 2.2 Let n,m and s be non negative integers, then

∑

n1+...+ns=n−m
n1,...,ns≥1

(
n−m

n1, n2, . . . , ns

)
= s!

{
n−m
s

}
.

Proposition 2 Let Σ = {fk1
1 , α1, α2, . . . , αs} be a set of symbols. Let n be the size of a tree. Then

n should satisfy this condition:
n ≡ 1 (mod k1). (2.6)
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Theorem 1 Let Σ = {fk1
1 , α1, α2, . . . , αs} be a set of symbols. Let Tn be the number of ranked

trees over Σ of size n. Then

Tn = s!

{
n−m
s

}
1

(k1 − 1)m+ 1

(
mk1
m

)
. (2.7)

where n, k1 and m are non negative integers.

Proposition 3 Let Σ = {fk1
1 , fk2

2 , α1, . . . , αs} be a set of symbols. Let n be the size of a tree. Then
n should satisfy this condition:

n ≡ 1 (mod

2∑

i=1

ki). (2.8)

Theorem 2 Let Σ = {fk1
1 , fk2

2 , α1, . . . , αs} be a set of symbols. Let Tn be the number of ranked
trees over Σ of size n.
If fk1

1 appears ’once’ and fk2
2 appears m times, then

Tn = s!

{
n−m− 1

s

}(
k2m+ k1 − 1

m

)
k1

(k2 − 1)m+ k1
. (2.9)

where n, k1, k2 and m are non negative integers.
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Abstract

In this paper, we present a comparative study between some well- known primality tests: Fermat
Test, Solovay- Strassen Test, Miller-Rabin Test, Lucas Sequence Test, Proth's Test, Lucas Lehmer
Test and Baillie-PSW Test. Moreover, we introduce a new modi�cation for Lucas Sequence test to
eliminate Lucas psuedoprimes and we present a new deterministic method to test the primality of
Mersenne primes. We also compare some results on random primes, Mersenne primes and Proth's
primes after implementing all the algorithms.

Key words :Primality Test, Deterministic, Probabilistic, Pseudoprimes, Prime numbers, proba-
bility, Mersenne numbers, Fermat numbers, Proth numbers

1 Introduction

Prime numbers play an important role in cryptography. There is no valid formula to generate
prime numbers and the distribution of primes still a big puzzle for all researchers and scientists.
Primality testings are methods that mathematical rules to decide whether given number n is prime
or not. Primality testing is one of the oldest fundamental problems in mathematics concerning
prime numbers, and it becomes more important due to its applications in some important areas
such as cryptographyand network security (see [1]). In our paper, were carry out the most important
deterministic and probabilistic primality tests using the Mathematica software in order to evaluate
and compare their strengths.

2 Well-Known Primality Tests

2.1 The Probabilistic Tests

Theorem 1 (Fermat's Test ) Let n be a positive integer. If there exist a ∈ (Z/nZ)∗ such that

an−1 6= 1 in (Z/nZ), then n is composite.

The weakness of Fermat's test is based on the Carmichael composite integers that may reported
as primes and it has probability error less than 50%. However, the overall time complexity for it is
O(k log3 n).

Theorem 2 (Solovay-Strassen Test) Let n be a positive integer. If there exists

a ∈ (Z/nZ)∗ that is relatively prime to n and a(n−1)/2 6=
(
a
n

)
in (Z/nZ), then n is composite, where(

a
n

)
is the Legendre symbol.

Theorem 3 (Miller-Rabin Test (MRT)) Let n be positive integer such that n − 1 = 2jd with

j > 1 and d is odd number. If there exists a ∈ (Z/nZ) satisfying ad 6= 1 and a2
rd 6= −1 in (Z/nZ)

for all r ∈ Zj, then n is composite.
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Theorem 4 (Proth's Test (PT)) Let n be an odd integer such that n − 1 = 2jd with d is odd

and d < 2j. If there exists a positive integer a ∈ (Z/nZ)∗ such that a(n−1)/2 =
(
a
n

)
in (Z/nZ),

then n is prime.

Theorem 5 (General Proth's Test ) Let N = kpn + 1 where p is prime and gcd(k,p) = 1. If

there exists 1 ≤ j ≤ n such that Φp(a
kpj−1

) ≡ 0( mod N) and 2j > logp k + n, then N is prime

2.2 The Deterministic Tests

De�nition 1 Let n be a positive integer, de�ne δ ∈ N(Z) to be δ(n) = n − ε(n) where ε is the

Jacobi symbol of D to n.

Theorem 6 (Lucas Theorem) Let P and Q be integers and let {Un} be Lucas sequence as de-

�ned above, If p is prime with p is not factor of Q and ε(p) = −1 then Uδ(p) ≡ 0( mod p)

Corollary 1 (Lucas Sequence Test) If n is prime such that ε(n) = −1 and n - Q, then n | Uδ(n)

The result is weak and can't be considered as a good deterministic method for hunting primes.
Because, some composite number might satis�es the corollary 1 are called Lucas pseudoprimes. So
to solve this problem we suggest some modi�cations to obtain Hind Selfridge Lucas Test (HLT)
which is combination of base 3 , Lucas sequence criteria and the selection of D based on Selfridge
Techinque (see [10]).

The following test is a combination of Trial Division, Miller-Rabin, and the Strong Lucas
tests. The overall time complexity for this method is Õ(n1/2 log3 n).

Theorem 7 (Strong-Lucas Test(PSWT) [11]) Let n be positive number. If there exists j ∈ Zs
such that Ud 6= 0 and U2jd 6= 0 in Zn then n is composite.

Theorem 8 (Lucas-Lehmer Test (LLT) [6]) Consider the sequence (Vn)n≥0 de�ned by V0 = 4
and Vδ(n) = V 2

n − 2. Then, the Merssene number Mn = 2n − 1 is prime if and only if Mn | Vδ(n)−1

for all n > 2.

We not that the above test is e�cient and stable with an overall time complexity equals to
O(n2 log n log log n) if the multiplication is done by Schonhage-Strassen algorithm. However, if we
use Fast modular exponentiation for the computation of V 2

n , then the overall time complexity is
O(n2 log2 n) (see [8]).

3 Our Results

Theorem 9 (Hindi Selfridge Lucas-Test (HLT)) Let n > 11 and let n | Uδ(n) and n - Vδ(n)
with 3n−1 = 1( mod n), then n is prime.

For example, n = 35207, then Uδ(n) ≡ 0( mod n). However, 335206 6≡ 1( mod 35207) which
proves that 35207 is not prime. The overall time complexity for this method is twice time needed for
the computation of an( mod m). So that, by using matrix representation?? to obtain O(n4 log3 n)
time complexity. This result is tested on all numbers until 800,000 digit and none of them satis�es
this theorem 9.

Theorem 10 (HA-Test) The Merssene number Mn is prime if and only if 32
n

= 9 in ZMn
for

all n > 2.

We are impressive to its output running time compared to LLT. For example, since 32
2017 6≡ 9(

mod M2017) ,then M2017 is not prime, while 32
61 ≡ 9( mod M61), thus M61 is prime . This result

is tested on Mathematica on all Mersenne numbers up to 9000000 digit numbers. In addition, the
overall time complexity for this method is O(n log2Mn) if the computation of 32

n

= 9 in ZMn
is

done using Fast Modular Exponentiation algorithm (see [8]).
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4 Comparative Analysis

4.1 Probabilistic Tests Study

Our comparative analysis is based on the computation of norms for smooth functions by determining
the area under the smooth curve using cubic splines interpolation. This analysis is consuiderd good
because it gives us the ordering of smooth curves and comparing them. Firts, we started performing
a stimulation ofor the algorithms to determine the error based on the percentage of pseudoprimes
occur in each algorithm. This stimulation is done on the random bases a ∈ [2,β], β > 106 and by
the help of the Mathematica function PrimePi[x]. The results are summarized by the following
curvesis leads to summarize all the results obtained in the following �gure.

Figure 1: Average number of Pseudoprimes for each primality test from 1 to 106 + 1

From the above �gure, we notice that, Miller-Rabin test is the best algorithm in case of psue-
doprimes.

4.2 Random Primes Study

The process of this study starts by selecting only one random prime number in each interval
In = [10n,10n+1] with n ∈ Z+ and recording the running time for each primality test on a given
selected input using the Mathematica function AbsoluteTiming[ ]. This lknzxlknxzlk leads to
obtain the following �gures:

Figure 2: Running time for FT, SST, MRT, MRBT and PSWT from digit 1 to

10000 with scale 100

Its clear that the PSWT is best one in this valuation where as, MRBT is the worst one.

Mersenne Prime Study

The study of Mersenne prime numbers is like a passion to understand some mysteries about the
distribution of these such prime numbers. The selection of Mersenne primes from exponent 1 to
500000 is equivalent are selected randomly. The resukts are summarized in the following �gure.
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Figure 3: Running time from digit 1 to 985000 For

FT,SST,MRT,HLT,MRBT,HLBT and PSWT
Figure 4: Running time for LLT and HAT from digit

1 to 985000

Figure 5: Running time in seconds from digit 1 to 150000

Proth's Prime Study

In order to study of Proth's numbers and its distribution, we started �rstly with any �rst 10
digit numbers Proth's primes. Then, the rest are selected according to the odd number k =
5 + 2

∑m
i=0(19 + i) with m > i that satis�es k < 2i. So that, N = k ∗ 2(19+i) + 1 is a new ready

number obtained with di�erent digit numbers. The resualts are illustracted in the following �gure:
As a summary, we summarize all obtained results in the following table,

0Fermat Test 1Miller-Rabin Test 2Solovay-Strassen Test 3Lucas Sequence Test 4Hindi-Lucas Sequence

Test 5B-PSW Test 6Lucas Lehmer Test 7Hindi-Awad Test 8Proth's Test 9General Proth's Test #Strong Lu-

cas psuedoprimes ?Probabilistic ∗Deterministic

Test Type Input Output Complexity Weakness Strength

FT0 P? Any F O(log3 n) Carmichael numbers get rid of most pseudo primes

MRT1 P Any F O(log3 n) Strong psuedoprimes get rid of most Carmichael numbers

SST2 P Any F O(log3 n) Euler psuedoprimes get rid of most Pseudoprimes

LST3 D∗ Any F O(n4 log3 n) Lucas Psuedoprimes get rid of most pseudoprimes.

HLT4 D Any F O(n4 log3 n) none get rid of most Lucas Psuedoprimes

BPSWT5 D Any F O(3n log3 n) SLPP# Combination of 3 Primality tests

LLT6 D Mn F O(n2 log3 n) none Certi�cate

HAT7 D Mn F O(n log2 Mn) none Certi�cate

PT8 P Pn T Õ(log2 n) few Pn are prime Faster primality proven

GPT9 P Pn T Õ(log2 n) few Pn are prime Faster primality proven

Table 1: Comparison of various Primality testing algorithms
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5 Conclusion

At the end of this paper, Most primality tests are examined and the best algorithms are selected in
order to have clear shaped curve and uniform interval length compared to the other tests. Moreover,
Norms and complexity are good useful numerical indicators for the continuous smooth curves. Also
we observe that, the probability of error can be vanished in probabilistic methods if use more than
ten randomized witness a's and this will e�ect on the results. we that PSWT is better than Miller-
Rabin test on any randomized test. However Miller-Rabin is better than SST and FT as it produce
less pseudoprimes and less compared norm1. Also we observe that HAT is better than PSWT and
LLT as it consumes less running time.

For future challenges work, one can leave this task as open problem in this domain what will
happen if we extended the interval for M77232917? Which primality test is the faster one if we
extend it to Gaussian integers.
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Abstract

Most of the shop problems have been proved to be NP-hard with arbitrary processing times.
However, several problems becomes polynomially solvable for the proportionate case. In this work
we prove that job shop and open shop problems remain NP-hard even for the proportionate shop
with different objective functions.

Key words : Proportionate shop; maximum lateness; total completion times; scheduling problems.

1 Introduction

Scheduling is concerned with the allocation of resources over time. Many researchers have been
interested in the computational complexity status and algorithms for scheduling problems, the
complexity status of several problems is still open. In this work we consider proportionate shop
problems where a set of n jobs J = {J1, J2, . . . , Jn} need to be performed on a set of m machines
M = {M1,M2, . . . ,Mm}, the processing time of a job Jj on machine Mi is denoted by pij , we
assume that all the jobs are ready at time zero and the processing times are machine independent
which means that pij = pj . Moreover, we consider that the job preemption is not allowed and that
we have two machines only, if all the jobs have the same processing route then this model is called
flow shop, if the processing route is different for each job then this model is known as job shop.
In the open shop model, the processing order of each job has to be found as the schedule is being
built.

The cost functions considered in this paper are all regular functions (i.e., nondecreasing in the
completion times) that depend on the completion times of the jobs, there is no convenience in
keeping the machine idle, and therefore each job is started as soon as the previous operation is
completed. We use the following objective functions : the maximum lateness Lmax, and the total
weighted finish time

∑
j

wjCj .

Following the usual classification scheme for scheduling problems, we denote a problem with
three fields, α|β|γ where α ∈ {O2, J2} specifies the scheduling environment in our case two-machine
job shop or open shop, the next field describes the job characteristics we set β ∈ {pij = pj} and
finally the last field defines the objective function γ ∈ {Lmax,

∑
j

wjCj}.

Proportionate shop was introduced by [5] who observed that most industrial scheduling problems
trends to be somewhat structured. [8] noticed that some simple rules for the single machine problem
may extended to the proportionate flow shop for the following criteria : (a) Total finish time (

∑
Ci),

(b) Total number of tardy jobs (
∑
Ui), (c) Total tardiness (

∑
Ti), (d) Maximum non-decreasing

cost function (hmax) with the same complexity.
[9] proved that extending single machine algorithms to solve the corresponding proportionate

shop problems is not always true, by giving an example for the m-machine flow shop problem
with the total weighted completion times, the single machine problem is solvable in O(n log n)
while the corresponding problem is still well solvable but with an involved algorithm of O(n2) time
complexity.
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In [6], it is shown that the three-machine case, with respect to the makespan, is NP-Hard in
the ordinary sense with missing operations. In addition, it is showed that some single machine
problems with due dates can be extended to the m-machine flow shop.

Few papers deal with proportionate open shop, [2] proved that the the three-machine open shop
problem remains NP-hard in the weak sense with respect to the makespan criteria. They provided
an O(n log n) algorithm to solve the problem when certain conditions on the total machine load
are met.

[7] provided an O(n log n) algorithm to solve the two-machine no-wait proportionate open shop
makespan problem, while [4] proved that the shortest processing time rule (SPT for short) generates
an optimal solution for the two-machine unweighted preemptive case open shop problem.

Finally, on the job shop front, we may mention the following results. The two-machine no-wait
case is solvable in O(n log n) with respect to the makespan [3]. It remains polynomially solvable
if all the missing operations are on the same machine. However, it becomes strongly NP-hard if
there exists a subset of jobs with zero processing time on one machine.

This section is devoted to the open shop model and we start with the following result, which is
our main result.

Theorem 1 O2|pij = pj |Lmax is strongly NP-hard.

By symmetry we obtain the following result :

Corollary 1 O2|pij = pj , rj |Cmax is strongly NP-hard.

Next, we consider the proportionate two-machine open shop with total weighted completion
times, we have the following results.

Theorem 2 O2|pij = pj |
∑
wjCj is strongly NP-hard.

Theorem 3 O2|pij = pj , wi ∈ {1,W}|∑wjCj is NP-hard in the ordinary sense.

Now, we address the two-machine proportionate job shop problem with respect to different
criteria. We recall that in the model we are considering in this paper, each job consists of at
most two operations. Without release date considerations the corresponding problem is therefore
polynomially solvable with respect to the makespan [1]. Let us first consider the maximum lateness
criterion.

Theorem 4 J2|pij = pj |Lmax is strongly NP-hard.

The next results concern the total weighted completion time criterion with two distinct weights.

Corollary 2 J2|pij = pj , wj ∈ {1,W}|∑wjCj is strongly NP-hard.
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Abstract

We address in this paper the two-machine job shop scheduling problem with a single server that
sets up the jobs before they get processed on the machines. The server is only needed during the
set-up and become free at the end of this phase. The objectif is to minimize the overall completion
time, also called the makespan. We propose five lower bounds to the problem. We prove the NP-
hardness in the strong sense of two restricted cases, present a linear time algorithm for a special
case and develop met-heuristic algorithms to solve the general problem.

Key words :Job shop, server, set-up times, mata-heuristic, MILP-model.

The two-machine job shop scheduling problem can be described as follows. Given a set T =
{T1, . . . , Tn} of n jobs to be processed on two machines M1 and M2. The jobs visit machines in
different orders, thus each job has its processing root. A job may only need to be processed on one
of the two machines. A machine can only process one job at a time and a job can only be processed
by one machine at a time. The objectif is to minimize the overall completion time known as the
makespan and denoted Cmax. The problem is solvable in a polynomial time by the Algorithm of
Jackson [1] which is based on the Johnson rule [2].

The general approach in scheduling theory is the assumption that set-ups for processing jobs are
either negligible or not needed. However, several studies have shown the significance of considering
set-up times while building a schedule. In some cases considering set-up times is crucial and
mandatory in order to obtain a feasible solution. For instance, when set-up times depend on
additional resources of limited capacity. In this case, the overlapping of set-ups is not allowed.
Therefore, a schedule that affects two set-ups to the same time interval is infeasible.

In this paper, we address a variant of the two-machine job shop problem where a single server is
required to set up the jobs before the processing. The server is only needed during this first phase
and becomes available again to set up other jobs while the prepared job continues its processing
on the machine. The set-up occurs on the machine with the presence of the corresponding job.
They are assumed to be non-anticipatory, sequence-independent and require the presence of a
supplementary resource. The set T can be partitioned into four disjoint subsets that are defined
according to their processing root on the machines. We define J1, J2, J3 and J4 as follows:

J1 = {Tj ,M1 →M2} and n1 = |J1|;
J2 = {Tj ,M2 →M1} and n2 = |J2|;
J3 = {Tj ,M1} and n3 = |J3|;
J4 = {Tj ,M2} and n4 = |J4|.

The passage of job Tj on machine Mi is called an operation namely Oij , j = 1, . . . , n. A job
has to be prepared by the server and then processed without preemption on Mi, i = 1, 2. However,

71



DIMACOS2019, Hammamet, Tunisia. October 26-29

if a job has zero set-up time then it will be directly processed on the machine where it occurs.
Moreover, the server is only needed during the set-up and becomes instantly available again to set
up another job at the end of this phase. It should be noted that the set-up of a job cannot start if
it is being processed on the other machine. Thus, the set-up of a job requires the availability of the
server, the machine and the job. The set-up phase and the processing phase of operation Oij take
sij ≥ 0 and pij ≥ 0 time units, respectively, to complete. If Tj ∈ J3 (resp J4) then its set-up and
processing time on M2 (resp M1) are both equal to zero. The objective is to seek a valid schedule
that minimizes the makespan. This problem is denoted hereafter as J2, S1|sij |Cmax.

Let us now present the lower bounds of the studied problem. We formulated five lower bounds
on the makespan of any solution of the problem. We point out that the maximum of these lower
bounds is a valid lower bound of the problem.
The first lower bound is based on the constraint imposing that two operations of the same job
cannot be processed simultaneously. Therefore the maximum of the overall processing time of each
job on both machines is a lower bound.

Cmax(S) ≥ L1 = max
1≤j≤n

{s1j + p1j + s2j + p2j} .

The second lower bound represents the maximum overall processing time on both machines. Since
for each job we have a set-up time and a processing time then the lower bound is:

Cmax(S) ≥ L2 = max{
n∑

j=1

(s1j + p1j),

n∑

j=1

(s2j + p2j)}.

The third lower bound takes into consideration the first set-up. If all the jobs processed on each
machine have a set-up time larger than zero then the first set-up performed by the server will cause
an idle time on the other machine. This idle time depends on the choice of the machine on which
the first set-up occurs. The lower bound is the case that gives the smallest overall processing time,

Cmax(S) ≥ L3 = min{L1
3, L

2
3}.

L1
3 and L2

3 are the overall processing time in case the first set-up occurs on M1 and M2, respectively.
They are calculated as follows :

L1
3 = max{

n∑

j=1

(s1j + p1j) + min
Tj /∈J4

{s2j},
n∑

j=1

(s2j + p2j)}

L2
3 = max{

n∑

j=1

(s1j + p1j),

n∑

j=1

(s2j + p2j) + min
Tj /∈J3

{s1j}}

The forth lower bound is based on a continuous occupation of the server. If the set-up times are
longer than the processing times then, the server will be continuously busy going from one set-up
to another, until the completion of all jobs followed by a processing time of the last job. Therefore,
the following is a lower bound of any schedule S:

Cmax(S) ≥ L4 =

n∑

j=1

(s1j + s2j) + min{ min
Tj /∈J4

{p1j}, min
Tj /∈J3

{p2j}}.

The fifth lower bound is a modified version of the forth. In L4 it is assumed, clearly, that the
number of operations are the same on both machines witch could be the case. However, if the
number of operations is different in both machines then we obtain the following lower bound.
We suppose that |N3| = n3 > n4 = |N4| (the other case is symmetric). The fifth lower bound is:

Cmax(S) ≥ L5 =

n∑

j=1

(s1j + s2j) + p1k1
+ p1k1

+ . . .+ p1kn3−n4
.

where,
p1k1 = minTj∈N2

⋃
N3
{p1j};

p1k`
= minTj∈N2

⋃
N3
{p1j/j 6= k1, . . . , k`−1}, ` = 2, . . . , n3 − n4;
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Since n3 > n4 then the last processed jobs on M1 cannot be jobs from J1 because they have to be
prossed after that on M2. The last processed jobs on M1 are in this case from J2 or J3.

Concerning the complexity results, we show the strong NP-completeness for two restricted ver-
sions of the problem viz. identical processing times, denoted as J2, S1|sij , pij = p|Cmax, identical
set-up times, denoted as J2, S1|sij = s|Cmax.

Theorem 1 J2, S1|sij = s|Cmax is NP-hard in the strong sense.

Theorem 2 J2, S1|sij , pij = p|Cmax is NP-hard in the strong sense.

In the well-solvable case front, we present a polynomially solvable case, where the set-up and
processing times are identical. The problem is denoted, J2, S1|sij = s, pij = p|Cmax. It obvious
that for n = 1 then the makespan is equal to L1 = max1≤j≤n{s1j +p1j +s2j+2j}. First, we present
the following Lemma.

Lemma 1 Let L be the lower bound of J2, S1|sij = s, pij = p|Cmax.

If s > p:

In case n3 = n4: L = L4 = (2.n1 + 2.n2 + n3 + n4)s+ p;

In case n3 > n4: L = L5 = (2.n1 + 2.n2 + n3 + n4)s+ (n3 − n4)p;

Otherwise

In case n3 = n4: L = L3 = s+ (n1 + n2 + n3)(s+ p);

In case n3 > n4: L = L2 = (n1 + n2 + n3)(s+ p).

We pass now to the main following result.

Theorem 3 J2, S1|sij = s, pij = p|Cmax is solvable in polynomial time, by Algorithm 1 which is
a simplified version of Jackson’s Algorithm [1].

1: begin
2: Let S1, S2, S3 and S4 be the job sequences of J1, J2, J3 and J4 respectively, that are arbitrary;
3: if n3 > n4 (resp n3 ≤ n4) then The processing starts on M1 (resp M2);
4: Process the jobs on M1 according to the sequence: S1, S3, S2;
5: Process the jobs on M2 according to the sequence: S2, S4, S1;
6: end

lined 1: Algorithm 1

We propose, to solve the problem, two Mixed integer Linear Programming models. Since the
problem is NP-hard in the strong sense, one can expect the small efficiency of the models. However,
the aim is to obtain the optimal solution for small size instances and compare them with the
solutions we obtained using approached methods. As for the approached methods, we proposed
two heuristics with multiple variations of their procedure. Also we used these heuristics to develop
two meta-heuristics: a Genetic Algorithm and Simulated Annealing Algorithm.
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Abstract

We aim in this work to develop an exact algorithm to find an optimal solution for minimizing
a linear function over the efficiency set of a Multiobjective Integer Quadratic Program (MOIQP)
without enumerating the entire set. The program is based on the brunch and cut algorithm.

Key words :Integer Linear Optimization, Multiobjective Integer Quadratic Optimization, Efficient
Set, Non-dominated Solutions

1 Introduction

The multiobjective optimization is one of the most recognized problems for its wide applications
in different fields of industry, economy, etc. A solution of the problem according to the Pareto
principle is usually a set of points in the feasible area forming what is called ”the set of efficient
solutions”. Nevertheless, this notion puts the decision maker in a new difficulty of choice of the
adapted solution among them. To meet such a requirement, we optimize a function on the set of
efficient solutions that will reflect the final choice of the decision maker. As a result, we notice the
importance of optimization on a set of efficient solutions.
The studied problem is NP-hard, which has led researchers to put several works to try to refine
the way to solve it by improving the computing time. These works are presented for different cases
of the problem in the literature (see [3, 4, 5, 7, 10, 8, 12, 13, 14]). In our case, we will deal with
the optimization of a linear function over the efficient set of the multiobjective integer quadratic
program which is never treated before according to our knowledge.

2 Definitions and Notations

We consider the following multiobjective quadratic program with integer variables :

(P )





Min gi(x) = 1
2x

tQix+ eix ; 1 ≤ i ≤ q
Min hi(x) = dix ; q + 1 ≤ i ≤ r
s.t.

x ∈ D

(2.1)

Such that Qi, i = 1, · · · , q are the n × n-positive semidefinite matrices, ei, i = 1, · · · , q and
di, i = q + 1, · · · , r are n × 1-real vectors. D = S ∩ Zn such that S = {x ∈ IRn|Ax ≤ b, x ≥ 0} is
the relaxed admissible region supposed to be compact of the relaxed problem (P ) and Zn is set of
integer vectors. Indeed, A is m×n-matrix and b is m×1-vector, and they are assumed to be integer
values. Finally, gi : IRn → IRq, i = 1, · · · , q and hi : IRn → IR(r−q), i = q+1, · · · , r are differentiable
on any point of S. We note Zk the kth objective function such that : Zk(.) = gi(.), i = 1, · · · , q or
Zk(.) = hi(.), i = q + 1, · · · , r where k = 1, · · · , r. So, we can write: Z(.) = [gi(.), hi(.)]i=1,··· ,r.
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Definition 1 A feasible solution x is called efficient in (P ) if @y ∈ D such that Zk(y) ≤ Zk(x),∀k =
1, · · · , r and Zk(y) < Zk(x) for at least an index k ∈ {1, · · · , r}. If y exists then x is not efficient
and Z(x) is dominated by Z(y), we note Z(y) ≺ Z(x). We note (P )E the set of all efficient
solutions of (P ).

Definition 2 We note V = {v = Z(x)|x ∈ D} the set of feasible criteria vectors (in the criteria
space) and we note VE = {v = Z(x)|x ∈ (P )E} the set of non-dominated criteria vectors in V .

Definition 3 Let the set {x1, x2, · · · , xk} of the optimal solutions of (P ) for each objective function

Z1(x), Z2(x), · · · , Zk(x) respectively. We call Îd(P ) = (Z1(x1), Z2(x2), · · · , Zk(xk)) The ideal point
of (P ).

In this study, we are interested in solving the problem (POQ) defined as follows:

(POQ)





Min f(x) = cx

s.t.

x ∈ (P )E

(2.2)

such that c is 1× n-real vector. The main definitions and theorems of MOP optimization may
be found in [11].

Let x∗l a feasible solution of (P ) obtained by applying the simplex algorithm. The following
information can be derived for each iteration of the algorithm:

• Bl and Nl are the sets of indexes of basis variables and non-basis variables respectively in x∗l ;

• x∗l,k = bp(k) −
∑n

j=1 âp(k)jxj ;∀k ∈ Bl, p(k) indicate the basis variable line x∗l,k and the âp(k)j
indicate the new elements of the constraints matrix A.

Based on the work of Chergui et al. [6] and Ouäıl et al. [9], we can define the indexes of
augmentation of objectives by generalizing their results as follows :

• Hl =
{
j ∈ Nl|∃i ∈ {1, · · · , q} ; σ̂i

j < 0
}
∪
{
j ∈ Nl|∃i ∈ {q + 1, · · · , r} ; d̂ij < 0

}

∪
{
j ∈ Nl|σ̂i

j = 0,∀i ∈ {1, · · · , q} and d̂ij = 0,∀i ∈ {q + 1, · · · , r}
}

such that

σ̂i
j = αj −

∑

k∈Bl∩{1,n}
∇gi(x∗l )kâp(k)j (2.3)

such that gi(x
∗
l )k is the kth coordinate of the gradient vector i in x∗l , and αj is defined as follows:

αj =

{
∇gi(x∗l )j , if j ∈ Nl ∩ {1, n}
0 , if j ∈ Nl\{1, n}

(2.4)

Also, d̂ij is the jth reduce cost of the ith linear objective hi(x
∗
l ) at the point x∗l .

As defined in [6] and [9], we can get the efficient cut as follows:

∑

j∈Hl

xj ≥ 1 (2.5)

The chosen strategy to resolve (POQ) is to use the principle of branch and cut by resolving
successive way the problem (Pl); l ∈ N defined as follows:

(Pl) =





Min f(x) = cx

s.t.

x ∈ Sl

(2.6)

such that S0 = S and Sl is a subset of S to be explore at the step l of the search.
This allows us to generate regions in our tree as follows:

• S0 = S and Sl+1 =
{
x ∈ Sl|

∑
j∈Hl

xj ≥ 1
}
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At each step of the algorithm, we must check the effectiveness of the solution x∗l regarding (P ).
To do this, we must solve the problem (TE)(x∗l ) defined as follows:

(TE)(x∗l ) :





Max T =
∑r

k=1 tk

s.t.

Zk(x) = Zk(x∗l ) + tk ;∀k = 1, · · · , r
x ∈ D
tk ≥ 0 ;∀k = 1, · · · , r

(2.7)

According to the theorem of Benson [1], if T ∗ = 0 then x∗l is an efficient solution.

Theorem 1 x∗l ∈ D is an efficient solution for (P ) if and only if the optimal solution
(
x̂, t̂
)

of

(TE)(x∗l ) is such that t̂k = 0;∀k = 1, · · · , r.

Always according to the theorem of Benson [1], if x∗l is not efficient then the program (TE)(x∗l )
surely provide an efficient solution noted yl.

Theorem 2 If (TE)(x∗l ) has a maximum finite not-null value reached at the point yl then yl is an
efficient point.

The resolution of (TE)(x∗l ) in our case is done by a linear transformation of the problem as it
is shown in [2].

3 Principle of the method

The algorithm 1 aim to solve the problem of optimizing a linear function over the efficient set of
the multiobjective integer quadratic program. By solving (Pl), we will first verify if the obtained
solution xl is feasible and f ≥ f(xl). If the conditions are validated then we will calculate the local

ideal point Îd(Pl) which must not be dominated by an element of NDS. If any of the conditions
above are not satisfied then the node l is fathomed which means there is no need to develop it
further.
When all requirements are reached, we will tested if xl is not an integer solution then we create
two new nodes by adding the two cuts x ≤ bxlc and x ≥ dxle respectively. Otherwise, we attest if
xl is an efficient solution by solving the problem (TE)(xl). In that case, we update f and NDS if
necessary and fathomed the node l. On the other hand, if xl is not efficient then we get an efficient
solution yl from the previous program and we update f and NDS if necessary. After that, we
construct the sets Nl and Hl. If Hl is empty then the node l is fathomed otherwise we add the
efficient cut (2.5) to the program (Pl) and we reiterate.
The algorithm end when all nodes are fathomed or if (P0) has no integer solution.

4 Main results

To proof the correctness of the algorithm, we must first proof that the efficient cut never suppress
an efficient solution by its addition to the problem (Pl).

Theorem 3 Let x ∈ Sl and x 6= x∗l . If x is an efficient solution for MOIQP then x ∈ Sl+1.

Let us consider also the set Dl = Sl∩Zn and x∗l ∈ Dl the integer solution from the optimal simplex
tableau at stage l.

Corollary 1 If Hl = ∅ then Dl\ {x∗l } does not contains efficient solutions.

By using the above definitions and theorems, the correctness of the algorithm may be presented as
following:

Theorem 4 The algorithm 1 converges to an optimal solution of the program (P ), in a finite
number of iterations, if such a solution exists.
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Algorithm 1: A linear function over the multiobjective integer quadratic program

Data: The problems (P ) and (POQ)
Result: The optimal solution x∗

Begin

Step 1: Initialization l = 0; S0 = S; f = −∞; NDS = ∅;
Step 2: General Step If there is non-fathomed node in the tree, then choose the mode l
not yet fathomed and solve the corresponding linear program (Pl) using the dual simplex
method (we use the primal simplex method if l = 0);

if (Pl) is infeasible then the corresponding node l is fathomed;
else let xl be an optimal solution of (Pl):

if f ≤ f(xl) then the corresponding node l is fathomed and go to the step 2;

else Compute the local ideal point Îd(Pl):

if Îd(Pl) is dominated by an element of NDS then the corresponding node l is

fathomed and go to the step 2;
else if xl is an integer solution then go to step 2a; else go to step 2b;

Step 2a: Solve the problem (TE)(xl):

if xl is efficient then the corresponding node l is fathomed and update f and
NDS if necessary and go to step 2;

else let yl the optimal solution obtained from (TE)(xl). Update f and NDS if
necessary. Determine the sets Nl and Hl:

if Hl = ∅ then the corresponding node l is fathomed and go to step 2;
else add the efficient cut (2.5) to problem (Pl) and go to step 2;

Step 2b: Branching Process Separate the corresponding node into two nodes to
find an integer solution and go to step 2;

end

5 Conclusion and perspectives

In this work, we tackle the problem of finding an optimal solution for the optimization of a linear
function over the set of efficient set of the multiobjective integer quadratic program. Currently,
some experiments of the algorithm are being done on randomly generated instances. The study of
other cases of the considered problem can be interesting for future research directions.
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Abstract

In this text, some new constructions of LCD and Isodual cyclic codes of length 2am over finite
chain rings are investigated. These codes are monomially equivalent to their duals. Existence
results for LCD and cyclic isodual codes are given based on the generator polynomials, the field
characteristic, and the length. Several constructions of isodual and self-dual codes are also pre-
sented.

Key words :Finite chain rings,Cyclic codes,Isodual codes ,LCD codes.

1 Introduction

Linear codes with complementary duals (LCD) were introduced by Massey [6]. It has been shown
that asymptotically good LCD codes exist [6]. They also provided applications of LCD codes,such
as an optimum linear coding solution for the two-user binary adder channel.

Xiusheng and al in [7] provided a necessary condition for the existence of an LCD linear code
over finite chain rings. The author and al in [5] gave some new constructions of isodual and LCD
codes over finite fields. In [3] the authors generalized the definition of Duadic codes over finite
fields to finite chain rings. With these new definitions and using the constructions given in [5] and
the conditions given in [7] in this paper we construct new LCD cyclic codes over finite chain rings.

Isodual code is code which is equivalent to its dual. Several kinds of equivalence exist, but here
we only consider monomial equivalence, which is the most important. For some parameters, one can
prove that there are no cyclic self-dual codes over finite chain rings and [4],whereas isodual codes
can exist. Isodual codes are important because they are related to lattices. Recently, isodual cyclic
codes over finite fields were constructed from duadic codes and several constructions of isodual
codes over finite fields were given in [5]. Some constructions of Isodual cyclic codes over finite chain
rings were given by the Author et al in [3]. In this work, conditions are given on the existence of
cyclic isodual codes over finite chain rings. New constructions of monomial isodual cyclic free codes
for odd characteristics are also presented.

A finite chain ring R is a finite commutative ring with identity 1 6= 0 and maximal principal
ideal generated by an element γ ∈ R. Then γ is nilpotent with nilpotency index some integer e.
So ideals of R form the following chain

〈0〉 = 〈γe〉 ( 〈γe−1〉 ( . . . ( 〈γ〉 ( R.

The residue field of R is R
〈γ〉 which is denote by K.

The natural surjective ring morphism (−) is given by

− : R −→ K

b 7−→ b = b mod γ.
(1.1)

Let R be a finite chain ring with residue field Fq such that q is an odd prime power, and m an
odd integer such that (m, q) = 1 and a ≥ 1 an integer.

Recall that a block code C of length n is called a linear code over a finite chain ring R if it is
a submodule of Rn. Here, all codes are assumed to be linear. C ⊂ Rn is called a free code if C is
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a free R-module, that is if C is isomorphic to the R-module Rk for some positif integer k.C is said
to be cyclic if

(cn−1, c0, . . . , cn−2) ∈ C, whenever (c0, c1, . . . , cn−1) ∈ C.
We follow the usual convention of representing vectors as polynomials.And with this representation,
it is well known that every cyclic code is view as an ideal of the finite ring R[x]/(xn − 1). Then
C is a free cyclic code with rank k over R with characteristic p such that (p, n) = 1 if and only if
there is a polynomial f(x) in R[x] which divides (xn − 1) and generates C.

We attach the standard inner product to Rn

[v, w] =
∑

viwi; for v = (v0, v1, . . . , vn−1), w = (w0, w1, . . . , wn−1) ∈ Rn.

The dual code C⊥ of C is defined as

C⊥ = {v ∈ Rn | [v, w] = 0 for all w ∈ C}. (1.2)

If C ⊆ C⊥, the code is said to be self-orthogonal and if C = C⊥, the code is self-dual. Let
R∗ = R \ 〈γ〉. A monomial transformation over Rn is an R-linear homomorphism τ such that
there exist units λ1, . . . , λn in R∗, and a permutation σ ∈ Sn such that for all (x1, x2, . . . , xn) ∈ Rn,
we have τ(x1, . . . , xn) = (λ1xσ(1), λ2xσ(2), . . . , λnxσ(n)). Two linear codes C and C ′ of length n
are called monomially equivalent if there exists a monomial transformation over Rn such that
τ(C) = C ′. We know that there exists a monomial permutation between two codes over a finite
chain ring if and only if there exists a linear Hamming isometry.

Theorem 1 Let C be a cyclic code of length n over R generated by the polynomial g(x), and λ a
unit in R such that λn = 1. Then the following holds:

(i) C is equivalent to the cyclic code generated by g∗(x).

(ii) C is equivalent to the cyclic code generated by g(λx).

Using the Theorem 1 we give two new constructions of isodual cyclic codes over finite chain rings
of length 2am.

Theorem 2 Let g1(x) and g2(x) be two polynomials in R[x] such that xm − 1 = g1(x)g2(x). The
free cyclic codes of length 2am generated by:

2a−1∏

k=1

gi(α
−2kx)

2a−1−1∏

k=0

gj(α
−2k−1x)

Where i, j ∈ {1, 2} and i 6= j. are isodual codes of length 2am over R.

We have also this new construction.

Theorem 3 Let g1(x) and g2(x) polynomials in R[x] such that xm − 1 = g1(x)g2(x)g∗2(x) and
g∗1(x) = g1(x). The free cyclic codes of length 2am generated by If q ≡ 1 mod 2a with a ≥ 1 an
integer, then the cyclic codes of length 2am generated by

2a−1∏

k=1

g1(α−2kx)

2a∏

k=1

g2(α−kx),

and
2a−1∏

k=1

g1(α−2kx)

2a∏

k=1

g∗2(α−kx),

are isodual codes of length 2am over R where α ∈ R∗ a primitive 2a-th root of unity.

In the next theorem we give constructions of LCD cyclic codes using the generator polynomials of
odd-like duadic codes over R of length m given in [3].

Theorem 4 Suppose there exists a pair of odd-like duadic codes Di = 〈gi(x)〉 of odd length m with
odd-like minimum distance d, then we have the following results.
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(i) If the splitting modulo m is not given by µ−1, then the cyclic codes of length m over R
generated by

gi(x), (x− 1)gi(x), i ∈ {1, 2},
are LCD codes over R of length m.

(ii) If p is odd and the splitting is given by µ−1, then the cyclic code generated by

(xm − 1)

is LCD-isodual code over R.
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Abstract

We define the bi-periodic Pascal triangle. We determine the recurrence relation associated to
different directions of the rays in bi-periodic Pascal triangle and the associated generating func-
tions. Also, we establish a formula for the partial sums of such sequences.

Key words : bi-periodic Pascal’s triangle, generating function, bi-periodic Fibonacci sequence.

1 Introduction

The Fibonacci sequence {Fn}n∈N is defined recursively by F0 = 0, F1 = 1 and Fn = Fn−1 +
Fn−2, n ≥ 2. It is well known that the Fibonacci number can be obtained by the sum of the
elements on the rising diagonal lines in Pascal’s triangle

Fn+1 =

bn/2c∑

k=0

(
n− k
k

)
.

Belbachir et al. in [1] gave the linear recurrence sequence (vn)n associated to all directions (α, r)
(with α ∈ N, r ∈ Z and α+ r > 0) of the finite rays in Pascal’s triangle, defined for n ≥ 0, by

vn+1 =

b(n−β)/(r+α)c∑

k=0

(
n− rk
β + αk

)
xn−β−(r+α)kyβ+αk, 0 ≤ β < α,

which satisfies

vn =

(
α

1

)
xvn−1 −

(
α

2

)
x2vn−2 + · · ·+ (−1)

α

(
α

1

)
xαvn−α + yαun−r−α.

They also gave the generating function for (vn)n∈N as (see [2])

G(z) =
∑

n>0

vn+1z
n =

yβzβ+1 (1− xz)α−β−1
(1− xz)α − yαzα+β . (1.1)

The Fibonacci sequence has been generalized in many ways. In particular, Edson and Yayenie
[4] introduced the bi-periodic Fibonacci sequence (qn)n∈N, for any two positive integers a and b by

q0 = 0, q1 = 1, qn =

{
aqn−1 + qn−2 for n even,

bqn−1 + qn−2 for n odd,
(n > 2) . (1.2)
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They also give the generating function for the bi-periodic Fibonacci sequence as

F (z) =
z
(
1 + az − z2

)

1− (ab+ 2) z2 + 4z4
.

Yayenie [6] gave an explicit formula of qn as

qn+1 = aε(n)
bn/2c∑

k=0

(
n− k
k

)
(ab)

bn/2c−k
,

where ε(n) = n− 2bn/2c is the parity function, i.e., ε(n) = 0 when n is even and ε(n) = 1 when n
is odd. Note that for a = b = 1, we get the classical Fibonacci sequence.

Our aim is to define a triangle as summing of elements on the rising diagonal lines gives the
bi-periodic Fibonacci sequence.

2 Main results

We define the bi-periodic Pascal triangle and we determine the recurrence relation associated to
different directions of the rays in this triangle.

Definition 1 Let

(
n

k

)

B
= aε(n−k)

(
n

k

)
(ab)

b(n−k)/2c
the element of the nth row and the kth column

of the bi-periodic Pascal’s triangle, this triangle is given by

(
n

k

)

B
=





a

(
n− 1

k

)

B
+

(
n− 1

k − 1

)

B
for n− k even

b

(
n− 1

k

)

B
+

(
n− 1

k − 1

)

B
for n− k odd

with

(
n

0

)

B
= aε(n)(ab)bn/2c,

(
n

n

)

B
= 1,

(
n

k

)

B
= 0 for k > n or k < 0.

Denote
(
n−rk
β+αk

)
B the elements of the rays following direction (α, r) of order β (β = 0, 1, . . . , α−1)

from (n, 0) in the bi-periodic Pascal’s triangle. Let un+1 be the sum of its elements, i.e., for n ≥ β

un+1 =

b(n−β)/(α+r)c∑

k=0

aε(n−β−(r+α)k)
(
n− rk
β + αk

)
(ab)

b(n−β−(r+α)k)/2c
xn−β−(r+α)kyβ+αk, (2.1)

with initial values u0 = u1 = · · · = uβ = 0.

Theorem 1 The terms of the sequence (un)n given by (2.1), satisfy for n > 2Max{α, α + r} the
linear recurrence relation

un =

α∑

i=1

(−1)
i−1
(
α

i

)(
abx2

)i
un−2i + 2yα

bα/2c∑

i=0

(
α

2i

)(
abx2

)i
un−(α+r+2i) − y2αun−2(α+r). (2.2)

In addition, for (α + r) even the sequence (un)n satisfy, for n > Max{α, α + r}, the shorter
recurrence relation

un =





α∑

i=1

(−1)
i−1
(
α

i

)
aε(i) (ab)

bi/2c
xiun−i + yαun−α−r for (n− β) even,

α∑

i=1

(−1)
i−1
(
α

i

)
bε(i) (ab)

bi/2c
un−ix

i + yαun−α−r for (n− β) odd.

(2.3)

From (2.1) we find the generating function for the sequences associated to different directions of
the rays in bi-periodic Pascal triangle.
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Theorem 2 The generating function for the bi-periodic sequence (un)n is given by

G (z) =
∑

n>0

un+1z
n

=
yβzβ+1

2

τ (1− θxz)α−β−1 ((1 + θxz)
α − yαzα+r) + τ̄ (1 + θxz)

α−β−1
((1− θxz)α − yαzα+r)

((1 + θxz)
α − yαzα+r) ((1− θxz)α − yαzα+r) .

(2.4)
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Abstract

Lin et al. [4] have studied sampling plans for Exponential distributions based on type II hybrid
censored samples with the quadratic loss, since the time-consuming cost is not included in their loss
function. With more suitable loss, we developed a single sampling plans, for Weibull distribution
with type II hybrid censoring. Using a one-sided decision function an explicit expression for the
Bayes risk is derived. Finally, numerical examples and comparisons with the results of Chen et al.
[1] are given to illustrate the proposed model.

Key words :Bayesian sampling, Type II hybrid censoring, Polynomial loss function, Decision
function.

1 Introduction

The quality control is one of the major preoccupation of the modern industry, the main purpose is
to reduce the defective proportion, among the quality control strategies, the acceptance sampling
plan, which enables that make it possible to draw the optimal number of items and to determine
as much as possible the quality of a batch. In reliability, the type I and type II censoring are
frequently used. The type I censoring is used if the cost of the inspection increases with time.
For that the life test is terminated at a time t. However, the type II censoring is habitually used
when the elements of a batch have a high cost, in that case, the inspection is terminated when a
predefined number of failures were found in a sample of size n. The hybrid censoring is a mixture
of type I and type II censoring, such as the life test terminates at a random time τ = min

(
X(m), t

)

or τ = min
(
X(m), t

)
, where X(m) is the time of m-th failure.

2 Model

Suppose that we have a batch of items prepared for inspection. The lifetime of each item is a
random variable X which follows a Weibull distribution W (λ, µ):

f(x|λ, µ) =

{
λµxµ−1 exp(−λxµ), for x ≥ 0,

0, otherwise.

where the shape parameter µ is known and λ is unknown, it easy to shown that Xµ follows a
exponential distribution with expected lifetime 1/λ. We suppose that λ has a prior distribution
Γ(α, β), α and β are known, with the density function:

g(λ;α, β) =

{
λα−1 exp(−βλ)βα/Γ(α), for λ > 0,

0, otherwise.
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A random sample (X1, X2, ..., Xn) of size n is taken from a batch for life testing. Let X =
(X(1), X(2), ..., X(n)) be the order statistic of (X1, X2, ..., Xn). Assume that the type II hybrid cen-

soring is adopted, the life test is terminated at the random time τ = max
(
X(m), t

)
. The maximum

likelihood estimator (MLE) of the expected lifetime θ = 1/λ is:

θ̂ =





∑m
i=1X

µ
(i)

+(n−m)Xµ
(m)

m for D = 0, 1, ...,m− 1,
∑D
i=1X

µ
(i)

+(n−D)t

D for D = m,m+ 1, ..., n,
(2.1)

Childs et al. [2] derived the exact distribution of the (MLE) of θ:

fθ̂ (y) =

n∑

d=0

d∑

j=0

(−1)j
(
n

d

)(
d

j

)
e−λt(n−d+j)g (y − aj,M ;M,λM) . (2.2)

where aj,M = (n− d+ j)t/M , and M = max {d,m}.
Based on the observed lifetime x = (x(1), x(2), ..., x(n)) of random variable X, a decision function
δ(x) is made. We consider the following one-sided decision function:

δ(x) =

{
δ0, for θ̂ ≥, T
δ1, for θ̂ < T,

(2.3)

where δ0 and δ1 represent the decisions of accepting and rejecting the batch respectively.
The loss to make a decision between δ0 and δ1, and choose the sampling plan (n,m, t, T ) is defined
as follows:

L(λ, δ(x)) =




nCs + Ctτn,m − (n−Dn,m)vr +

k∑
i=0

aiλ
i, if δ(x) = δ0,

nCs + τCt + Cr − (n−Dn,m)vr, if δ(x) = δ1,

(2.4)

where τ is the duration of life test and the random variable Dn,m be the number of failures, where
τn,m = max

(
X(m), t

)
. Cs, Ct and Cr are positive constants and represent respectively the unit

inspection cost, the cost per unit of time used for the test and the loss due to rejection of the batch.
a0 + a1λ+ · · ·+ akλ

k denotes the loss of accepting the batch and be positive and increasing in λ.
When the life test was finished, the unfailures items can be reused and therefore have the salvage
value vs, where vs < Cs.

3 Main results

With the loss function in (2.4), the Bayes risk of a sampling plan (n,m, t, T ) can be computed as
follows:

R(n,m, t, T ) = E{E [LS(λ, δ(x))]}
R(n,m, t, T ) = n (Cs − vr) +

k∑
i=0

aiγi +
n∑
d=0

d∑
j=0

k∑
i=0

(−1)jωi
(
n
d

)(
d
j

) βαΓ(α+i)

Γ(α)(β+Maj,M )α+i Iq (M,α+ i)

+ vs
n∑
d=0

d∑
j=0

(−1)d−jM
(
n
d

)(
d
j

) (
β

β+(n−j)tµ
)α

+ tCt
n∑

d=m+1

d∑
j=0

(−1)d−j
(
n
d

)(
d
j

) (
β

β+(n−j)tµ
)α

+ Ctm
(
n
m

)m−1∑
j=0

(−1)m−j−1
(
m−1
j

)
αβ1/µ

(n−j)1+1/µBq∗
(

1 + 1
µ , α− 1

µ

)
,

where ω0 = Cr − a0, ωi = −ai, for i = 1, ..., k, γi represents the i-th moment of λ, q∗ =

β
β+(n−j)aj,M , q =

M(T−aj,M )
β+M(T−aj,M ) and Bx (η, ν) =

x∫
0

tη−1(1 − t)ν−1dt, Ix (η, ν) = Bx (η, ν) /B1 (η, ν) ,

To illustrate the model, we consider the quadratic loss function (k = 2) Using the discretiza-
tion method of Lam [3] various numerical examples are tabulated in Tables 1-3. in each ta-
ble we take a comparison between the proposed model and the single sampling plan of Chen
et al. [1] which is a special case when t = 0, the correspondent Bayesian sampling plan is
(nLS ,mLS , TLS) and we denote its related Bayes risk by RLS ≡ RLS (nLS ,mLS , TLS). As the
true values of parameters and coefficients of the model for which we made the calculations, we take
µ = 2.5, α = 2.5, β = 0.8, a0 = a1 = a2 = 5, Cs = 0.5, vs = 0.2, Ct = 2, and Cr = 50.
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Table 1. Bayes risks and optimal sampling plans as α varies
α n m t T R nLS m

LS
TLS RLS

1.1 5 3 0.1675 0.3360 28.6689 4 3 0.3230 28.7911
1.3 5 4 0.1445 0.3622 32.0067 5 4 0.3607 32.0029
1.5 5 4 0.0936 0.3753 35.1284 5 4 0.3805 35.1284
2.5 5 4 0.0958 0.4799 46.7021 5 4 0.4791 46.7021
3.0 1 1 1.1426 1.1436 49.6632 3 3 0.5730 49.6632
3.5 0 0 0 ∞ 50.0000 0 0 ∞ 50.0000

.

Table 2. Bayes risks and optimal sampling plans as β varies
β n m t T R nLS m

LS
TLS RLS

0.5 1 1 1.2279 1.2289 49.7553 0 0 ∞ 50
0.6 1 1 1.1120 1.1130 49.3076 3 3 0.5740 49.5443
0.7 5 4 0.2018 0.5056 48.2686 5 4 0.5041 48.2680
0.8 5 4 0.0958 0.4799 46.7021 5 4 0.4741 46.7021
0.9 5 4 0.1004 0.4528 45.0041 5 4 0.4541 45.0040
1.0 5 4 0.2114 0.4239 43.2138 5 4 0.4291 43.2117

.

Table 3. Bayes risks and optimal sampling plans as Ct varies
Ct n m t T R nLS m

LS
TLS RLS

1.0 4 4 0.1934 0.4845 45.7946 4 4 0.4791 45.7931
1.5 4 4 0.1934 0.4845 46.2597 4 4 0.4791 46.2582
2.0 5 4 0.0958 0.4799 46.7021 5 4 0.4791 46.7021
3.0 5 4 0.0958 0.4799 47.4717 5 4 0.4791 47.4717
4.0 5 3 0.1153 0.5198 48.1884 5 3 0.5073 48.1825
5.0 5 3 0.1153 0.5198 48.8149 5 3 0.5073 49.8089

.
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Abstract

A edge domatic partition P of a graph G = (V,E) is a partition of E(G) into classes that are
pairwise disjoint edge dominating sets. Such a partition P is called b-maximal if no larger domatic
partition P ′ can be obtained by gathering subsets of some classes of P to form a new class. The
edge b-domatic number ebd(G) is the minimum cardinality of a b-maximal edge domatic partition
of G. In this paper, we explain some properties of edge domatic partitions b-maximal, and we
determine the edge b-domatic number of some families of graphs.

Key words :b-domatic number, edge domatic number, edge b-domatic number.

1 Introduction

Throughout this paper, G denotes a simple graph with vertex set V = V (G) and edge set E = E(G).
The order |V | of G is denoted by n = n(G). The open neighborhood N(e) of the edge e is the set
of all edges adjacent to e in G and its closed neighborhood is N [e] = N(e) ∪ {e}. Similarly, the
open neighborhood of a set S ⊆ E is the set N(S) = ∪e∈SN(e), and its closed neighborhood is
N [S] = N(S) ∪ S. The degree of an edge e = uv of G is defined by deg e = deg u+ deg v − 2 and
δe(G) is the minimum degree among the edges of G (the degree of an edge is the number of edges
adjacent to it). An edge of degree one is called a pendant edge.

Let e ∈ S ⊆ E. an edge h is called a private neighbor of e with respect to S (denoted by h is
an S-pn of e) if h ∈ N [e] − N [S�{e}]. An S-pn of e is external if it is an edge of E − S. The
set pn(e, S) = N [e]−N [S�{e}] of all S-pn’s of e is called the private neighborhood set of e with
respect to S. A set S of edges is called independent if no two edges in S are adjacent. A set A of
edges of a graph G is said to cover a set B of vertices of G, if each vertex of B is an end vertex of
at least one edge of A.

The complete graph of order n is denoted by Kn, and K1 is called the trivial graph. The complete
bipartite graph with partition sets X, Y such that |X| = p and |Y | = q is denoted by Kp,q. We
write Pn for the path of order n and Cn for the cycle of length n. Given a graph G, its line graph
L(G) is a graph such that every vertex of L(G) represents an edge of G, and two vertices of L(G)
are adjacent if and only if their corresponding edges share a common endpoint in G. So, the set
of vertices of L(G) is exactly the set of edges of G, and L(G) represents the adjacencies between
edges of G.

An edge dominating set [2] in G is a subset D of the edge set E(G) of G with the property
that for each edge e ∈ E(G)�D there exists at least one edge f ∈ D adjacent to e. The edge
domination number γe (G) is the minimum cardinality taken over all edge dominating sets of G.
An edge domatic partition of G is a partition of E(G), all of whose classes are edge dominating
sets in G. The maximum number of classes of an edge domatic partition of G is called the edge
domatic number of G and denoted by ed(G).

With help of the concept of an edge domatic partition of a graph, Zelinka [2] have defined the
edge domatic number of a graph and Favaron [6] introduced the b-domatic number of a graphs.
Here we shall introduce the edge b-domatic number analogue of this concept and prove some
assertions concerning it. An edge domatic partition P = {C1, C2, ..., Cp} is b-maximal if there
do not exist p subsets C ′

i ⊂ Ci (among them p − 1 are possibly empty) such that the partition
P ′ = {C1�C ′

1, C2�C ′
2, ..., Cp�C ′

p, C
′
1 ∪C ′

2 ∪ ...∪C ′
p} is edge domatic. The edge b-domatic number
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of G, denoted ebd(G), is the minimum cardinality of a b-maximal edge domatic partition of G. A
ebd(G)-domatic partition of a graph G is a b-maximal domatic partition of G of cardinality ebd(G).

The edge b-domatic number of G is evidently equal to the b-domatic number [1] of the line
graph of G. Therefore it easily follows from the results in [3] that ebd(G) ≥ 2 for each graph G,
none of whose connected components is K2. On the basis of these definitions, ebd(G) ≤ ed(G) for
every graph G.

In this paper, we explain some properties of edge domatic partitions b-maximal, and we deter-
mine the edge b-domatic number of some families of graphs.

2 Known results

The authors of [2] showed the following result.

Proposition 1 [2] Let G be a graph of order n and minimum degree δe(G). Then

ed(G) ≤ δe(G) + 1. (2.1)

For some other results on edge domatic partitions see [3, 4, 5].

Proposition 2 [2] Let G be a graph of minimum degree δe(G). If G = K2, then ebd(G) = ed(G) =
1, otherwise 2 ≤ ebd(G) ≤ ed(G).

Hence, by Propositions 1 and 2, the next result follows immediately.

Proposition 3 [2] For any graph G of minimum degree δe(G), we have ebd(G) ≤ δe(G) + 1.

The same author has computed the edge domatic number for some particular classes of graphs.

Proposition 4 [2] ed(Kn) = n− 1 if n is even or ed(Kn) = n if n is odd, ed(C3) = 3, ed(Cn) = 2
for n ≥ 4, and ed(Kp,q) = max(p, q).

3 Main results

We start this section by giving a sufficient condition for which a given edge domatic partition of a
graph G to be b-maximal. Let P be a domatic partition of a graph G. For an edge e ∈ E(G), let
Ce denote the class of containing e.

Theorem 1 Let P be an edge b-domatic partition of a graph G = (V,E). If G has a edge e such
that for each h ∈ NG [e] the set pn(h, S) is not empty, then is b-maximal.

Now, we give other classes of graphs for which the edge b-domatic number is less than or equals
to 3.

Proposition 5 The edge b-domatic number of K2 is 1.

Theorem 2 Let G is a graph of order n ≥ 3. Let e = uv edge of G such that NG(u) = NG(v).
Then

ebd(G) ≤ 3.

Proposition 6 Let Kn be the complete graph with n vertices, n ≥ 3. Then

ebd(Kn) = 3.

Proposition 7 Let Km,n be a complete bipartite graph with m,n ≥ 2. Then

ebd(Km,n) = min (m,n) .

Corollary 1 Let K2,n be a complete bipartite graph. Then

ebd(K2,n) = 2.
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Proposition 8 Let Cn be a circuit of the length n ≥ 4.

ebd(Cn) = 2.

A block of a graph is a maximal connected subgraph that has no cut-vertex. A block is trivial
if it has only one edge. A block graph is a connected graph in which each block induces a complete
subgraph. In the next theorem, we determine the edge b-domatic number of any block graph G.

Corollary 2 Let G be a block graph and let e = uv edge of G such that NG(u) = NG(v). Then

bd(G) = 3.

A cactus graph is a connected graph in which each block is either an edge or a cycle. A friendship
graph Fn (n ≥ 2) is a cactus graph of order 2n + 1 in which any two vertices have exactly one
common neighbor.

In the following proposition, we prove that the edge b-domatic number of a cactus graph G in
which if exist two vertices u, v in G such that NG(u) = NG(v) is equal to 2, except for K3 and Fn

(n ≥ 2).

Proposition 9 Let G be a cactus graph. Then

ebd(G) =

{
3 if G is K3 or Fn(n ≥ 2)
2 if non

.

Now we prove the theorem, we have given sharp bounds on the edge b-domatic number of a
tree.

Theorem 3 Let T be a tree, let e = uv and δe (G) be the minimum degree of T with δe (G) ≥ 1.
Then

2 ≤ ebd (T ) ≤ max(deg u,deg v).

Proposition 10 Let T is a tree. If each edge h ∈ N(N(e)) is an pendant edge in T , then

ebd(T ) = 2.

Corollary 3 The edge b-domatic number of a path is equal to 2.
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Abstract

Results on the arithmetic of monoids of plus-minus weighted zero-sum sequences over finite
abelian groups are presented. These results include that the union of all sets of length containing
one fixed value is an interval of integers, and results on the elasticity of these monoids. In order to
obtain bounds on the elasticity a version of the plus-minus weighted Davenport constant is used
that differs from the one commonly studied in the literature. This is joint work with K. Merito, O.
Ordaz and W. Schmid.
Key words : zero-sum sequence, finite abelian group, elasticity, set of lengths

1 Introduction

The investigation of zero-sum problems over finite abelian groups started in the 1960s with the
work of Erdős, Ginzburg, and Ziv, and Davenport played an important role in popularizing these
problems; we refer to [3] for an overview of the subject. Already Davenport was motivated by links
to algebraic number theory. This link was further developed by Narkiewicz and others (see [7,
Section 9]). Nowadays, monoids of zero-sum sequences, also called block monoids, are a key-tool
in factorization theory (see [5] and [4]). More recently, weighted zero-sum problems gained more
attention, important contributions are due to Adhikari and his co-authors (see, e.g., [1]).

We present investigation on weighted zero-sum sequences, more specifically plus-minus weighted
zero-sum sequences, in the context of factorization theory. Some initial results are presented that
were obtained in joint work with K. Merito, O. Ordaz and W. Schmid.

2 Main definitions

We recall some key definitions; for a more complete account see [5, 4].
By a monoid (H, ·) we mean a commutative and cancelative semi-group with an identity element.

An example to keep in mind is the multiplicative monoid of all non-zero elements of a domain. One
denotes the set of invertible elements by H× and calls H reduced when the identity element is the
only element of the monoid that admits an inverse.

An element a ∈ H \ H× is called irreducible (or an atom) when a = bc with b, c ∈ H implies
that b or c are invertible. One denotes the set of all irreducible elements of H be A(H).

The monoid H is a called atomic if each non-invertible element of H is the product of finitely
many atoms of H.

Let H be an atomic monoid and let a ∈ H. If a = u1 . . . uk with ui ∈ A(H) for each 1 ≤ i ≤ k,
then k is called a factorization length of a. The set of lengths of a, denoted L(a), is the set of all k
that are a factorization length of k. For a ∈ H× we set L(a) = {0}.

For k ∈ N, one denotes

Uk(H) =
⋃

a∈H, k∈L(a)
L(a)
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and ρk(H) = supUk(H) and λk(H) = min L(a). Finally, one denotes

ρ(H) = sup

{
sup L(a)

min L(a)
: a ∈ H \H×

}

the elasticity of H; for a monoid with H = H× one sets ρ(H) = 1.
Let G be a finite abelian group (G,+). The free abelian monoid over G is denoted by F(G)

and called the monoid of sequences over G. For a sequence S ∈ F(G) there are up to ordering
uniquely determined g1, . . . , gk such that S = g1 . . . gk. Then |S| = k is called the length of S and

σ(S) = g1 + · · ·+ gk the sum of S. Moreover, σ±(S) = {∑k
i=1 εigi : εi ∈ {−1,+1}} is called the set

of plus-minus weighted sums of S. Of course, σ(S) ∈ σ±(S).
Let B(G) = {S ∈ F(G) : 0 = σ(S)} and B±(G) = {S ∈ F(G) : 0 ∈ σ±(S)}. It is plain that

B(G) ⊂ B±(G) ⊂ F(G) and that B(G) and B±(G) are monoids.

3 Results

We obtained the following result.

Theorem 1 Let G be a finite abelian group. Then, for each k ∈ N the set Uk(B±(G)) is an interval
of integers.

We recall that the analogous result for B(G) was obtained in [2]. Moreover, recently such a
result was obtained for non-commutative groups, too (see [8, Theorem 5.5]). Our proof is similar
to the one in the non-commutative case.

Given the result above, to get a complete understanding of the sets Uk(B±(G)) it now suffices
to determine ρk(B±(G)) and λk(B±(G)).

For a finite abelian group G let D(B±(G)) = sup{|A| : A ∈ A(B±(G))}. Moreover, recall that
D(B(G)) = sup{|A| : A ∈ A(B(G))} is the well-known Davenport constant of G. Using arguments
paralleling those for B(G) one can obtain the following results.

Proposition 1 Let G be a finite abelian group with |G| ≥ 3. Then ρ2k(B±(G)) = kD(B±(G)) for
each k ∈ N and 1 + kD(B±(G)) ≤ ρ2k+1(B±(G)) ≤ kD(B±(G)) + bD(B±(G))/2c. In particular,
ρ(B±(G)) = D(B±(G))/2.

It is common to focus such investigations only on ρk(H), as there is a general result that relates
λk(H) and ρk(H) (see [4]).

To obtain explicit values and bounds for the elasticities it remains to determine D(B±(G)). For
groups of odd order it turns out that this constant is the same as the Davenport constant.

Theorem 2 Let G be an abelian group of odd order. Then D(B±(G)) = D(B(G)).

We recall that the problem of explicitly determining the Davenport constant of a finite abelian
group is open in general. However, there are a variety of partial results known. For example, the
value is known for p-groups and for groups of rank at most 2 (see, e.g., [3, Section 3]).

In case of groups of even order the constants D(B±(G)) and D(B(G)) in general will not coincide.
For cyclic groups we are able to determine the exact value.

Theorem 3 Let G be a cyclic group of even order. Then D(B±(G)) = 1 + |G|/2.

We recall that D(B(G)) = |G| for cyclic G.
We conclude with a brief indication why the odd and the even case are different. Let G be a

cyclic group of order n and let e be a generating element. The sequence en has sum ne = 0 and it
is easy to see that en cannot be decomposed into two non-empty sequences with sum 0. That is,
en ∈ A(B(G)). Moreover, if n is odd it still holds true that en ∈ A(B±(G)). However, if n is even,
then en can be decomposed into two non-empty subsequences such that 0 is a plus-minus weighted
sum of each. To see this, it suffices to note that for k ≥ 1 one has that 0 ∈ σ±(ek) if and only if k
is even or n | k.
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4 Conclusions and perspectives

The monoids of plus-minus weighted zero-sum sequences over finite abelian groups is class of
monoids that have not yet received much attention in the context of factorization theory. The
result mentioned above are a first attempt at understanding the arithmetic of these monoids. Nu-
merous further problems remain for future investigations.

1. A main motivation for studying the arithmetic of monoids of zero-sum sequences is that they
allow to obtain information on the arithmetic of rings of integers in algebraic number fields,
and Dedekind domains and Krull monoids, more generally (see [5, Section 2.10] for a detailed
exposition). In [6] a link between weighted zero-sum problems and factorization problems is
established. Thus, we believe that plus-minus weighted zero-sum sequences will we useful in
this context and we are in the process of exploring the exact connection.

2. In the current work, unions of sets of lengths and elasticities were discussed. There are a
wealth of other invariants that are studied in factorization theory such as catenary degree,
tame degree, sets of distances, sets of differences and various others. We refer again to [5] or
also [4]. All these invariants could be studied for monoids of plus-minus weighted zero-sum
sequences opening up numerous avenues for further investigations.

3. The monoid of plus-minus weighted zero-sum sequences over a finite abelian group is readily
seen to be finitely generated. This implies numerous finiteness results for the invariants
mentioned above. A further task in progress is to establish algebraic properties of these
monoids in order to invoke known results. In general these monoids are not Krull monoids,
however they still seem to be C-monoids (see, e.g., [5, Section 2.9] for a definition.)
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Abstract

The flawless functioning of a protein is essentially linked to its own three-dimensional struc-
ture. Therefore, the prediction of a protein structure from its amino acid sequence is a fundamental
problem in many fields that draws researchers attention. This problem can be formulated as a com-
binatorial optimization problem based on simplified lattice models such as the hydrophobic-polar
model. In this paper, we propose a new hybrid algorithm combining three different well-known
heuristic algorithms: genetic algorithm, tabu search strategy and local search algorithm in order to
solve the PSP problem. Regarding the assessment of suggested algorithm, an experimental study
is included. Furthermore, we compared the suggested algorithm with state-of-the-art algorithms
using a selection of well-studied benchmark instances.

Key words: 2D triangular Lattice, H-P Model, Hybrid Genetic Algorithm, Local Search, Minimal
Energy Conformation.

1 Introduction

In Molecular biology, the three dimensional structure of proteins is the most crucial indicator that
determines their biological activity. The prediction of the tertiary structure of proteins, also called
a conformation, is a fundamental problem in the fields of biology, physics, etc. This problem is
famous for protein structure prediction and denoted by PSP. A small modification in the origi-
nal conformation of any given protein or an error during its folding causes many serious diseases,
such as Alzheimer and cow mad. The ideal solution to treat these diseases is to predict the ter-
tiaries structures of these proteins from their primary structure [3]. The PSP is one of the hardest
problems in computational biology, molecular biology, biochemistry and physics. Furthermore,
The most efficient algorithm for feasible solution determination runs in an an considerable time
required; whereas the correct functioning of a protein depends essentially on its minimal energy
conformation. Among the existing models in literature, the most studied in PSP problem is the H-P
model (Hydrophobic Polar, H-P) [5]. In this model the free energy of a conformation is inversely
proportional to the number of hydrophobic non-local bonds of H-H type (topological contacts H-
H). This type of bonds occurs if two non-consecutive hydrophobic monomers occupy adjacent grid
points in the lattice. Besides, each occurrence of this bond type reduces the value of global energy
with one unit [6]. The PSP is an optimization problem where the aim is to find a confirmation c∗

of a given protein sequence that minimizes the overall induced energy E(c) in all possible set of
conformations C, i.e., a conformation c∗ such that c∗ = arg min

c∈C
{E(c)} [7].

Recently a number of metaheuristcs have been used to solve the PSP in the 2D triangular
lattice model. In [4], the authors suggested a new hybrid algorithm, called Hybrid Genetic Algo-
rithm (HGA). This latter enhances the performance of a classical GA implementation by reducing
the encountered through the generational process. The authors have shown considerable quality
improvements when compared to a simple genetic algorithm implementation SGA [4]. Later on
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in [1], the authors proposed new approach based on the tabu search algorithm using a general-
ized local move, called pull move, as to improve the landscape exploration and the quality of the
produced solutions. Also, two approaches are proposed in [6], including the Elite-based Reproduc-
tion Strategy-Genetic Algorithm (ERS-GA), and a Hybrid of Hill climbing and Genetic Algorithm
called HHGA that combine the ERS-GA with a hill climbing algorithm. A new approach called
IMOG has been proposed in [10], that combines ions motion optimization algorithm (IMO) with a
Greedy algorithm, the obtained results shown that the IMOG algorithm has a good search ability
and stability for the PSP problem using benchmark data sets. This paper is organized as follows:
in the next section, we present the two dimensional triangular lattice using the H-P model, that
we are interested in. In Section 3, we present a description of the suggested hybrid algorithm.
In Section 4, we present the experimental study and the obtained results, where we compared our
approach some existing approaches. Finally, we give in Section 5 our main conclusions of this study.

2 Hydrophobic-polar model in a 2D triangular lattice

In H-P model, the twenty amino acids are represented by a mean of two letters H and P, in refer-
ence to their hydrophobicity chosen among the tow following options: hydrophobic or hydrophilic
[5]. For any given sequence of n amino acids, the H-P model consists to transform this sequence
into a chain s = (s1, s2, . . . , sn) such that each element of the sequence si ∈ {H, P}, i = 1, n
represents the hydrophobicity of the corresponding amino acids in the protein sequence. For ex-
ample, Figure 1 presents a feasible conformation for the protein sequence given in the H-P model
by s = (HP )2PH(HP )2(PH)2HP (PH)2. The green points represent the hydrophilic amino acids
while the hydrophobic amino acids are represented in red.

Figure 1: Representation of a feasible conformation for the sequence s in the 2D triangular lattice.

A feasible conformation for an a given protein sequence s of n amino acids is defined by a
sequence of moves in the lattice, called self-avoiding paths, which do not pass through the same
node more than once. Each conformation can be represented by a list of n−1 movement directions
in the lattice (as it is shown in this Figure 1). The aim is to find a conformation c of a given amino
acids sequence s in the lattice that minimizes the energy value. This is by finding a conformation
that maximize the number of topological contacts of H-H type. For example the conformation given
in Figure 1 has 15 H-H type contacts (i.e., E = −15). Here, we define the lattice as an infinite
graph G, when a valid conformation for a given protein sequence is a finite subgraph of G, who
verifies the three following constraints:

1. Each amino acid in protein sequence must occupy one node in the lattice.

2. Each node in the lattice can contain at must one amino acid.

3. Two amino acids that are adjacent in sequence also occupy two adjacent lattice nodes.

3 Novel hybrid approach for PSP problem

In this work, we proposed a hybrid approach to solve the PSP problem, called GALSTS, in reference
to the adopted combination of the following metaheuristics: genetic algorithm, local search, tabu
search strategy. As all population-based approaches the first step of GALSTS is to generate an
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initial population P of m feasible solutions, in which the crossover operator is guided by a tabu
list that allows to prohibiting previous movements in order to explore new regions in the search
space. This has allowed us to avoid cyclical movements. In order to improve the quality of the
children produced by the crossover process, each one of them is introduced with a probability pm

as an initial solution of a local search algorithm. Such that the transition from a solution s to one
of its neighbors s′ is carried out by a random choice of an amino acid i and replacing its direction
by another one among the five other possible directions. If the quality of s is better than s′, then it
becomes the courant solution for the next iteration. This process is repeated until the satisfaction
of the stops criterion. This improvement phase has allowed us to use the information provided by
parents more efficiently to produce high-quality solutions. The two solutions with the highest fitness
value are introduced into the new population Pnew if they not exist in this population previously,
although are of lower quality than their parents to encourage exploration of the research space.
The best m solutions of P ∪ Pnew are replaced the individuals in the population P for the next
generation. This approach is intended to avoid the rapid convergence towards local optima, and
the wide diversification between the solutions and thus ensures the quality of the solutions during
all the stages of the research space explorations.

4 Experimental Results

The aim of this section is to assess the performance of the suggested approach. For the following
experimental study, we used a several benchmark instances (i.e., protein sequences) presented in
the H-P model of different sizes [2, 9]. Furthermore, we have selected the most studied in the
literature instances to conduct the forthcoming experiments. Table 1 is composed of 3 columns,
the first one represents the number of the protein sequence, the second represents the length of the
protein sequence and the third represents the protein sequence in the H-P model, where the symbol
(.)i means i fold repetitions of the respective subsequence in the brackets. For example, (PH)2 is
the simplified form of the sequence PHPH. The experimental results showed in Table 2 represents
a comparison between the best results obtained by the proposed approach, and the above stated
algorithms used to solve the PSP in the 2D triangular lattice model, namely HGA [4], TS [1], ERS-
GA [8], HHGA [8], IMOG [10] for each instance given in Table 1. We show that all the approaches
can provide an optimal confirmation when the length of the sequence is less than 36. However, the
results obtained by our approach are better than the other approaches for the sequences 4, 6 and
7 as shown in Table 2. However, The best prediction obtained by GALSTS are better than the
HGA algorithm, ERS-GA and SGA for all sequences used for this experimental study. The best
conformations obtained by GALSTS are better than all the cited approaches bellow, based on the
instances of size up to 36. This demonstrates the ability of GALSTS to explore the search space
more effectively comparing with the other approaches.

Seq. Length Protein sequence in the H-P model

1 20 (HP )2PH(HP )2(PH)2HP (PH)2

2 24 H2P 2(HP 2)6H2

3 25 P 2HP 2(H2P 4)3H2

4 36 P (P 2H2)2P 5H5(H2P 2)2P 2H(HP 2)2

5 40 P 2H(P 2H2)2P 5H10P 6(H2P 2)2HP 2H5

6 50 H2(PH)3PH4PH(P 3H)2P 4(HP 3)2HPH4(PH)3PH2

7 60 P (PH3)2H5P 3H10PHP 3H12P 4H6PH2PHP

8 64 H12(PH)2((P 2H2)2P 2H)3(PH)2H11

9 85 H4P 4H12P 6(H12P 3)3HP 2(H2P 2)2HPH

10 100 P 3H2P 2H4P 2H3(PH2)3H2P 8H6P 2H6P 9HPH2PH11P 2H3PH2PHP 2HPH3P 6H3

Table 1: The used benchmark instances in the H-P model.
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Seq. Length SGA HGA TS ERS-GA HHGA IMOG GALSTS

1 20 -11 -15 -15 -15 -15 -15 -15

2 24 -10 -13 -17 -13 -17 -17 -17

3 25 -10 -10 -12 -12 -12 -12 -12

4 36 -16 -19 -24 -20 -23 -24 -24

5 48 -26 -32 -40 -32 -41 -40 -43

6 50 -21 -23 NA -30 -38 -40 -40

7 60 -40 -46 -70 -55 -66 -67 -70

8 64 -33 -46 -50 -47 -63 -63 -67

9 85 NA NA NA NA NA NA -98

10 100 NA NA NA NA NA NA -87

Values in bold indicate the best obtained evaluation for the correspondent instance.

NA refers to not available data in literature.

Table 2: The best conformations obtained by GALSTS compared with other algorithms for 10 H-P
sequences in 2D triangular lattice model.

5 Conclusions and Perspectives

This paper presents an efficient approach called GALSTS for solving the protein structure prediction
in 2D triangular model using the simplified hydrophobic-polar model. GALSTS consists in using
Tabu and Local Search algorithm to explore the search space handling more efficiently. From our
experimental results, GALSTS was able to find the best known solutions and it is more effective
for the stability results than other existing algorithms. In terms of future scope of applications,
GALSTS can be used to solve the PSP problem in the 3D cubic and 3D triangular models, it can
also be used to solve other optimization problems in the combinatorial optimization framework.
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Abstract

Boolean functions are important in the classical methods of symmetric cryptosystem, stream
and block ciphers. To assure the security of such systems, the Boolean function should be designed
properly. It should be Balanced, have a high algebraic degree. The used Boolean function should
have a height non-linearity and algebraic immunity. In particular, it has been shown that their
corresponding linear codes and their corresponding punctured codes are related to some special
linear codes. In this paper we give the Walsh transform of the Dirichlet product for Boolean
functions and a characterization of some cryptographic properties of the Boolean functions, then
we generalize the notion to vectorial functions.
Key words :Vectorial Boolean functions, Walsh transform, cryptography.

1 Introduction

Substitution boxes (S-boxes) play an important role in the robustness of block ciphers, by providing
confusion. Mathematically, an S-box is a vectorial function F (x) from the vector space Fn

2 (the
vector space of all the binary vectors of lenght n), to the vector space Fm

2 , for given integers n
and m. These functions are also called (n,m)−functions and include the Boolean functions (which
correspond to the case m = 1).
An (n,m)−functions F being given, the coordinate functions of F are the Boolean functions
f1, · · · , fm defined by F (x) = (f1(x), · · · , fm(x)) at every x ∈ Fn

2 . The component functions of
F are the linear combinations of its coordinate functions, with non all-zero coefficients.

In cryptography, the most used representation of an (n,m)-function is the so-called Algebraic
Normal Form (ANF), see [1]:

F (x1, · · · , xn) =
∑

u∈Fn
2

c(u)

(
n∏

i=1

xui
i

)
, c(u) ∈ Fm

2 .

To resist against known attacks, the cryptographic Boolean and vectorial function involving in
the cryptosystems should be designed properly. In particular Boolean functions should be balanced
to resist against statistical attacks, with high algebraic degree to resist against Berlekamp-Massey’s
attack, with high order correlation immunity against correlation attacks (in the combiner model of
stream ciphers) and should have high algebraic immunity to resist against algebraic attacks.

The Walsh transform of vectorial and Boolean functions is an important tool used for the anal-
yses of many cryptographic criterias of those functions. It is the real valued function over Fn

2 that
maps any u ∈ Fn

2 and v ∈ Fm∗
2 to WF (u, v) =

∑
x∈Fn

2

(−1)v·F (x)+u·x, see [3].
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In [4], the authors give the Dirichlet product for Boolean functions. For two Boolean functions
f, g and for all x ∈ Fn

2 ,

(f ∗ g)(x) =
∑

u�x
f(u)g(x− u).

Where u � x is the lexicographic order.
They show that the set of all Boolean functions f such that f(0) = 1 is an Abelien group and

has the identity function I :

I(x) =

{
1 if x = 0

0 if x 6= 0
(1.1)

2 Main Results

We consider the results given in [4], and we give the discrete Fourier transform of f ∗ g.

Lemma 1. The discrete Fourier transform of f ∗ g, for α ∈ Fn
2 is given by

Ff∗g(a) = 2−n
∑

u∈Fn
2

(−1)a·u
∑

v�u
Ff̂ (v)

∑

a+y�u
Fg(y).

Using the relation between the Walsh transform and Fourier transform of Boolean functions
given in [1] and the Poisson summation formula given in The Poisson summation formula given in
[[5], chapter 5, Lemma 2] and [2], we give the Walsh transform of f ∗ g.

Theorem 1. Let f, g two Boolean functions, then, for any a ∈ Fn
2 , the Walsh transform of f ∗ g

is given as
i) For a ∈ Fn

2 and a 6= 0,

Wf∗g(a) = −2n−1
∑

u, a�u
(−1)a·u −

∑

u∈Fn
2

(2−1−n
∑

v�u
Wf̂ (v)− 1

2
)(−1)a·u

∑

a+y�u
Wg(y)+

1

2

∑

u, a�u
(−1)a·u

∑

v�u
Wf̂ (v).

ii) For a = 0,

Wf∗g(0) = 2n − 22n−1 +
1

2

∑

u∈Fn
2

∑

v�u
Wf̂ (v) +

∑

y�u
Wg(y))− 2−n−1

∑

u∈Fn
2

∑

v�u
Wf̂ (u)

∑

y�u
Wg(y)).

The Hamming weight of the Boolean function f ∗ g in terms of the Hamming weight of f and
g is given by the next Lemma,

Lemma 2. Let f ∗ g be the Dirichlet product of two Boolean functions f and g, then its Hamming
weight is given as

wt(f ∗ g) = −22n−1 +
∑

u∈Fn
2

wt(f̂u)wt(gu).

We give a generalization of the Dirichlet product for Boolean functions to (n,m)−functions.
For that, we use the product of two (n,m)− functions F and G given in [6] by

〈F.G〉 =

m∑

i=1

figi.

Lemma 3. Let F and G be two (n,m) vectorial functions over Fm
2 , then for x ∈ Fn

2 the Dirichlet
product F ∗G is

(F ∗G)(x) =
m∑
i=1

(fi ∗ gi)(x).

The set of all (n,m)−functions is an Abelian monoid that has the identity functionI satisfying

I(x) =

{
1 if x = 0

0 if x 6= 0

.
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Abstract

In this work, we propose a new stochastic volatility model with a different threshold definition,
where we call it ”Buffered Stochastic Volatility model”. This model may explain more non-linear
features in financial assets as asymmetry and leverage effect. By keeping the piecewise-linear struc-
ture in the log-volatility, we introduce a new flexible regime-switching mechanism, to deal with the
sudden jump problem in the log-volatility imposed by the traditional threshold stochastic volatility
model and allowing a smooth transition between regimes. Sufficient stationarity conditions of the
model are derived. Next, a Sequential Monte Carlo method to estimate the parameters of the
model is developed. Finally, the performance of methodology is illustrated through a simulation
study.

Key words : Threshold models, Stochastic volatility models, Buffered zone, Sequential Monte
Carlo methods.

1 Introduction

It is well-known that the volatility (instantaneous variation) of financial returns is not constant over
time and this volatility exhibits the so-called volatility clustering. The modelling of the instanta-
neous change and volatility clustering plays a central part in the financial time series analysis. An
important tool for measuring conditional volatility is the so-called Stochastic Volatility (SV ) model
introduced by Taylor (1986) and which is considered as a satisfactory alternative to the reference
class commonly known as the ARCH/GARCH family. Thus, instead of assuming volatility as
deterministic as in ARCH/GARCH models, SV modelling is designed to capture the stochastic
nature of volatility by allowing volatility to evolve following a stochastic process. The SV model
is more flexible than the ARCH/GARCH specification since a new innovation term is integrated
into the latent volatility process (see e.g. Carnero et al., 2004).

Furthermore, important and well documented empirical studies find evidence about the exis-
tence of an asymmetric response of volatility to positive and negative past returns. This property,
known as leverage effect, was first described by Black (1976). In fact, financial markets become
more volatile in response to “bad news” (or negative shocks) than to “good news” (or positive
shocks) of the equivalent magnitude.

In the deterministic volatility context, Nelson (1991) suggests modelling this type of stylized
facts by introducing the Exponential GARCH model (EGARCH), which takes into account the
asymmetric responses to positive and negative returns. The standard way to incorporate asymmet-
ric volatility in an SV model is to allow the shocks of returns and future volatility to be correlated
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(Jacquier et al., 2004).

However, allowing a correlation between returns and volatility is not the only way to construct
an asymmetric stochastic volatility model. In fact, threshold modelling introduced by Tong (1978)
has been adopted to reproduce asymetric behaviour and to capture the leverage effect exihibited
by financial returns. In the deterministic volatility framework, Zaköıan (1991, 1994) introduce
the so-called threshold GARCH (TGARCH). This class of models has been enlarged by Rabem-
ananjara and Zakoian (1993). From this angle, Li and Li (1996) introduce the double-threshold
autoregressive conditional heteroscedastic (DTARCH) where a piecewise linear representation has
been considered for both conditional mean and conditional variance. With this in mind, Liu et al.
(1997) further extend this model Double Threshold GARCH model. Li (2009) gives an extensive
survey of the threshold approaches to model volatility changes with ARCH-type models.

From an intuitive point of view, it seems natural to extend the threshold idea to the SV case.
Indeed, Breidt (1996) proposed the threshold autoregressive SV model. Based on Tong’s pioneering
work, the proposed model assumes that, according to the nature of the information whether is good
or bad, the volatility dynamics follows a two-regimes threshold model, where the log-volatility in
each regime is governed by a first order autoregressive model and the transition between regimes is
determined according to the lagged stock returns signs. A similar appproach has been established
by So et al.(2002) where the threshold SV model has been constructed to capture simultaneously
the mean and variance asymmetries.

Empirical studies have shown that asset prices have different volatility reaction for good and bad
news (Bekaert and Wu, 2000). When the return on the price of an asset exceeds a certain positive
threshold ru, the market can affirm the advent of good news. While the bad news is only confirmed
when return crosses another negative threshold, rl. The interval (rl; ru] serves as a buffer zone, no
information comes in when the return fall within the buffer zone and volatility structure is also as-
sumed to remain unchanged. It is clear that this fact, cannot be captured by the classical threshold
model since it considers only a single threshold parameter. To deal with this kind of situations,
Li et al. (2012 ,2015) discussed in a introductory paper untiteld ”Hysterisis autoregressive time
series model” where a new more felxible regime switching mechanism is defined. This mechanism
is based on the replacement of the single threshold paramter by a zone which is called ”hysterisis
zone”. The hysterisis zone and the model are later reffered, respectively as the buffer zone and
buffered AR (BAR) model, in Zhu et al. (2014) and Zhu et al. (2017). More precisely, the time
series is at the ”lower” regime when the threshold variable down-crosses a threshold rl; and it is at
the ”higher” regime when the threshold variable up-crosses another threshold ru and it keeps the
regime unchanged as long as falls in (rl, ru]. This idea was adopted in the deterministic modelling
of the volatility in Lo et al. (2016), in which they propose a threshold conditional heteroscedastic
model called the buffered threshold GARCH.

In this work, we adopt this idea in the context of SV modelling. Considering the same new
flexible regime-switching mechanism, we define a new threshold stochastic volatility model that
we call Buffered Stochastic Volatility (BSV ) model. This model generalizes Breidt′s threshold
stochastic volatility model and attempts to highlight the nonlinearity in assets returs’s dynamic
and provide a better explanation of the asymmetry and leverage effect in financial time series.
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Abstract

In this paper we give the generalization of lifted codes over any finite chain ring. This has been
done by using the construction of finite chain rings from p-adic fields.

Key words: valuation rings, finite chain rings, lifted codes.

1 Introduction

Finite commutative chain rings are finite local rings whose maximal ideals are principal, they can
also be constructed from p-adic fields [4]. Let K be a finite extension of the field of p-adic numbers
Qp with residue degree r and ramification index s, let OK be the ring of integers of K and π be a
prime of K. Then OK/π

(n−1)s+t is a finite commutatice chain ring of invariants (p, n, r, s, t) and
every finite commutative chain ring can be obtained in this way.
Codes over finite rings have received a good deal of attention, due to the interesting results that have
been obtained from studying this codes and there relationship with lattices construction. p-adic
codes were studied in [1] where Calderbank and Sloane investigated codes over p-adic integers and
studied lifts of codes over Fp and Zpe and to the p-adic integers. Lifted codes over finite chain rings
were studied in [2], however the study is restricted to the finite chain rings of the form Fq[t]/〈tk〉.
Dougehrty used codes over p-adic integers to lift codes over finite chain rings and study this codes
in this concept.
In this paper we propose to investigate the definition of finite chain rings as non-trivial quotient of
ring integers of p-adic fields to give a general and a unified treatment valid for all finite chain rings.

2 Preliminaries

We start by giving the general background of p-adic fields. Let p be a prime number, and let x be
an element of the rational field Q, then x can be written in a unique way; x = pam

n , where m ∈ Z∗
and n ∈ N∗ such that m and n are not divisible by p. We define the p-adic valuation and the p-adic
valuation of x as follow: Let p be a prime number, and let x be an element of the rational field Q,
then x can be written in a unique way; x = pam

n , where m ∈ Z∗ and n ∈ N∗ such that m and n
are not divisible by p. We define the p-adic valuation and the p-adic valuation of x as follow:

Definition 1 The p-adic valuation on the rational field Q is defined as:

vp(0) = +∞ ; vp(x) = a, where x = pa
m

n
.

Definition 2 The p-adic norm is an ulrametric absolute value given by

|x|p = p−vp(x).
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Definition 3 The completion of Q by | · |p is the field of p-adic numbers and we denote it by Qp.

The next proposition characterize the field of p-adic numbers Qp.

Proposition 1 1. The set Zp = {a ∈ Qp ; v(a) > 0} = {a ∈ Qp ; |a| 6 1} is a unitary subring
of Zp called the valuation ring or the ring of integers of Qp .

2. Qp = F(Zp) where F(Zp) is the field of fractions of Zp.

3. m = {a ∈ Qp ; v(a) > 0} = {a ∈ Qp ; |a| < 1}, is the unique maximal ideal of Zp, and it is
generated by p and we write m = 〈p〉.
m is called ideal of the valuation v, and Zp is a local ring.

4. The quotient ring k = Zp/m = Fp is a field called residual field of the valuation v.

2.1 Finite algebraic extension of Qp

Let K be a finite algebraic extension of Qp of degree n then

1. the ring of integers of K is denoted by OK such that

OK = {a ∈ Qp ; w(a) > 0}

2. let mK be the maximal ideal of OK , and let π be in mK but not in m2
K such that w(π) = 1

then we say that π is an uniformizer of OK .

3. The maximal ideal of the ring OK is generated by the uniformizer π and we write mK = 〈π〉.
4. OK/mK = Fpf we say that f is the inertial degree.

5. [K : Qp] = n = ef where e is ramification index.

3 Finite Chain Rings and Lifted Codes

According to [7] every finite chain ring is of the form:

R = GR(pn, r)[X]/(g, pn−1xt),

where GR(pn, r) is a Galois ring of i.e, a Galois extension of Fpn of degree r and g ∈ GR(pn, r)[x]
is an Eisenstein polynomial of degree e. The five integers (p, n, r, e, t) associated to the finite chain
ring R are called the invariant of R.
Finite commutative chain rings can also be constructed from p-adic fields since finite commutative
chain rings are the nontrivial quotients of rings of integers of p-adic fields see [4] and [5].

Proposition 2 [5] Let K be a finite extension of Qp such that [K : Qp] = n with residue degree r
and ramification index e. Let OK be the ring of integers of K and π a prime of K, then

OK/π
sOK

∼= GR(pn, r)[X]/(g, pn−1xt).

Remark 1 A linear code C over a finite chain ring R is a submodule of R.

We define Ri = OK/π
iOK = {a0 + a1π

1 + ...+ ai−1πi−1}; ai ∈ OK .
Since every finite chain ring is isomophic to a nontrivial quotients of rings of integers of p-adic
fields, then the Ri are finite chain ring. We define the ring of power series in π with coefficient in
a finite chain ring R = OK/π

sOK as follow

R∞ = {
∞∑

i=0

aiπ
i ; ai ∈ OK}

In the next theorem we investigate the definition of formel power series and the connection
between finite chain rings and nontrivial rings of integers of p-adic fields to give a generalisation of
the construction given in [2].

Theorem 1 The ring of formel power series in π with coefficient in a nontrivial quotients of rings
of integers of K is the ring of integers of K:

R∞ = OK .
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For tow integers i < j, we define a map as in [2] as follow:

Ψj
i : Rj → Ri

j−1∑

l=0

alπ
l 7→

i−1∑

l=0

alπ
l.

(3.1)

If we replace Rj with R∞ then we denote Ψ∞i by Ψi. For two element a, b ∈ R∞, we have that

Ψi(a+ b) = Ψi(a) + Ψi(b), Ψi(ab) = Ψi(a)Ψi(b).

The two maps Ψi and Ψj
i can be extended naturally from Rn

∞ to Rn
i and Rn

j to Rn
i respectively.

Now we define the lifts of a code over a finite chain ring.

Definition 4 [2] Let i, j be two integers such that 1 ≤ i ≤ j < ∞, we say that an [n, k] code C1

over Ri lifts to an [n, k] code C2 over Rj, denoted by C1 ≤ C2, if C2 has a generator matrix G2

such that Ψj
i (G2) is a generator matrix of C1. It can be proven that C1 = Ψj

i (C2). If C is a [n, k]
π-adic code, then for any i <∞, we call Ψi(C) the projection of C. We denote Ψi(C) by Ci.

Lemma 1 Let C be a linear code over Ri and C̃ be the lifted code of C over Rj, where i < j 6∞.

Then if C is free over Ri then C̃ is free over Rj.

From (3.1) we get the next series of chain rings as follows:

R∞ → · · · → Rs · · · → Rs−1 → Rm → · · · → R1;

where

1. R1 = OK/πOK
∼= Fpr

2. Rm = OK/π
mOK

3. Rs−1 = OK/π
s−1OK

4. Rs = OK/π
sOK

5. R∞ = OK
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Abstract

Let G = (V,E) be a simple graph. A non-empty set S ⊆ V is called a global offensive alliance
if S is a dominating set and for every vertex v in V −S, at least half of the vertices from the closed
neighborhood of v are in S. The global offensive alliance number is the minimum cardinality of a
global offensive alliance in G. In this paper, we give a constructive characterization of trees having
a unique minimum global offensive alliance and giving a relationship between some global strong
alliance parameters.

Key words :Domination, global offensive (defensive) alliance, char- acterization, trees.

1 INTRODUCTION

For a graph G = (V,E), a set S ⊆ V is a dominating set if every vertex in V − S has at least a
neighbor in S. A dominating set S is a global offensive (respectively, defensive) alliance if for each
vertex in V −S (respectively, in S) at least half of the vertices of the from the closed neighborhood of
v are in S. The domination number γ(G) is the minimum cardinality of a dominating set of G, and
the global offensive alliance number γo(G) (respectively, global defensive alliance number γa(G))
is the minimum cardinality of a global offensive alliance (respectively, global deffensive alliance) of
G.

The alliance is called global strong defensive (respectively, global strong offensive) if a strict
majority of vertices from the closed neighborhood of v are in S (respectively, in V − S). The
global strong defensive alliance number γâ(G) (respectively, global strong offensive alliance γô(G))
is the minimum cardinality of a global strong defensive alliance (respectively, global strong offensive
alliance) of G. The disjoint union of k copies of G is denoted by kG

Graphs with unique minimum µ-set, where µ is a some graph parameter, is another concept
to which much attention was given during the last two decades. For example, graphs with unique
minimum γ-set were first studied by Gunther et al [1]

The aim of this paper is to characterize all trees having unique minimum global offensive alliance
set. We denote such trees as UGOA-trees, and giving a relationship between global strong alliance
parameters.
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2 Preliminary results

We give in this section the following observations.

Observation 1 Let T be a tree of order at least three and u ∈ S(T ). Then,

(i) there is a γo (T )-set that contains all support vertices of T ,

(ii) if D is a unique γo (T )-set, then D contains all support vertices but no leaf,

(iii) if lT (u) ≥ 2, then u belongs to any γo-set(T ).

Observation 2 Let T be a tree obtained from a nontrivial tree T ′ by joining a new vertex v at a
support vertex u of T ′. Let D and D′ be γo (T )-sets of T and T ′, respectively. Then,

(i) |D′| = |D| ,
ii) D ∩ V (T ′) is a γo (T ′)-set,

(iii) if T is a UGOA-tree such that u is in any γo (T ′)-set, then T ′ is a UGOA-tree.

Observation 3 Let T be a tree obtained from a nontrivial tree T ′ different from the path P2 by
joining the center vertex y of the path P3 = x-y-z at a support vertex v of T ′. Let D and D′ be
γo (T )-sets of T and T ′, respectively such that each of them contains all support vertices. Then,

(i) |D′| = |D| − 1,

(ii) D ∩ V (T ′) is a γo (T ′)-set,

(iii) if T is a UGOA-tree, then T ′ is a UGOA-tree.

Observation 4 Let k be a positive integer and let T be a tree obtained from a nontrivial tree T ′

by adding kP2 joining k pairwise non-adjacent vertices of kP2 to the same leaf v of T ′. Let w be
the support vertex adjacent to v, and let D and D′ be γo (T )-sets of T and T ′, respectively. If
w ∈ D ∩D′, then the following three properties are satisfies.

(i) |D′| = |D| − k,
(ii) D ∩ V (T ′) is a γo (T ′)-set,

(iii) if T is a UGOA-tree, then T ′ is a UGOA-tree.

Observation 5 Let V (T ′) be the vertex-set of a nontrivial tree T ′, and let D′ be a γo(T
′)-set such

V (T ′)−D′
has a vertex w with degree q ≥ 2 and |NT ′(w) ∩ (V (T ′)−D′)| ≤ 1. Let p be a positive

integer such that 



p ≤ q − 1 if |NT ′(w) ∩ (V (T ′)−D′)| = 0,
or

p ≤ q − 3 if |NT ′(w) ∩ (V (T ′)−D′)| = 1.
(1)

Let T be a tree obtained from T ′ by adding p subdivided stars SSk1 , . . . , SSkp (ki ≥ 2 for all i) with
centers x1, x2, . . . , xp, respectively, and joining each xi (1 ≤ i ≤ p) at w. Let D be a γo-set of T .
If w and x1, x2, . . . , xp are not in D, then the following three properties are satisfied.

(i) |D′| = |D| −
p∑
i=1

ki,

(ii) D ∩ V (T ′) is a γo (T ′)-set,

(iii) if T is a UGOA-tree, then T ′ is also a UGOA-tree.
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3 The main result

In order to characterize the trees with a unique minimum global offensive alliance, we define a
family F of all trees T that can be obtained from a sequence T1, T2, . . . , Tr (r ≥ 1) of trees, where
T1 is the path P3 centered at a vertex y, T = Tr, and if r ≥ 2, Ti+1 is obtained recursively fom Ti
by one of the following operations. Let A (T1) = {y} .

• OperationO1 : Attach a vertex by joining it to any support vertex of Ti. Let A (Ti+1) = A (Ti) .

• Operation O2 : Attach a path P3 = u-v-w by joining v to any support vertex of Ti. Let
A (Ti+1) = A (Ti) ∪ {v} .

• Operation O3 : Let B be a set of k ≥ 1 pairwise non-adjacent vertices of kP2. Add kP2 and
attach all vertices of B to a same leaf in Ti, where its support vertex w in Ti satisfies one of
the following conditions.

1. lTi
(w) ≥ 3,

2. |NTi [w] ∩A(Ti)| < |NTi(w) ∩ (V (Ti)−A(Ti)| or

∗ either lTi(w) = 2 and NTi(w)−A(Ti) has a vertex wt such that |NTi(wt) ∩A(Ti)| ≤
|NTi

[wt] ∩ (V (Ti)−A(Ti)|+ 1,

∗ or lTi(w) = 1 and NTi(w) − A(Ti) has two vertices wp, wq so that for l = p, q,
|NTi

(wl) ∩A(Ti)| ≤ |NTi
[wl] ∩ (V (Ti)−A(Ti)|+ 1.

Let A (Ti+1) = A (Ti) ∪B.

• Operation O4 : Let w ∈ V (Ti) − A (Ti) be a vertex of degree q ≥ 2 in Ti such that
|NTi

(w) ∩ (V (Ti)−A (Ti))| ≤ 1. Attach p ≥ 1 subdivided stars SSki (ki ≥ 2 for 1 ≤ i ≤ p)
with support vertex-set S (SSki) and of center xi by joining xi to w for all i such that

p ≤
{
q − 1 if |NTi(w) ∩ (V (Ti)−A (Ti))| = 0,
q − 3 if |NTi

(w) ∩ (V (Ti)−A (Ti))| = 1.

Let A (Ti+1) = A (Ti) ∪ (∪pi=1S (SSki)).

Before stating our main result, we need the following lemma.

Lemma 6 If T ∈ F , then A (T ) is the unique γo (T )-set.

Corollary 7 Let T ∈ F and S(T ) be a set of support vertices in T . Then γo (T ) > |S(T )| .

Theorem 8 A tree T is a UGOA-tree if and only if T = K1 or T ∈ F .

Theorem 9 [2]: For any tree T of order n, γo(T ) ≤ βo(T ) ≤ γô(T ).

Theorem 10 [3]: For any tree T of order n ≥ 3, γâ(T ) ≤ 3βo(T )−1
2 .

Theorem 11 For any tree T of order n ≥ 3, γâ(T ) 6 3γô(T )−1
2 .
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Abstract

The conventional quadratic programming with constraints is known to be a Sustain-
able modeling and a solution framework for many optimization problems, including finan-
cial analysis[13], social psychology, computer aided design computer-assisted and cellular cell
allocation (allocation).

In this work, we are interested in the case of the portfolio problem, in addition to the
classical constraints, the constraint known in the literature under the name of ”Cardinality
constraint”. The quadratic program with mixed variables obtained takes considering multiple
quadratic functions to optimize simultaneously. Thus, the problem is treated as a multi-
objective quadratic optimization problem.

Optimizing the portfolio is one of the most important issues for efficient and economic
investment. For this, there is a lot of research work in the literature dealing with this is-
sue. Most of this work considers the problem Markowitz and try to make it more realistic
(yield maximization and Minimize risk simultaneously), or seek to solve the model to obtain
Portfolios quite optimum.

For the purpose of approximating the Pareto set, we propose a hybrid metaheuristic, which
is based on the schema of a memetic algorithme, it combines a genetic algorithm and A local
search algorithm, tabu search.
Keywords: Mixed quadratic programming, portfolio optimization,tabu search, evolutionary
multiobjective optimization.

Introduction

The allocation of limited capital to the various available financial assets is one of the main
problems of financial management. Commonly, the decision will be based on certain forms of
quantitative measures, most often the expected return on the portfolio and its associated
risk, ie: the variance of return.

Intuitively, for a target at a fixed level of return, portfolio managers will seek to minimize
risk. An optimal portfolio is one that has a maximum return with a minimum risk and all
of the optimal portfolios will form the effective border. Mainly, the ultimate goal of portfolio
optimization is to balance the expected risk and return through diversification and to achieve
effective frontiers under various practices constraints arising from the regulation of companies
and industry.

To build a portfolio, portfolio managers must choose both the type of asset and its quantity
(proportion or units). This combinatorial optimization problem has a very complex research
space due to the abundant choice of assets available.

Thus, optimizing the portfolio builds a challenge for efficient optimization techniques.
Although many calculation techniques have been developed for this purpose, the most of them
are single-objective approaches, although this problem clearly consists of two contradictory
objectives. However, there is an increasing number of multi-objective approaches developed,
in particular multi-objective metaheuristic methods (evolutionary algorithms, tabu search).
The main advantage of applying multi-objective metaheuristics to portfolio optimization is
that an estimate of the efficient risk-return frontier can be obtained in a single pass compared
to the multiple executions required in the case of single-objective approaches.

Most early work on metaheuristic methods adopts the Markovitz model without the con-
straint of medium variance, which is impractical in the real world of investment management
because portfolio managers are often faced with a number of realistic constraints Resulting
from the regulation of business, and industry regulations. While further research incorporated
them into the optimization model, a thorough analysis that examined how these constraints
affect the progression of evolutionary research and the feasible effective frontier are sorely
lacking.

1
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Our work aims to consider a more realistic model of portfolio optimization by considering
the classical constraints of the problem, as well as the cardinality constraint, and to analyze
their effects on the effective realizable boundary. To this end, a hybrid metaheuristic based
on the schema of a mimetic algorithm while combining a genetic algorithm and a local search
algorithm will be adapted to the problem.

Problem formulation

The portfolio selection problem consists in selecting a portfolio of assets that provides the
investor a given expected return and minimizes the risk. One of the main contributions in this
problem is the seminal work by Markowitz [9], who introduced the so-called mean-variance
model, which takes the variance of the portfolio as the measure of risk.optimization problem
over real-valued variables with a quadratic objective function and linear constraints.

Following Markowitz, we are given a set of n assets, A = {a1, · · · , an}. Each asset ai has
an associated real-valued expected return (per period) µi, and each pair of assets (ai, aj) has
a real-valued return covariance σij . The matrix σn×n is symmetric and the diagonal elements
σii represent the return variance of assets ai. The values µi and σij are usually estimated
from past data and are relative to one fixed period of time. A portfolio is a vector of real
values X = {x1, · · · , xn} such that each xi represents the fraction invested in asset ai. The
value

∑N
i=1

∑N
j=1 xixjσij represents the variance of the portfolio, and is considered to be the

measure of risk associated with the portfolio.
According to Markowitz, the problem is to minimize the overall variance while ensuring the

minimum required return, or maximise the expected return on the portfolio for a given level
of risk. While investors hope to achieve from portfolio optimization is to maximize portfolio
returns and minimize portfolio risk. Since return is compensated based on risk, investors
have to balance the risk-return tradeoff for their investments. Therefore, there is no a single
optimized portfolio that can satisfy all investors. An optimal portfolio is determined by an
investor’s risk-return preference.

For this we considering in this work the following portfolio problem with multiple objective:
Recital

• N the number of available assets

• µi expected average of the ith active

• σij The covariance between the ith and the jth active

• K the number of assets that compose the portfolio (K < N)

• li the minimum inversion ratio allowed in the ith active.

• ui the maximum inversion ratio allowed in the ith active.

• m the number of objective functions to optimize

In order to model the additionnel constraints imposed for dealing with the real-world financial
markets, we define the following variable yi

yi =

{
1 if the ith asset will be selected
0 otherwise, i = 1, . . . , N .

And the variable

xi = The portion of money invested in the ith asset 0 6 xi 6 1, i = 1, . . . , N . .

Thus the optimization problem can be formulated as follows:

minZk(x) =

N∑

i=1

N∑

j=1

xixjσij ; k = 1 · · ·m (1)

max

N∑

i=1

xiµi (2)

subject to:
N∑

i=1

xi = 1 (3)

N∑

i=1

yi = K (Cardinality constraint) (4)

liyi 6 xi 6 uiyi , with i = 1 · · ·N (5)

yi ∈ {0, 1} , with i = 1 · · ·N (6)

Equation (1) minimizes the total spread (risk) associated with portfolio assets. The equa-
tion (2) maximizes the profit associated with the asset portfolio. Equation (4) Sets the number
of assets to invest in K. Finally, equation (5) imposes the maximum and minimum inversions
allowed for each asset.

2
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Abstract

In this paper, we define a simplex and MacDonald code of type α over R2 = R2 + vF2, where
R2 = F2 +uF2, u2 = u, uv = vu = 0 and v2 = v, we calculate the Hamming, Lee and homogeneous
weight. We also study the Gray images of these codes.

Key words : Simplex code; MacDonald code; Lee weight; Gray map.

1 Introduction

Mathematical background was at the beginning very little, but recently there exist various math-
ematical tools, like the rings theory, which has been exploited in coding theory. Who has now
become an active part of mathematical and informatics researches. Much attention has been de-
voted to the problem of construction of codes over a finite ring especialy in [1], [2] and [3]. For
this, the aim of this paper is to develop the fundamentals of the theory of linear codes over some
classes of finite rings which are given by the following form R2 = R2 + vF2, where R2 = F2 + uF2,
u2 = u, uv = vu = 0 and v2 = v.

2 Preliminaries

Let R2 = R2 + vF2 be the commutative ring with characteristic 2, where R2 = F2 + uF2, u2 = u,
v2 = v and uv = vu = 0. The ring R2 can be expressed as follows:

R2 = R2 + vF2 = {χi = ξi + vci|ξi ∈ F2 + uF2 and ci ∈ F2}.

The ring R2 is a finite principal ideal ring, and |R2| = 23. This ring is non-chain ring, but it is
a Frobenius ring. A linear code C of length n over R2 is defined to be an additive submodule of
the R2-module Rn2 . Let x = (x1, x2, . . . , xn) and y = (y1, y2, . . . , yn) be any two elements of Rn2 ,

we define the inner product over R2 as 〈x, y〉R2 =
∑i=n
i=1 xiyi, The dual code C⊥ of C is defined by

C⊥ = {x ∈ Rnq |〈x, y〉R2
= 0 for all y ∈ C.} If C ⊂ C⊥, we say the code is self-orthogonal, and if

C = C⊥ then we say the code is self-dual.

3 Main results

1. We construct of simplex codes over the ring R2 of type α.

Theorem 1 The generator matrix Gα,2k of Sα,2k , a linear simplex code over R2 of type α take
the form

Gα,2k = (1− u− v)Gαk + (u)σ1(Gαk ) + (v)σ2(Gαk ) , (3.1)
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where Gαk =




22sk︷ ︸︸ ︷
Gαk Gαk . . . Gαk


 , with σi(Gαk ) and Gαk (σi(Gαk ) ≈ Gαk ), 1 ≤ i ≤ 2 are

equivalent matrices and Gαk is the genrator matrix of a simplex linear codes over F2, of type
α.

2. We construct of MacDonald codes over the ring R2 of type α.

Theorem 2 The generator matrix Gα,2k,t ofMα,2
k,t , a linear MacDonald codes over R2 of type

α is given by

Gα,θk,t = (1− u− v)Gαk,t + (u)η1(Gαk,t) + . . .+ (v)ηθ(Gαk,t) , (3.2)

were Gαk,t =




22sk︷ ︸︸ ︷
Gαk,t Gαk,t . . . Gαk,t


 , with, ηi(Gαk,t) and Gαk,t (ηi(Gαk,t) ≈ Gαk,t), 1 ≤ i ≤ 2,

1 ≤ t ≤ k − 1 are equivalent matrices and Gαk,t is the genrator matrix of a MacDonald linear
codes over F2, of type α.

3. We construct binary images of these codes.

4 Conclusion

In this paper, we study the simplex and MacDonald codes of types α over R2 and the binary images
under the Gray map of these codes have been presented.
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Abstract

In this work, we de�ne the n× n power GCED matrices and their reciprocal de�ned on a non
exponenetial factor-closed set. A complete characterization of their factorizations, determinants,
reciprocals, and inverses are given.

Key words :Power Matrix, GCED Matrix, Factor-Closed Set and Exponential Factor-Closed Set.

1 Introduction

Let S= {x1,x2,...,xn} be a well ordered set of n distinct positive integers with x1 < x2 < ... < xn.
The n×n matrix (S) = (sij) = (xi,xj), where (xi,xj) is the greatest common divisor of xi and xj ,
is called the (GCD) matrix de�ned on the set S. A set S = {x1,x2,...,xn} is called a factor closed
set if it contains every divisor of x for any x in S. In 1876, Smith [12] showed that the determinant
of the n× n matrix [(i,j)] de�ned on the well ordered set {1,2,3,...,n}, where each ij-entry is the

greatest common divisor of i and j, is
n

Π
i=1
φ(i), where φ (x) is the Euler's totient function of the

positive integer x. Smith also showed that if S = {x1,x2,...,xn} is a well ordered factor-closed set,

then the determinant of the GCD matrix de�ned on S is
n

Π
i=1
φ (xi) . Many generalizations of the

structure theorems, determinants and inverses of the GCD matrices have been obtained, see ([6],
[8], [2] and [14]).Beslin and Ligh ([1], [4], [3]) studied the structures, and discussed the determinants
of the GCD matrices in some generalized cases.

Subrarao [13] introduced that an integer d =
t

Π
i=1
pai
i is called exponential divisor of m =

t

Π
i=1
pbii

if ai | bi for every 1 ≤ i ≤ t and is denoted by d |e m. NoteNote that 1 is not an exponential
divisor for every m >1 ( 1 |e 1). If n and m have the same prime factors then they have common
exponential divisor. The GCED (greatest common exponential divisor) of two integers m and n
be denoted by (m,n)e. By convention (1,1)e = 1 and (1,m)e does not exist for every m > 1. Two

integers m =
r

Π
i=1
pbii and n =

r

Π
i=1
pcii are exponentially co-prime if gcd(bi,ci) = 1 for every 1 ≤ i ≤ r.

We denote the LCEM of two integers m and n by [m,n]e. By convention [1,1]e = 1 and [1,m]e
does not exist for every m > 1. If the exponential divisor of every element of S belongs to S, then
the set S = {x1,x2,...xn} is called exponential factor closed. In 2015, Raza and Waheed ([9], [10])
introduced the concept of the GCED matrices. They gave a general formula for their structures,
determinants, reciprocal and inverses. They calculated their determinants when S is de�ned on
both exponential factor-closed and non exponential factor-closed sets. In this article, we de�ne the
n × n power GCED matrices de�ned on non exponential factor-closed sets. We gave a complete
characterization of their structure. Their determinants are calculated and �nally we found their
reciprocals as well as their inverses.
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1.1 GCED Power Matrix

We de�ne the power GCED matrix de�ned on an ordered set of n distinct integers greater than
1. Suppose T= {x1,x2,...,xn} is an ordered set with x1 < x2 < ... < xn. The power GCED matrix
(T z)(e) is a square matrix such that (T z)(e) = tij having tij= (xi,xj)

z
e as its ijth entry, where the

greatest common exponential divisor of xi and xj is (xi,xj)e and z is any real number.

De�nition 1 Let R = {y1,y2,...,ym} such that y1< y2< ... < ym be the minimal exponential divisor-
closed set containing T (exponential closure of T ). Note that Power GCED matrices are symmetric.
If n = pc11 pc22 ...p

cr
r , then the arithmetic function h(n) is de�ned as

h(n) =
∑

a1b1=c1

∑

a2b2=c2

...
∑

arbr=cr

pza1
1 pza2

2 ...pzar
r µ(e)

(
pb11 pb22 ...p

br
r

)
.

1.2 Structure of Power GCED Matrix

Theorem 1 Let T= {x1,x2,...,xn} be an ordered set of distinct positive integers and R = {y1,y2,...,ym}
be the exponential closure of T . Then, (T z)(e) = CΨCt where Ψ is the m × m diagonal ma-

trix such that aii = h (yi) and C = (cij) is the n × m incidence matrix of R on T such that

cij =

{
1, yj |e xi
0, otherwise

.

1.3 Determinant and Trace of Power GCED Matrix

Theorem 2 Suppose that R = {y1,y2,...,ym} is the exponential closure of T= {x1,x2,...,xn}. If
C(k1,k2,...,kn

) is the sub matrix of C consisting of the kth1 ,k
th
2 ,...,k

th
n columns of C, then

det (T z)(e) =
∑

1≤k1≤k2≤...≤kn≤m
det(C(k1,k2,...,kn

))2h(yk1
)h(yk2

)...h(ykn
).

Theorem 3 If T = R = {x1,x2,...,xn} is an exponential-factor closed set of distinct positive

integers. Then, det (T z)(e) =
n

Π
k=1

h(xk) and tr(T z)(e) =
n∑

i=1

xzi .

1.4 Inverse of Power GCED Matrix

Lemma 1 Let T= {x1,x2,...,xn} be an exponential-factor closed set of distinct positive integers
and let C be the incidence matrix relative to T , such that cij = 1 if xj |xi and 0 otherwise. The

inverse of C is the matrix M with entries mij such that mij =

{
µ(e)

(
xi

xj

)
, xj |exi

0, otherwise
.

Theorem 4 The inverse of power GCED matrix de�ned on an exponential-factor closed set is the

square n× n matrix (A)(e) = (aij)e such that (aij)e =
∑

xi|exd

xj |exd

µ(e)

(
xd
xi

)
µ(e)

(
xd
xj

)

g(xd)
.

2 Reciprocal Power GCED Matrix

In this section, we give the structure, the trace, the inverse and the determinant of reciprocal power
GCED matrix.
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3 Structure of Reciprocal Power GCED matrix

Suppose that T= {x1,x2,...,xn} is an ordered set of positive integers. The square matrix

( −
T z

)

(e)

=

tij is the Reciprocal power GCED matrix where its' ijth entries are of the form tij =
1

(xi,xj)
z
e

.

De�ne arithmetic function g(n), where n = (pc11 pc22 ...p
cr
r ) , as

g(n) =
∑

a1b1=c1

∑

a2b2=c2

...
∑

arbr=cr

1

pza1
1 pza2

2 ...pzar
r

µ(e)
(
pb11 pb22 ...p

br
r

)
.

Theorem 5 Let T= {x1,x2,...,xn} be an ordered set of distinct positive integers and R = {y1,y2,...,ym}
be the exponentail closure of T . Then,

( −
T z

)

(e)

= CECt where E is the m × m diagonal ma-

trix such that aii = g (yi) and C = (cij) is the n × m incidence matrix of R on T such that

cij =

{
1, yj |e xi
0, otherwise

.

3.1 Determinant and Trace of Reciprocal Power GCED Matrix

Theorem 6 Let R = {y1,y2,..,ym} be the exponential closure of the set T= {x1,x2,...,xn}. If
C(k1,k2,...,kn

) is the sub matrix of C having kth1 ,k
th
2 ,...,k

th
n as the columns of C, then

det

(−
T

z)

(e)

=
∑

1≤k1≤k2≤...≤kn≤m
det(C(k1,k2,...,kn

))2g(yk1
)g(yk2

)...g(y
kn

).

Theorem 7 If T = R = {x1,x2,...,xn} is an exponentaially factor-closed set. Then, det (
−
T

z

)(e) =
n

Π
k=1

g(xk) and tr(
−
T

z

)(e) =
n∑

i=1

1

xzi
.

3.2 Inverse of Reciprocal Power GCED Matrix

Theorem 8 The inverse of Reciprocal power GCED matrix is the square n× n matrix (
−
A)(e) =

(aij)e such that (aij)e =
∑

xi|exk

xj |exk

µ(e)

(
xd
xi

)
µ(e)

(
xd
xj

)

g(xd)
.

4 Example

Example 1 Let T = {24,54,216} . The power GCED matrix (T )(e) on the set T is (T 2)(e) =


576 36 576
36 2916 2916
576 2916 46656


 . The set R = {6,24,54,216} is the exponential closure of T . The matrix C

is as follows C =




1 1 0 0
1 0 1 0
1 1 1 1


 small and C(1,2,3) =




1 1 0
1 0 1
1 1 1


 , C(1,2,4) =




1 1 0
1 0 0
1 1 1


 ,

C(1,3,4) =




1 0 0
1 1 0
1 1 1


 , C(2,3,4) =




1 0 0
0 1 0
1 1 1


 . Since h(6) = 36, h(24) = 540, h(54) = 2880,

h(216) = 43200, then
(
T 2
)
(e)

= CΨCt

=




1 1 0 0
1 0 1 0
1 1 1 1







36 0 0 0
0 540 0 0
0 0 2880 0
0 0 0 43200







1 1 1
1 0 1
0 1 1
0 0 1
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And

det(T 2)(e) =
∣∣C(1,2,3)

∣∣2 h(6)h(24)h(54) +
∣∣C(1,2,4)

∣∣2 h(6)h(24)h(216)+
∣∣C(1,3,4)

∣∣2 h(6)h(54)h(216) +
∣∣C(2,3,4)

∣∣2 h(24)h(54)h(216)

= 72559411200.
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Abstract

To the plethora of combinatorial interpretations of Catalan numbers, we propose one meaning
related to the number of solutions of a particular system of inequalities in n nonnegative variables.
Moreover, it implies a bijection between thoses solutions and quasi-threshold graphs of order n.

Key words : Ballot problem; Catalan numbers; Dyck paths; quasi-threshold graphs; chromatic
polynomials

1 Introduction

We give first the main objects of this work. That is, 1) Ballot numbers and Catalan ones, and also
2) the chromatic polynomial of (simple and loupeless) graphs, plus the quasi-threshold graphs class.

Suppose we have two candidates, A and B. They receive respectively a and b votes such that
a > b, that is b losts. The so-called Ballot problem consists of finding the probability and hence
the number of vote-counting sequences such that at each step A stays ahead of B. Lets note this
number ca,b.

Now, given an integral lattice, a good path is a path going from the coordinates (0, 1) to (a, b),
using north and east steps, and satisfying the condition that it remain under the diagonal y = x.
The number of possible good paths is exactly ca,b = a−b

a+b

(
a+b
a

)
[3].

Catalan numbers are involved on a special case of Ballot problem, where the two candidates
A and B have both n votes. We want know the number of vote-counting sequences such that the
votes in favor of A are superior or equal to those of B.

In this special case, good paths are called Dyck path and going from (0, 0) to (n, n) whith the
condition that crossing the line y = x is forbidden (but touching it is allowed). The number of
Dyck paths going from (0, 0) to (n, n) is exactly the n-th Catalan number [3]

Cn =
1

n

(
2n

n− 1

)
. (1.1)

The chromatic polynomial of a graph G = (V,E), P (G,λ), counts the number of proper
λ−coloring of G, that is the number of functions f : V → [λ] such that f(v) 6= f(w) if v et
w are adjacents. As the name suggests, P can also be seen as a polynomial in Z[λ]. (See mono-
graph [1]).

Finally, Quasi-threshold graphs have many characterizations, but we choose the recursive one.
We will paraphrase the definition given in [4]. Thus, quasi-threshold graphs can be constructed
recursively, starting by an isolated vertex and using one of the following rules in each step:
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1) add an isolated vertex,
2) a dominant one
or 3) a vertex which is dominant to some of the connected components.

2 An algebraic representation of Cn

Let x = (x1, . . . , xn) be in Nn and (S) a system of linear inequalities involving x such that

k ≤ x1 + · · ·+ xk ≤ n, 1 ≤ k ≤ n. (2.1)

Now let Xn be the set of all feasible solutions of (S),

Xn = {(x1, . . . , xn) : xk ∈ N, k ≤
k∑

j=1

xj ≤ n, 1 ≤ k ≤ n}.

Using the correspondance between vote-counting sequences and Dyck paths we found the fol-
lowing.

Proposition 1.
|Xn| = Cn. (2.2)

Moreover, there’s a one-to-one correspondence between solutions of Xn and Dyck paths of lenght
2n.

Besides, the result above allows us to infer a characterization of quasi-threshold graphs, using a
well-known bijection between quasi-threshold graphs and Dyck paths (e.g. [2]), in addition to the
expression of [2] the chromatic polynomial of quasi-threshold graphs by the means of this bijection,
we state the following.

Proposition 2. Let Gn be graph of order n and P (Gn, λ) its chromatic polynomial written in the
following form

P (Gn, λ) = λx1(λ− 1)x2 · · · (λ− n+ 1)xn , (2.3)

where x1, . . . , xn are the orders of multiplicity of the roots 0, . . . , n− 1.
Then, Gn is a quasi-threshold graph if and only if x1, . . . , xn match with the constraints contained
in (S) .
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Abstract

The combinatorial interpretation of the bosonic normal ordering problem has led to the defi-
nition of several classes of combinatorial objects to generalize Stirling numbers. The B-diagrams
form one of them, and were indroduced by the authors in a previous paper. In the present abstact,
we investigate several enumeration formulas for B-diagrams and we list special examples involving
some classical integer sequences.

1 Introduction
Our main motivation is the deep understanding of the creation a+ and annihilation a operators
that satisfies the relation [a, a+] = 1. This operators are involved in the normal ordering problem
(see e.g. [2]). The creation and annihilation operators, denoted respectively by a† and a are
non-Hermitian operators acting on the Fock space by a†∣n⟩ = √

n + 1∣n + 1⟩ and a∣n⟩ = √
n∣n − 1⟩.

These operators generate the Heisenberg algebra abstractly defined as the free algebra generated
by the elements a, a† and quotiented by the relation [a, a†] = 1. Since J. Katriel pioneered the
study of the combinatorial aspects of the normal ordering problem [2] with the famous formula(a+a)n = ∑n

k=1 S(n, k)(a+)kak (where S(n, k) are the Stirling numbers of the second kind), several
papers proposed combinatorial and algebraic interpretations of these computations. In particular,
the authors [1] introduced the combinatorial class of B-diagrams in the aim to understand more
complicated product of operators.

After recalling the construction and the basics properties of B-diagrams in section 2, we give,
in section 3, some enumeration formulas and we apply it to several cases involving some classical
sequences of integers.

2 What B-diagrams are
Let ∣E∣ denote the cardinal of the set E, Ja, bK ∶= {a, a+1, . . . , b−1, b} for any pairs of integers a ≤ b,
E = E′ ⊎E′′ when E = E′ ∪E′′ and E′ ∩E′′ = ∅.
Definition 1 A B-diagram is a 5-tuple G = (n,λ,E↑,E↓,E) such that n is an integer, λ =[λ1, . . . , λn] with λi ∈ N∖ {0} for each i, E↑,E↓ ⊂ J1, λ1 +⋯+ λnK, E ⊂ {(a, b) ∶ a ∈ E↑, b ∈ E↓, v(a) <
v(b)} where v ∶ J1, λ1 +⋯+λnKÐ→ J1, nK is defined by v(k) = i if k ∈ Jλ1 +⋯+λi−1 + 1, λ1 +⋯+λiK,
finaly for each a ∈ E↑ and b ∈ E↓, the sets {(a, c) ∶ (a, c) ∈ E} and {(c, b) ∶ (c, b) ∈ E} contain at
most one element.

Graphically, a B-diagram is represented as a graph with n vertices. The vertex i has exactly λi

inner (resp. outer) half-edges labelled by Jλ1+⋯+λi−1+1, λ1+⋯+λiK. The inner (resp. outer) half
edges which does not belong to E↓ (resp. E↑) are denoted by ×. An element of E is represented
by an edge relying an outer half edge a of a vertex i to an inner half edge b of a vertex j with i < j.
For instance, the B-diagram (4, [3,2,1,2], J1,6K, J1,8K,{(1,7), (2,4), (3,8), (4,6)}) is represented in
Figure 1.

If G = (n,λ,E↑,E↓,E) we define some tools in the aim to manipulate more easily the B-diagrams
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Figure 1: An example of B-diagram

1. the number of vertices is denoted by ∣G∣ = n, the number of half-edges by ω(G) = λ1 +⋯+λn,
and the number of edges by τ(G) = ∣E∣,

2. the number of non used outer (resp. inner) half edges, h↑(G) = ω(G)−#e↑(E) (resp. h↓(G) =
ω(G) −#e↓(E)) where e↑(a, b) = a (resp. e↓(a, b) = b),

3. the set of non used outer (resp. inner) non cut half edges, H↑f(G) = E↑ ∖ e↑(E) (resp.
H↓f(G) = E↓ ∖ e↓(E)) ,

4. the number of non used outer (resp. inner) non cut half edges, h↑f(G) = #H↑f(G) (resp.
h↓f(G) = #H↓f(G)), the number of non used cut half edges, hc(G) = h↑(G) − h↑f(G) + h↓(G) −
h↓f(G),

5. the set of half edges associated to a vertex i, Ĥ(i) = Jλ1 +⋯ + λi−1 + 1, λ1 +⋯ + λiK,
6. the set of outer (resp. inner) non cut half edges associated to a vertex i, Ĥ↑f(i) = E↑ ∩ Jλ1 +⋯ + λi−1 + 1, λ1 +⋯ + λiK (resp. Ĥ↓f(i) = E↓ ∩ Jλ1 +⋯ + λi−1 + 1, λ1 +⋯ + λiK),
7. we will also use the map v of Definition 1; this map will be denoted vG in case of ambiguity.

We now recall how to interpret in an algebraic way the constructions on B-diagrams.

Definition 2 Let G = (n,λ,E↑,E↓,E) and G′ = (n′, λ′,E′↑,E′↓,E′) be two B-diagrams. For any
k ≥ 0, any strictly increasing sequence a1 < ⋅ ⋅ ⋅ < ak in H↑f(G) and any k-tuple of distinct integers

b1, . . . , bk in H↓f(G′), we define the composition
b1,...,bk☆
a1,...,ak

by

G′
b1,...,bk☆
a1,...,ak

G

= G′′, where G′′ is the 5 tuple

(n + n′, [λ1, . . . , λn, λ
′
1, . . . , λ

′
n],E′′↑,E′′↓,E′′) with

1. E′′↑ = E′↑ ∪ {i + ω(G) ∶ i ∈ E′↑} and E′′↓ = E′↓ ∪ {i + ω(G) ∶ i ∈ E′↓},
2. E′′ = E ∪ {(a`, b` + ω(G)) ∶ 1 ≤ ` ≤ k} ∪ {(a + ω(G), b + ω(G)) ∶ (a, b) ∈ E′}.

Note that the special case where k = 0 corresponds to a simple juxtaposition (∣) of the B-diagrams

(see Figure 2 for an example). We set G′∣G′′ ∶= G′′
☆
G′ . The operation ∣ endows the set of the

B-diagrams B with a structure of monoid whose unity is ε.

Definition 3 A B-diagram G is indivisible if G = G′∣G′′ implies G′ = G or G′′ = G. Let G denote
the set of indivisible B-diagrams.

It is worth noting that the space C[B] of B-diagrams, equipped with the juxtaposition operation
extended by distributivity to any linear combinations, is an algebra B isomorphic to the free algebra
C⟨Bi⟩ generated by the set Bi of indivisible B-diagrams.
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Figure 2: An example of composition when k = 0

3 Enumeration formulas
First, we recall an enumeration formula that the authors already stated in [1]. Let dp,q denote the
number of B-diagram G such that ω(G) = p and h↑f(G) = q.By solving an induction, we obtain

dp,q = p∑
i=1

i∑
j=0

i∑
k=0

j∑̀=0
`!(j
`
)(q − k + `

`
)(i
j
)( i
k
)dp−i,q−k+`, (1)

with the special cases d0,0 = 1 and dp,q = 0 if p, q ≤ 0 and (p, q) ≠ (0,0). This result can be
generalized for counting B-diagram that occurs in subalgebras of B.

Consider D a finite set of elementary B-diagrams i.e. diagrams G satisfying ∣G∣ = 1. We denote
by BD the set of the B-diagrams which are constructed by using only elements in D. Again, endowed
with the product ∣, BD is the free monoid generated by the set GD indivisible diagrams constructed
from D. We consider the subalgebra BD of B generated by BD. We observe that BD = C⟨GD⟩.
The fact that D is finite implies that the dimension of the subspace B[n]D spanned by the diagrams
G ∈ BD, such that ∣G∣ = n, is finite. The dimension βD

n of B[n]D are computed by recurrence as follows.
First consider the number κDn,p of B-diagrams G in BD with ∣G∣ = n and h↑f(G) = p. By lemma 15
in [1] we obtain

κDn,p = ∑
G∈D

h↓
f
(G)∑

j=0
j!(h↓f(G)

j
)(p − h↑f(G) + j

j
)κD

n−1,p−h↑
f
(G)+j

(2)

and so
βD

n = mn∑
p=0

κDn,p (3)

wherem = max{h↑(G) ∶ G ∈ D}. Denoting by dDn,p the number of B-diagrams G in BD with ω(G) = n
and h↑f(G) = p. Lemma 15 in [1] can be also derived as

dDn,p = ∑
G∈D

h↓
f
(G)∑

j=0
j!(h↓f(G)

j
)(p − h↑f(G) + j

j
)dD

n−∣G∣,p−h↑
f
(G)+j

. (4)

Notice that this formula remains valid even if D is an infinite set. Furthermore, in the special case
where D is the set of all elementary B-diagrams, we recover formula 1.
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The number αD
n of B-diagrams G ∈ BD such that ω(G) = n is given by

αD
n = n∑

k=0
dDn,k. (5)

We list below a (non exhaustive) series of special interesting cases:
1. Let F = {(1, [1],∅,{1},∅), (1, [2],∅,{1,2},∅)}. The monoid BF is freely generated by F.

Hence, with no surprise, βF
n = 2n and αF

n = Fn, the nth Fibonacci number.
2. Setting DW = {(1, [1],{1},{1},∅)}, we recover the results of section 5.1 in [1]. Obviously,

βDW
n = αDW

n = bn the nth Bell number and cDW
n = 1. Note also that κDW

n,p = dDW
n,p = Sn,k, the

Stirling number of second kind.
3. Setting DBW = {(1, [2],{1,2},{1},∅)}, we recover the results of section 5.2 in [1]. One has

βDBW
n = Ln, the number of set partitions into lists of J1, nK, αDBW

2n = βDBW
n , and αDBW

2n+1 = 0.
Notice also that cDBW

n = n!, this follows from the bijection between the connected elements
with n vertices and the permutations of Sn described in section 5.2 in [1]. Observe also that
the number of connected components of a B-diagram G ∈ BDBW

equals h↑f(G) − n. Hence,
κDBW

n,k = 0 if k < n and κDBW

n,k = Ln,k−n, the Lah number (called also Stirling number of third
kind) which counts the number of set partitions of J1, nK into k lists, otherwise. Also we have
dDBW

2n,p = κDBW

n,k and dDBW

2n+1,p = 0
4. Let S = {(1, [1],∅,{1},∅), (1, [1],{1},∅,∅)}. There are only three connected B-diagrams

in BS: A1 ∶= (1, [1],∅,{1},∅), A2 ∶= (1, [1],{1},∅,∅), and B ∶= (2, [1,1],{1},{2},{(1,2)}).
Hence, the sequence of the cSn’s is (2,1,0, . . . ). Applying formulas 3 and 5, we find βS

n = αS
n =

1,2,5,14,43,142,499,1850,7193,29186, . . . . These numbers appear in [4] (sequence A005425)
and are related to several combinatorial problems. The generating series of the numbers
dSn,k = κSn,k is ∑n,k d

S
n,k

zn

n! t
k = exp{(1 + t)z + z2

2 } .
5. By omitting the cut inner half edges, we regard the B-diagrams under the form Tm =(1, [m],{1, . . . ,m},{1},∅) as elementary trees. Hence, the B-diagrams obtained by connect-

ing or juxtaposing this kind of vertices are forests of increasing trees. Consider a finite set
E of positive integers. We define T(E) = {(1, [m],{1, . . . ,m},{1},∅) ∶ m ∈ E}. The basis
of BT are indexed by forests of increasing trees and the connected B-diagrams in BT are
then regarded as increasing trees. The exponential generating functions satisfies the dif-
ferential equation d

dz
fE(z) = ∑m∈E fE(z)m, with the initial condition fE(0) = 1. And so,

∑n≥0 β
T(E)
n

zn

n! = exp{fE(z) − 1} . Whilst a closed formula for fE is not known in the general
case, some special interesting cases can be solved. For instance: f{m}(z) = (1 − (m − 1)z) 1

1−m

and f{1,m}(z) = (2 exp{(1 −m)z} − 1) 1
1−m . The first generating functions corresponds to the

case of an algebra generated the set of m-ary increasing trees. Notice that these trees are also
called (m − 1)-permutations and appear in some combinatorial Hopf algebras (see [3]); the
links between the algebras of our paper and those of [3] remains to be investigated. Obviously
the generating series of the coefficients κT({m})

n,k is ∑n,k κ
T({m})
n,k

zn

n! t
k = exp{t(f{m}(ztm−1) − 1)}

and dT({m})
n,k = κT({m})

p,k if n = 3p and 0 otherwise.
All these formulas (as well as many others) have algebraic counterparts that will be the subject of
future works.
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1 Introduction

From a historical point of view, before the early 80s, the dynamic pricing had mostly been studied
by economists. A few papers from the lot-sizing community dealing with the coordinated pricing
and production problem [1] was published. In 1978, the Airline Deregulation Act has been voted in
the USA, leading to the developement of the . This law opened the airline industry market to new
companies and allowed them to set their own prices. That is the beginning of the ”yield management”,
which helped companies to make profit but also to survive [2].

Following the success of the yield managment, there have been a revival of interest towards dynamic
pricing by the research community in the mid 90s, but it was mostly focused on systems with only
inventory decisions. For the production side, Haugen et al. [3] studied a lot-sizing problem combined
with pricing aspects. However, the authors considered only the case of linear demand function. Ahmadi
and Shavandi [4] addressed dynamic pricing in a production system with a single product, demanded
by several customer classes. They found the structure of the optimal policy for two pricing conditions.

The main issue of these papers and more generally of most of the literature publication is the lack
of real world application studies. Fisher et al. [5] illustrated the difficulty of ”demand learning” in an
inventory problem by conducting a large field experiment with a chinese retailer.

The objective of our research is to propose a general model, which can be adapted to different
real case applications by changing the input data. A new heuristic method to solve the problem of
coordinating production operations and pricing strategies is proposed. This method is tested based
on some instances from the literature. The obtained results are promising.

2 Optimization approach

2.1 Initial model

The model considered in this work is based on a problem addressed by Bajwa et al. [7]. Their
mathematical formulation is a modification of a classical lot-sizing formulation with setup costs. The
problem represents a firm that can produce and stock different products. These products prices and
demands are independants. There is no competitors in the market, and the firm wants to maximize
its profit. At each period, the firm has to decide how much to produce, how much to stock, how much
to sell and at which price.

The following assumptions are considered: the set of products is fixed, the time horizon is dis-
cretized into periods. The demand of a customer for a product is formalized by a function which
depends on the product’s price, seasonality and maximum capacity parameters. In our case, two
well-known demand functions, linear and isoelastic, are considered.
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The authors used an adaptation of the Outer Approximation Algorithm (OA) to solve their model.
OA is an exact algorithm based on a decomposition into a primal model and a master model. It was
initially introduced by Duran et al. [6] to solve a nonlinear problem. The model proposed by Bajwa
et al. [7] is well adapted to the Outer-approximation methology because the binary variables of the
model don’t affect the feasibility of the solution. Therefore, there is no need to check the feasibility
of the solutions during the process. This method is able to solve small instances, but as most of the
exact algorithms, it becames less efficient with the increasing of the instances’ size.

2.2 Heuristic implemented

Since the addressed problem is known to be NP-hard, a heuristic method is proposed to solve large
instances in reasonable computational time. The decision of implementing a heuristic method to solve
the problem has been made because of the increasing of computation time as the instances grow in size.
The purpose of the heuristic is to get one or several near-optimal solutions. This method replaces the
resolution of the master problem. It gives a setup configuration to the primal problem, but it doesn’t
provide an upper bound to the objective function. Then the primal problem is solved optimally by
the efficient algorithm proposed by Bajwa et al. [7].

The heuristic method is based on two constructive heuristics and different local search moves. For
the first heuristic, the products are initially sorted following a given decision rule. Then, the setup
values of one product are set before the decision of the next one. Finally, the obtained solution is
evaluated. The second heuristic operates differently. At each period, the algorithm decides which
products to produce, and for how many periods. In order to determine the best choice, the algorithm
evaluates its partial solution value. For the evaluation, the remaining non decided periods are filled
with setups and the resolution of the primal model provides the value. Thanks to this partial evalution,
the algorithm is able to choose locally the best solution. To select which product setup should be
assigned, the two heuristics consider that a production can begin only when the stock level is equal
to zero at the end of the previous period (Wagner-Whitin heuristic).

The local search moves are applied to the best solution obtained by the constructive heuristics to
improve it. These moves aim to decrease the number of setup, exchange the setup for two products
and swap the setup of a product. They are implemented with a ”first improvement” policy.

2.3 Numerical experiments

In this section, some promising preliminary results obtained are presented. The instances proposed
by Bajwa et al. [7] are used as benchmark to test the heuristic. The obtained results are reported
in table 1 for linear demand function and table 2 for isoelactic demand function. The column H1
represents the best result for the first heuristic among the different sorting rules. The column H2
represents the result for the second heuristic. The RL columns provide the results of the local search
used after the constructive heuristic. Only the gap between the solution given by the method based
on Outer approximation for the linear function and on Lingo solver for the isoelastic function, and
the solution given by the heuristic method is presented.

Table 1: Linear demand, decreasing seasonality over time

Production capacity Exact method H1 H1+RL H2 H2+RL

30 235.7 7.7% 0.0% 0.0% 0.0%
40 258.5 7.7% 0.6% 0.0% 0.0%
50 264.5 2.5% 0.0% 0.8% 0.0%
60 267.8 2.6% 1.4% 4.5% 4.5%
70 268.3 0.8% 0.5% 1.6% 1.5%

For the linear function, by taking the best of H1+RL algorithm and H2+RL algorithm, the average
gap obtained over all the scenari is 0.51% and the worst gap reachs 2.5%.
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Table 2: Iso-elastic demand, increasing seasonality over time

Production capacity Exact method H1 H1+RL H2 H2+RL

50 218.5 2.5% 1.1% 0.9% 0.1%
60 224.1 4.4% 0.9% 3.3% 0.0%
70 227.0 0.9% 0.0% 4.6% 3.2%
80 228.3 1.1% 0.2% 0.2% 0.2%
90 230.9 1.9% 1.0% 1.1% 1.1%
100 231.8 0.9% -0.4% 1.5% 1.5%
110 233.5 -0.1% -0.1% 2.2% 1.5%

For the isoelastic function, by taking the best of H1+RL algorithm and H2+RL algorithm, the
average gap obtained over all the scenari is 0.25% and the worst gap reachs 1% . The negative gaps
in table 2 are due to the 0.5% optimality parameter used by the solver.

There is no clear dominant heuristic between the presented ones, it may depend on the structure
of the problem, or it may depend on the initial data. Since their computation time stay low, it could
be worthy to combine them to get the best solutions.

3 Perspectives and future research

A new efficient method aiming to solve coordinate production, inventory and pricing decisions is
presented.

A direct extension of this work may be to work on the characterization based on the data of the
initial sorting rules used in the first heuristic. The second heuristic has common features with the
”fix-and-relax” heuristic, it may be useful to implement it to compare the results.

Finally, the model allowed us to use two different demand functions, it may be challenging to
implement a third one, such as the logit function [8], used to modelize market with competition.

Acknowledgment

This research was supported by the Industrial Chair Connected-Innovation.

References

[1] Thomas, J. : Price-production decisions with deterministic demand. Management science, 16, 747–750,
INFORMS

[2] Smith, B. C., Leimkuhler, J. F. and Darrow, R. M.: Yield management at American airlines. interfaces, 22,
8–31, 1992, INFORMS

[3] Haugen, K. K., Olstad, A. and Pettersen, B.: The profit maximizing capacitated lot-size (PCLSP) problem.
European Journal of Operational Research, 176, 165–176, 2007, Elsevier

[4] Ahmadi, M. and Shavandi, H.: Dynamic pricing in a production system with multiple demand classes.
Applied Mathematical Modelling, 39, 2332–2344, 2015, Elsevier

[5] Fisher, M., Gallino, S. and Li, J.: Competition-based dynamic pricing in online retailing: A methodology
validated with field experiments. Management science, 2017, INFORMS

[6] Duran, M. A. and Grossmann, I. E.: An outer-approximation algorithm for a class of mixed-integer nonlinear
programs. Mathematical programming, 36, 307–339, 1986, Springer

[7] Bajwa, N., Sox, C. R. and Ishfaq, R.: Coordinating pricing and production decisions for multiple products.
Omega, 64, 86–101, 2016, Elsevier

[8] Huang, J., Leng, M. and Parlar, M.: Demand functions in decision modeling: A comprehensive survey and
research directions. Decision Sciences, 44, 557–609, Wiley Online Library

128



DIMACOS2019, Hammamet, Tunisia. October 26-29

A general purpose for the multiple-objective nonlinear convex integer

programming problem

Abdellatif Dikes1 and Mohamed El-Amine Chergui1

1USTHB, Faculty of Mathematics, RECITS Laboratory, BP 32, El-Alia, 16111 Bab-Ezzouar,
Algiers, Algeria,

Abstract

Through this paper, we describe a branch and bound based method coupled to cutting plane
method (C-P) for solving the multiobjective nonlinear convex integer programming problems. A
C-P based linearization process will relax the nonlinear domain to a convex polyhedron, while
branch and bound separation-cuts and our efficient-cuts will respectively, generate new partitions
of the feasible domain and truncate some inefficient parts of this later. Multiobjective fathoming
tools are used to avoid exploring non-promising nodes. We implemented a synchronous and an
asynchronous processing-approaches, the last one shows much more efficiency than the first, almost
on all generated instances, as reported in the experimental study.

Key words : Multiobjective optimization, discrete programming, nonlinear convex optimization,
efficient solutions, parallel processing.

1 Introduction

Nineties of the last century, mark the development of several applied mathematics methods for mul-
tiobjective optimization problems, which contributed in introducing the theory of Multi-Objective
Optimization (MOO) to several areas as industry or engineering.
several classifications can house these methods, the most popular is the one depending on decision-
maker preferences articulation moment during resolution process. In the following, we will focus
on generalized methods with posteriori-articulation of preferences, specifically those consisting of
determining the complete efficient solutions set.

Many generalized approaches have been presented in the literature to solve the Multi-Objective
Integer Linear Programming (MOILP) problems (bi-objective or treating r criteria, with r ≥ 2), see
e.g. [2] and [6]. From another side, generalized methods for Nonlinear Convex Integer Programming
problems (NLCIP) (also, with Mixed variables MINLCP), have also been the subject for decades
of several papers alike: [3], [7].
The common point between the methods presented to solve NLCIP and those proposed for MOILP,
is that both are reduced to solving linear sub-problems, which inspired us to use the same idea in
solving the Multi-Objective Nonlinear Convex Integer Programming problems (MONLCIP).

Few generalized methods, dedicated to MONLCIP have been developed, a recent branch and
bound based heuristic-approach to generate an approximated set of non-dominated points for Multi-
Objective Nonlinear Convex Mixed-Integer Programming problems, has been proposed by V. Cac-
chiani & C. DAmbrsio [1].
By the end of 2017, another approach has been proposed by F.Z. Ouäıl & M.E.A. Chergui [5],
it consists in a general-solving method to generate the whole efficient set for the Multi-Objective
Quadratic Integer Programming problems (MOQIP).

To our knowledge, the MONLCIP problem hasn’t received much attention from researchers.
This motivated us to conceive an approach generating the whole efficient solutions set for this
problem kind.
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2 The MONLCIP elaborated solving-approach

2.1 Definitions and notations

First of all, the following sets and notations are defined:

V = {x ∈ Rn|Ax ≤ b; 0 ≤ x ≤ Ub}. Where A is p× n integer matrix, b is p-integer vector and
Ub ∈ Nn is the upper bounds vector. We assume that V is a non-empty, compact polyhedron set.

S = { x ∈ Rn | g (x) ≤ 0; g (x) = (gi (x))i=1,q}. Where, the vector function g is non-linear and

convex. Also, gi (x) ∀i = 1, q, are differentiable functions on Rn.

We consider also the set: U = V ∩ S. Note that U is a compact convex set of Rn by construction.

The mathematical formulation of the multiobjective problem under study, is summarized as
follows:

(P )

{
Max Cx
x ∈ U ∩ Nn

where Cx = (Cmx)m=1,r and Cm
t is the mth criterion vector (Cm

t ∈ Rn).

Since gi are convex differentiable functions ∀i = 1, q, their supporting hyper-planes at any point
x0 ∈ V , can be substituted with second order Taylor’s developments at the same point:

Pgi
(
x, x0

)
= ∇gi

(
x0
)
·
(
x− x0

)
+ gi

(
x0
)
≤ gi (x) ∀i = 1, q

For each x0 ∈ V , for Ĵ =
{
i ∈ {1, . . . , q} \gi(x0) > 0

}
, we define the following set:

PG0 =
⋂

i∈Ĵ
{
x ∈ Rn\Pgi

(
x, x0

)
≤ 0
}

(2.1)

2.2 Principle of the approach

The elaborated approach called CIMOES , is a MONLCIP general exact solving method. This
approach allows to derive the whole set of efficient solutions for problem (P ), denoted Eff.

In order to describe our branch and bound based approach using the simplex method, the
following notations are also used throughout the paper.

Let f be the aggregation of the vector functions C defined as:

f(x) =
∑r

m=1 λm (Cmx) where, 0 < λm < 1 ∀m = 1, r and
∑r

m=1 λm = 1.

At a stage l of CIMOES , for x∗l an integer feasible solution of (P ) and for Nl the set of the
indexes of non-basic variables, obtained from the current simplex tableau, we derive ∆l as the set
of all criteria’s potential improving directions:

∆l =
{
j ∈ Nl|∃m ∈ {1, . . . , r} ; ĉjm > 0

}
∪
{
j ∈ Nl|ĉjm = 0, ∀m ∈ {1, . . . , r}

}
(2.2)

where ĉjm represents the final update of the jth reduced cost of the mth criterion from simplex
tableau at stage l.

Let consider the efficient cut EEC : ∑

j∈∆l

xj ≥ 1 (2.3)

We consider also, I l =
(
I lm
)
m=1,r

where, I lm = max {Cmx\x ∈ Vl} m ∈ {1, . . . , r}, refers to the

mth coordinate of the ideal point I l relatively to a subset Vl of V , (∀ l ≥ 0).

Starting from an extreme point of V , cutting plane method [4] is used to solve (PR) obtained
from (P ) by substituting f(x) for Cx and relaxing variables integrity constraints:

(PR)

{
Max f (x)
x ∈ U

Let x̂ ∈ U be an optimal solution of (PR). If x̂ ∈ Nn, we introduce the efficient cut EEC written
above in (2.3), at x∗l = x̂. This has the effect to delete current integer solution x∗l, as well as a
part of domain U not containing any efficient solution.

If x̂ /∈ Nn, let x̂1 ∈ Nn attained after optimizing the problem (PRL) by a branch and bound
approach combined to the well-known simplex method; where (PRL) is a generic to final (PR) ob-
tained by substituting U with only current final V noted Vl (without considering S) and reinserting
variables integrity constraints.
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(PRL)

{
Max f (x)
x ∈ Vl ∩ Nn

By construction, x̂1 is in V but not necessarily in U . For that, intermediate sequential calls to
the cutting plane method combined with branch and bound, will insure convergence to a point
x∗l ∈ U ∩ Nn. Then we add the efficient cut EEC at x∗l. Note that, we use I l at each stage l of
CIMOES , in order to provide a fathoming process to the branch and bound method.

V is more reduced each time sections (efficient cut EEC or cutting planes forming PGk sets
defined above in (2.1)) are added. If required, the dual-simplex method is used to re-optimize f
on the new obtained domain V , after adding such sections. Moreover, all the r criteria of basic
problem (P ) are updated at each simplex step.

3 Implementation and numerical experimentation

CIMOES approach and parallel variant, have been implemented under the programming language
PY THON 3.4; below we display results relating to developed programs execution on randomly
generated MONLCIP instances with quadratic functions.

Without losing CIMOES generality on MONLCIP, r linear criteria (r ∈ {3, 5}) are generated,
with integer factors randomly generated on the interval [−30, 30]. The number of variables n is
taken in {20, 40, 100}. Also, p1 linear constraints of form Ax ≤ b, are considered, the A elements
are randomly generated integers on [10, 30]. After linear domain V , let consider the nonlinear
one S, where p2 ∈ {1, 3} is the number of nonlinear constraints generated in the quadratic form
xtQx + tx − d ≤ 0. The matrices Q are positive semi-definite which guarantees nonlinear domain
convexity, theirs coefficients are in [0, (22×n)]. The factors of the vector t are generated randomly
on the interval [30, 60].

On the other hand, second hand side vectors are engendered as flows:
(a) For V constraints, second hand side values, are randomly chosen on intervals:{

bj ∈ [80, 100] ∀j = 1, p1 if n < 80
bj ∈ [100, 120] ∀j = 1, p1 otherwise

(b) Each S constraint second hand side, is engendered as follow:
d =

(
(n× 22)× 3

)
− (n× 2)

Numerical experimentation and outcomes

For each class (n, p1, p2, r), a battery of 10 instances is solved, the set Eff is fully determined.

Table 1: Results for instances with three criteria (r = 3).

r = 3 CIMOES CIMOES Prll
n p1 p2 Eff Linz CP CPU(s) Sv Linz CP CPU(s) Sv

20 10 1
31,9

[43,17]
703,2
[965,600]

33,9
[62,19]

10
868,7
[1112,692]

45,6
[54,39]

10

20 10 3
24,7

[31,16]
796,0
[944,618]

77,5
[128,37]

10
980,1
[1194,812]

87,0
[129,45]

10

40 20 1
50,1

[88,25]
2554,3
[4173,678]

1548,1
[3531,226]

10
3155,9
[5548,1329]

721,6
[1676,153]

10

40 20 3
43,2

[77,21]
2765,0
[6146,95]

2350,7
[9297,107]

10
3640,8
[6588,634]

958,6
[2726,147]

10

100 50 1
49,9

[79,35]
1115,7
[2031,605]

10297,1
[14241,7326]

6
1564,8
[2480,808]

3692,4
[6944,2083]

10

100 50 3
45,8

[80,26]
2111,0
[3001,1276]

10455,6
[14227,4924]

6
2233,2
[3238,1305]

3364,7
[6773,1141]

10

Note that for both tables, columns Eff, Linz CP and CPU(s), reports the arithmetical aver-
age and the [max,min] of respectively card(Eff), created linearization Cut-Plane number and
CPU time, realized on ten (10) instances solved of each problem-class (n, p1, p2, r).
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While, each Sv column represents the number of instances solved in less than 4 hours (otherwise,
the processing is stopped after the 14400 seconds limit).

Table 2: Results for instances with five criteria (r = 5).

r = 5 CIMOES CIMOES Prll
n p1 p2 Eff Linz CP CPU(s) Sv Linz CP CPU(s) Sv

20 10 1
90,4

[178,61]
1068,3
[2062,634]

138,2
[445,49]

10
1292,2
[2307,724]

119,5
[289,51]

10

20 10 3
75,5

[115,46]
1072,8
[1346,558]

141,8
[252,42]

10
1195,3
[1550,802]

137,1
[211,56]

10

40 20 1
187,0

[483,60]
3461,2
[9584,124]

2242,1
[5390,136]

10
3832,4
[8917,245]

844,5
[1543,176]

10

40 20 3
181,9

[331,54]
3028,8
[7048,200]

2670,4
[5312,240]

10
3828,0
[8706,881]

1090,1
[2403,221]

10

100 50 1
161,1

[322,40]
839,5
[941,738]

8936,2
[12441,5431]

2
1389,8
[3402,742]

6606,0
[11328,1269]

10

100 50 3
144,7

[254,58]
904,3
[1031,604]

9636,8
[13831,4078]

4
1233,1
[1784,755]

4126,8
[9643,1295]

10

4 Conclusion

We exposed through this work, an exact general approach dedicated to solve MONLCIP, a kin
of problems principally characterized by its hardness to solve, since it contains both nonlinear
(convex) functions, discrete variables restriction as well as multiple-objective functions to optimize.
The strength of the engineered approach is that, initial problem is relaxed to a generic linear one;
accordingly, all linear-optimization tools and method are suitable.

We developed a parallel-processing variant, based on the ”single programmultiple data” model,
with a distributed memory managed by the ”gather & scatter” mechanisms. Clearly, this last
approach performed more than expected; indeed, comparing to synchronized approach outcomes,
the CPU(s) is on average reduced by 50%, however, when considering only solved instances to
calculate this Gap-ratio, it was approximately 70%. Obviously, CPU(s) Gap-ratio would be
greater then 70%, if we suspended the 4 hours processing-limit.

References

[1] Cacchiani, V., DAmbrosio, C.: A branch-and-bound based heuristic algorithm for convex multi-
objective minlps. European Journal of Operational Research 260(3), 920–933 (2017)
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Abstract

We explain how to linearize convolution powers of generalized Fibonacci numbers by using
equality involving differential operators acting on generating series. In particular, we highlight the
role of differential expression for the discriminant.

1 Introduction

If S(x) is a formal series, then we denote by Sn the coefficient of xn in S(x). With this notation
we have (S + T )n = Sn + Tn, (S · T )n =

∑
i+j=n SiTj , and

(
∂
∂xS

)
n

= (n + 1)Sn+1. For simplicity

we denote S?2n = (S · T )n. We deal with with formal function under the forms S(x) = − 1
Q(x) where

Q(x) = xk+ak−1x
k−1 + · · ·+a1x+a0 We investigate the method of obtaining formulas from equalities

involving differential operators on generating series and algebraic combination of the ai’s. Since any
algebraic combinations of the ai’s can be obtained by applying successively many times operators +, ·,
and ∂

∂x toQ, we obtain formulas by substituting −1
S toQ and extracting coefficients. Even if as a matter

of principle one can construct formulas from any algebraic combination by applying this method, it is
not at all obvious whether these formulas are interesting and/or whether they are independent of each
other. For this reason, we have chosen the heuristic consisting of considering expressions that have an
algebraic interpretation. The polynomial invariants of the binary forms satisfy both the properties to
have an algebraic interpretation and to have differential expressions. For instance, in the case where

Q(x) = x2 − 2ax+ b the discriminant ∆ = a2 − b satisfies ∆ =
(
∂
∂xQ

)2 − 4Q. As a consequence, since
S = − 1

Q , one has

∆S2 =

((
∂

∂x
Q

)
∂

∂x
S + 4S

)
. (1)

Equivalently, 1
2∆S?2n = (n+ 2)Sn + a(n+ 1)Sn+1. We investigate completely this example in section

2. Another example is given by the discriminant j := 6abc − 4b3 − 4a3c + 3a2b2 − c2. of the cubic
Q(x) = x3 − 3ax2 + 3bx− c that also satisfies

36Q
∂Q

∂x

∂2Q

∂x2
+

((
∂2Q

∂x2

)2

− 16
∂Q

∂x

)(
∂Q

∂x

)2

− 2

(
∂2Q

∂x2

)3

Q− 108Q2 = 108j. (2)

More generally, polynomial invariants of binary forms are studied since the middle of the Nineteenth
century. These invariants are obtained by applying the Cayley Omega process (see e.g. [5]) to the
homogeneous polynomial P (x, y) = ykQ(xy−1) where n denotes the degree of Q. A transvection is a
bilinear operation defined by

[P, P ′]k =

∣∣∣∣∣∣∣

∂
∂x1

∂
∂y1

∂
∂x2

∂
∂y2

∣∣∣∣∣∣∣

k

P (x1, y1)P ′(x2, y2)

∣∣∣∣∣∣∣
x1=x2=x
y1=y2=y

. (3)

1
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The Cayley Omega process states that a generating set of invariant polynomials can be constructed
from the ground form P by applying a series of transvection. For instance, in the case of the cubic
form we have j = 1

1296 [[P, P ]2, [P, P ]2]2.
Our purpose is to show how to produce linear formulas for recurrent sequences from polynomial
invariants. By linear formulas, we mean formulas involving linear combination of self convolutions of
the initial sequence Sn with polynomial coefficient in n. We do not claim to say that all formulas
of this type can be obtained by this process but, more modestly, to find some known formulas, to
generalize them and also to exhibit some new families.

2 Three terms recurrences

We consider three terms recurrences whose generating series is under the form F (x) = − 1
Q(x) . Our

goal s to describe the polynomials αi,n(x) such that

Fn =
n−1∑

i=0

αi,n(x)
∂i

∂xi
F. (4)

We set x′ = 1
2

(
1√

1− 4y
∆

− 1

)
∂Q
∂x . It is easy to check that Q (x+ x′) = Q+y

1−4 y
∆
. Hence, we deduce

F(y) =
∑

n≥1 F
nyn = yF

1−yF = y
1−4 y

∆
limX→x′

(
exp

{
X ∂

∂x

}
.F (x)

)
, where the operator exp

{
X ∂

∂x

}
is

nothing but the polarization operator sending x to x+X. By expanding the operator exp
{
X ∂

∂x

}
in

the previous formula and comparing to equality (4), we deduce:

Theorem 2.1 We have αi,n =
( ∂Q

∂x )
i

∆n−1 α̃i,n, where the ordinary generating function of the α̃i,n’s is

A(y, z) =
∑

0≤i<n
α̃i,nz

iyn =
y

1− 4y
exp

{
1

2
z

(
1√

1− 4y
− 1

)}
. (5)

Remarking that exp
{

1
2z
(

1√
1−4y

− 1
)}

=
∑

k,n≥0

1

k!

(
2n+ 1

n+ 1

)?k
zkyn+k, and branching this equality in

(5), one obtains an explicit formula for the α̃′k,ns: α̃k,n = 1
k!

∑
i+j=n−k−1 4i

(
2j+1
j+1

)?k
.

As an application, we consider, as in [3, 6], the generalized Fibonacci numbers defined by Un = αn−βn

α−β
and the generalized Lucas numbers defined as Vn = αn + βn. Setting q = αβ and Qk(x) = q−k −
Vk
qk
x+ x2. One has Fk(x) :=

∑
n≥0 Uk(n+1)x

n =
Uk
qk

Qk
. When αk 6= βk the discriminant ∆k =

V 2
k −4qk

q2k of
Qk is not zero.

So we can apply our results to Fk and obtain (Fk(x))n =
(

Uk

V 2
k −4qk

)n−1∑n−1
i=0 (−1)n−i−1q(n−i−1)kα̃i,n(Vk−

2xqk)i ∂
iFk

∂xi
. By equaling the coefficient of xn extracted in both the sides of this identity, one finds

∑

j1+···+jn=j

Ukj1 · · ·Ukjn =

(
Uk

V 2
k − 4qk

)n−1 n−1∑

s=0

(−qk)n−s−1βn,s(j)V
s
k Uk(s+j−n+1).

with βn,s(x) =
∑n−1

i=s 2i−s
(
i
i−s
)
α̃i,n(s− n+ x)i.

134



DIMACOS2019, Hammamet, Tunisia. October 26-29

3 Four terms recurrences

From (2) we deduce

3jF 2 = −
(
x4 − 4ax3 + (5b+ a2)x2 + 2a(3a2 − 5b)x− b(3a2 − 4b)

)
∂F
∂x

−6(x3 − 3ax2 + 3bx+ a(2a2 − 3b))F + 3.
(6)

By extracting the coefficient of xn for n > 0, in the previous formula, one finds

3jF ?2n = −(n+ 3)Fn−3 + 2a(2n+ 5)Fn−2 − ((5b+ a2)n+ 13b− a2)Fn−1

−2a
((
−5 b+ 3 a2

)
n+ 3

(
2 a2 − 3 b

))
Fn + b(3a2 − 4b)(n+ 1)Fn+1,

(7)

with the convention Fn = 0 for n < 0. In the special case of the (shifted) Tribonaci numbers defined
by T0 = T1 = 1, T2 = 2 and Tn = Tn−1 + Tn−2 + Tn−3 for n > 2, we have Q = x3 + x2 + x − 1 and
108j = −176. So, for any n > 0, we obtain

T ?2n =
1

44

(
3(n+ 1)Tn+1 + 2(4n+ 7)Tn + 2(8n+ 19)Tn−1 + 6(2n+ 5)Tn−2 + 9(n+ 3)Tn−3

)
.

We also have

108jF 3 = −18
(
x4 − 4ax3 + (5b+ a2)x2 + 2a(3a2 − 5b)x+ b(3a2 − 4b)

)
∂F 2

∂x
−216(x3 − 3ax2 + 3bx+ a(2a2 − 3b))F 2 + 108F.

In other words

6jF ?3n = 6Fn − (n+ 9)F ?2n−3 + 4a(n+ 7)F ?2n−2 − ((5b+ a2)n+ 31b− a2)F ?2n−1

−2a((3a2 − 5b)n+ 12a2 − 18b)F ?2n − b(3a2 − 4b)F ?2n+1

Substituting the values of each F ?2k in the previous equality, one obtains a linear expression for the
third convolution power. In the case of shifted tribonacci numbers the formula specializes as

T ?3n = 3
15488 (n+ 9)nTn−6 + 1

7744

(
4n2 + 33n+ 5

)
Tn−5

+ 1
7744

(
8n2 + 63n+ 25

)
Tn−4 + 1

69696

(
88n2 + 639n+ 351

)
Tn−3

+ 1
418176

(
475n2 + 3210n+ 2102

)
Tn−2 + 1

209088

(
146n2 + 882n+ 619

)
Tn−1

+ 1
209088

(
56n2 + 282n− 1073

)
Tn + 1

69696

(
4n2 + 14n+ 3

)
Tn+1 − 1

46464 (n+ 2)Tn+2.

Although a general formula, and even a generating series, seems more difficult to obtain than in the
case of three-term recurrences, a recursive algorithm is relatively easy to develop. Indeed, to obtain
a linear formula for F ?kn , it suffices to multiply formula (6) by F k−2 and extract the coefficient of xn

in the right hand side. This gives a linear expression of F ?kn in terms of F ?k−1
m and F ?k−2

m . Hence,
substituting recursively each occurrence of F ?k

′
m for k′ > 1 by its linear expansion in tems of Fn, one

obtains the desired formula.

4 Conclusion and perspective

In principle, the same strategy can be applied for computing linearization formula for self-convoluted
higher Fibonacci-like numbers. Furthermore, the algebra of polynomial invariants is richer from binary
quartic forms since it has more than one generator. So for any invariant in a Hilbert basis, one can
find a family of formulas. The only limit to this process is the computational complexity. The
formulas obtained not only have an increasing size but also the algebra of invariants is difficult to
describe. For binary forms the last works obtained a description for the binary nonic [1] and the
binary decimic [2]. An alternative way should consist to compute rational invariants [5] instead of
polynomial invariants. It is well known that the rational invariants are simpler and can be computed
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by using the so-called associated forms [4] which is obtained from the ground form by applying certain
substitutions. But now the difficulties is that we have to recover the differential operators. Anyway,
the closed connexion between the classical invariant theory and the formulas involving self-convolute of
generalized Fibonacci numbers need to be investigated and should bring a series of very interesting and
deep results. To illustrate this last point, let us give a conclusive example. Consider the discriminant of
a binary quartic P = y4Q(xy−1) satisfies the expression 35831808∆ = 6

(
[[P, P ]4

)3 −
(
[[P, P ]2, P ]4

)2
.

By expanding the right hand side in terms of differential operators, we shows 35831808∆ = α(x)Q(x)+
β(x) ∂

∂xQ(x) where α(x) and β(x) are explicit polynomials in x whose coefficients depend only of

the coefficients of Q(x). Hence, by substituting Q(x) → − 1
F (x) and ∂

∂xQ(x) →
∂
∂x
F (x)

F (x)2 one obtains

35831808∆F 2 = α(x)F (x) + β(x) ∂
∂xF (x). By extracting the coefficient of xn in the both side of the

last identity, we prove that F ?2n can be written as a linear combination of Fm with a fixed number of
terms. This will be a part of a future work.
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Goschensche Verlagshandlung (1909).

[5] P. Olver, Classical invariant theory, London Mathematical Society Student text, 44, Cambridge
university Press 1999.

[6] F. Zao, T. Wang, Generalizations of some identities involving the Fibonacci numbers, Fibonacci
Quart., 39 (2001) 165-167.

[7] W. Zhang, Some identities involving Fibonacci numbers, Fibonacci Quart., 35 (1997) 225-229.

Emails: hacenebelbachir@gmail.com, t djellal@esi.dz, jean-gabriel.luque@univ-rouen.fr.

136



DIMACOS2019, Hammamet, Tunisia. October 26-29

Representation of some sequences by hyperdeterminants

DJELLAS Ihab eddine1

1USTHB, Faculty of Mathematics, RECITS Laboratory, BP 32, El-Alia, 16111 Bab-Ezzouar,
Algiers, Algeria, ihebusthb@gmail.com

Abstract

We present the Fibonacci cubes, which are induced subgraphs of the hypercubes generated by
vertices with no ”11” as a sub-string, and which represent the famous Fibonacci sequence. By
extanding our point of view, it has been introduced later a more general class of graphs called
Generalized Fibonacci Cubes which are generated by vertices with no given substring ”f”, which
represents a larger class of sequences. The fundamental tool is the algebraic invariant called hy-
perdeterminant and we calculate the hyperdeterminant associated to those generalized Fibonacci
Cubes.

Key words : Fibonacci cube, hypercube, sequences, hyperdeterminant.

1 Introduction

The hypercube is commonly introduced to illustrate parallel algorithms, and many variants have
been proposed, either for practical cases related to the construction of parallel machines, or as
theoretical objects. [1]

Definition 1 In a hypercube Qn each of the 2n vertices carries a label of length n on an alphabet
{0, 1}, and two vertices are adjacent if their labels differ only in one symbol.

The Fibonacci numbers, Fn, form a sequence, called the Fibonacci sequence, such that each
number is the sum of the two preceding ones. That is:

Fn = Fn−1 + Fn−2,

And F0 = 0 and F1 = 1.

The Fibonacci cube has been introduced in [2] as a new interconnection topology for multi-
computers. It is a bipartite graph that can be integrated as a subgraph in hypercube Qn.

Definition 2 A Fibonacci string Fn of length n is a binary string b1, b2 . . . bn, with bibi+1 = 0 for
1 ≤ i < n. The Fibonacci cube Γn (n ≥ 1) is the subgraph of Qn induced by Fibonacci strings of
length n. By convection, we also consider the empty chain and put Γ0 = K1. [3]

The following extension has been introduced later:

2 Generalized Fibonacci cube

As we have previously posed bibi+1 = 0 for 1 ≤ i < n then we have banned the sub-string ”11”
in every vertices string of the Fibonacci cube.

Definition 3 Generalized Fibonacci cube Qn(f) is introduced as the graph obtained from the n-cube
Qn by removing all vertices that contain a given binary string f as a substring. In this notation,
the Fibonacci cube Γn is Qn(11). [4]
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3 Hyperdéterminant

After defining these mathematical objects, we are interested in calculating the associated hy-
perdeterminati in different situations: Fibonacci Cube, Generalized Fibonacci Cube, Generalized
Fibonacci Cube with several substrings.

Definition 4 In a p-Hypergrid Mn each of the pn vertices carries a label of length n on an alphabet
{0, . . . , p− 1}, and two vertices are adjacent if their labels differ by only one unit.
For a dimension 2 hypergrid, it is the hypercube.

The concept of hyperdeterminant was introduced by Cayley in the middle of the 19th century as
an extension of the classic determinant, operating on tensors (hypergrids). [5]

Let M =
(
mi0,i1,...,in−1

)
0≤i0,i1,...,in−1≤p−1 be a p-Hypergrid of order n.

The hyperdeterminant of M noted: Dp
n is given by the following formula:

Dp
n =

∑

σ1,σ2,...,σn−1∈Sp

ε(σ1σ2 . . . σn−1)

p−1∏

i=0

ai,σ1(i),...,σn−1(i). (3.1)

Therefore we have implemented an algorithm in the JAVA language for calculating the hyper-
determinant of the different objects introduced above, and we gave some simpler formulas for
calculating the hyperdeterminant in some special cases, which will allow us to compute the hyper-
determinant for larger size cubes.

Finally, we give another type of generalization, which depends on the type of vertices of the
generalized Fibonacci cube, and therefore we give a formula for calculating the hyperdeterminant
of this new mathematical object.
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Abstract

We introduce a new generalization of geometric polynomials by applying an appropriate linear
transformation on the generalized factorial function. Some identities are investigated including
explicit formula, generating function and recurrence relations. Furthermore, some relations with
other polynomials are given.
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1 Introduction

An interesting generalization of factorial functions was proposed by Steffensen [11]; for any real α and β, let

x{α,β}n := x(x− αn− β)(x− αn− 2β) · · · (x− αn− (n− 1)β). (1)

Similarly to Taylor expansion, Steffensen obtained the following expansion

Theorem 1 (Steffensen, 1936). Let f a function on x, for all real x we have,

f(x) =

n∑

k=0

x
{α,β}
k

k!
Θkf(x)|x=0, (2)

where Θ =
1

β

(
E(α+β) −E(α)

)
and β 6= 0.

Let us consider the linear transformation L that transforms xn into n!xn,

L(xn) = n!xn. (3)

By applying the transformation L on Relation,

xn =

n∑

k=0

S(n, k)xk. (4)

Tanny [12] introduced the geometric polynomials (or Fubini polynomials or ordered Bell polynomials),
denoted Fn(x), as follows,

Fn(x) := L(xn) = L
(

n∑

k=0

S(n, k)xk

)
=

n∑

k=0

k!S(n, k)xk. (5)

where S(n, k) are the Stirling numbers of the second kind.
We define the generalized geometric polynomials as follows

Definition 1. Let Z be a linear transformation defined by,

Z(x{α,β}n ) = βnn!xn. (6)
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By setting f(x) = xn on Theorem 1 and applying the transformation Z, the generalized geometric polyno-

mials F
(α,β)
n (x) is given by the following explicit formula.

Theorem 2. The generalized Fubini polynomials satisfy,

F (α,β)
n (x) =

n∑

k=0

xk
k∑

j=0

(−1)j
(
k

j

)
(αk + β(k − j))n . (7)

2 Main results

We start by establishing the exponential generating function of the generalized geometric polynomials,

2.1 Exponential generating function

Theorem 3. F
(α,β)
n (x) have the following exponential generating function,

∞∑

n=0

F (α,β)
n (x)

tn

n!
=

1

1− xeαt (eβt − 1)
. (8)

2.2 Derivatives of higher order and recurrences

For all (α, β) ∈ R with β 6= 0, let Gα,β(x, t) be the exponential generating function of F
(α,β)
n (x), then we have

Proposition 1. For all integer r, the rth derivative of Gα,β(x, t) with respect to x, satisfy

dr

drx
Gα,β(x, t) =

r!

xr
Gα,β(x, t)

(
Gα,β(x, t)− 1

)r
. (9)

Using Proposition 1 we can establish the multinomial convolution bellow,

Theorem 4. The rth derivative of Fα,βn (x) is given by,

dr

drx
Fα,βn (x) =

r!

xr

r∑

k=0

(
r

k

)
(−1)r−k

∑

j1+···+jk+1=n

(
n

j1, . . . , jk+1

)
Fα,βj1

(x) · · ·Fα,βjk+1
(x). (10)

Corollary 1. The first derivative of Fα,βn (x) satisfy the binomial convolution bellow,

x
d

dx
Fα,βn (x) =

n−1∑

k=0

(
n

k

)
Fα,βk (x)Fα,βn−k(x) (11)

Theorem 5. For any nonnegative integer n ≥ 1 and real variable x, we have

Fα,βn (x) = x

n−1∑

k=0

(
n

k

)
Fα,βk (x)Θ

(
xn−k

)
|x=0, (12)

where Θ(xn) =
1

β
((x+ α+ β)

n − (x+ α)
n
) .

2.3 Dobinski formula

To calculate the nth geometric polynomials there exists several formulas, one of them is Dobinski-like formula,
in the following Theorem we give the generalized Dobinski-like formula for Fα,βn (x).

Theorem 6. For all nonnegative integer n and for all x ∈ R− {−1}, we have

Fα,βn (x) =
1

1 + x

∑

k≥0

(
x

1 + x

)k k∑

j=0

(
k

j

) j∑

i=0

(−1)j−i
(
j

i

)
(αj + βi)

n
, (13)
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Corollary 2. For α = 0, for all β, we have

F 0,β
n (x) =

1

1 + x

∑

k≥0

(
x

1 + x

)k
(βk)

n
. (14)

By setting β = 1 and x = 1, we get the well known Dobinski formula for the classical geometric numbers
(see [4]),

Fn =
∑

k≥0

kn

2k+1
.

3 Link with other numbers and polynomials

In this section we establish some links with other classes of numbers and polynomials as applications of the
exponential generating function.

3.1 The r-Whitney numbers of the second kind

The nth r-Whitney number of the second kind Wm,r(n, k) was introduced by Mező [7], as

∑

n≥0
Wm,r(n, k)

tn

n!
=
ert

k!

(
emt − 1

m

)k
. (15)

Using the previous generating function, we have,

Theorem 7. For any integer n and any real variable x the following identity holds true,

Fα,βn (x) =
∑

k≥0
k!(βx)k

n∑

j=0

(
n

j

)
(α(k − 1))n−jWβ,α(j, k), (16)

3.2 Apostol-Euler polynomials of higher order

One of the analogues of the classical Euler polynomials are Apostol-Euler polynomials En(x, λ) which is given
by,

∑

n≥0
En(x, λ)

tn

n!
=

(
2

1 + λet

)
ext, (|t+ log λ| < π). (17)

In a recent work, Luo and Srivastava [10], introduce the Apostol-Euler polynomials of higher order by,

∑

n≥0
E(α)n (x, λ)

tn

n!
=

(
2

1 + λet

)α
ext; (|t+ log λ| < π; 1α := 1), (18)

where E(α)n (λ) := E(α)n (0, λ) denotes the so-called Apostol-Euler numbers of order α.

The following theorem gives a connection between Fα,βn (x) and E
(α)
n (x, λ).

Theorem 8. The generalized geometric polynomials is expressed in terms of Apostol-Euler polynomials of higher
order, for α 6= 0 ,as

Fα,βn (x) =
αn

2

∑

k≥0

(x
2

)k
E(k+1)
n

(
(α+ β)k

α
, x

)
. (19)

3.3 Eulerian numbers

Eulerian numbers a(n, k) are studied widely in literature, these numbers satisfy (see [2, 8]),

∑

n≥0

n∑

k=0

a(n, k)xk
tn

n!
=

x− 1

x− e(x−1)t . (20)

Theorem 9. The generalized geometric polynomials Fα,βn (x) satisfy,

Fα,βn (x) =
∑

k≥0
xk

∑

i1+···+ik+2=n

(
n

i1, . . . , ik+2

)
((α+ β)k)i1αn−i1Ei2(x) · · · Eik+2

(x) (21)
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Abstract

The known Menger's theorem in [6] states that in a �nite graph, the size of a minimum separator

set of any pair of vertices is equal to the maximum number of disjoint paths that can be found

between these two vertices. In our work, we study the minimal separators of two non-adjacent

vertices in a �nite graph, and we give a new elementary proof of Menger's theorem.

Key words : Menger's Theorem, Minimal separators, Disjoint paths.

1 Introduction

Menger's theorem states that, the size of a minimum separator set of any pair of non-adjacent

vertices is equal to the maximum number of disjoint paths that can be found between these two

vertices. Menger's theorem was �rst proved by Karl Menger [6] in 1927. Later on, many di�erent

shorter proofs were given, as Menger's proof was considered a bit long and complicated. Before

giving an idea about the proofs that were made, we state in the following some basic de�nitions

and notations that were widely used in the attempts of proving Menger's statement, and that we

will also adopt in our work in the latter section. For u and v being two vertices in a graph G,

a set S ⊆ V (G) − {u, v} is a uv-separator of G if u and v lie in di�erent components of G − S:
that is, if every uv-path in G contains a vertex in S. The minimum order of a uv-separator of G

is called the uv-connectivity of G and is denoted by κG(u, v). Note that if uv ∈ E(G), then G

has no uv-separator, in this case we will consider κG(u, v) = ∞. A uv-separator S of G is said to

be a minimal uv-separator of G if |S| = κG(u, v). As previously mentioned, a set of uv-paths is

called internally disjoint if these paths are pairwise disjoint except for the vertices u and v, and

the maximum number of internally disjoint uv-paths in G is denoted by µG(u, v). Since every

uv-separator of G must contain an internal vertex from each path in any set of internally disjoint

uv-paths in G, then we obviously have µG(u, v) ≤ κG(u, v).
After Menger proved his theorem, it was formulated and generalized by many ways, as by the Max-

�ow Min-cut theorem [3] in 1956, which is an elementary theorem within the �eld of network �ows,

that actually had some surprising implications in graph theory. On the other hand, for shorter

proofs of Menger's theorem that were established, the �rst one was given by G. A. Dirac [1] in

1966, where he proved the result by contradiction, after assuming that the statement of Menger is

not true and working on a graph with minimal number of vertices not satisfying this statement. In

1978, Peter V. O'Neil [7] took a di�erent perspective while proving Menger's theorem, as the ones
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usually considered in proving its statement, as instead of �nding a set of paths internally disjoint

of cardinal equal to the cardinal of a considered minimal separator in a graph, he proved that there

exists a separator of cardinal equal to the number of the maximum internally disjoint paths. Also,

considering simpler proofs of Menger's result, there is one that was given by W. McCuaig [5] in

1984 by using induction on the number of vertices of the separating set. It could also be interesting

to refer that some researchers gave an equivalent formulation of Menger's Theorem [2]: For any

two sets V and W of vertices in a graph G, a VW -path is a path from some vertex v in V to some

vertex w in W that passes through no other vertices of V and W . A set S of vertices separates

V and W if every VW -path contains a vertex of S, and S is called a VW -separating set. It was

proved that for any positive integer k, there are k pairwise disjoint VW -paths in G if and only if

every VW -separating set contains at least k vertices. Finally, the most recent proof of Menger's

theorem was given by F. Göring [4] in 2000.

In this work, we study the minimal separators for it's own sake, we prove in particular that if S

is a minimal uv-separator in a graph G, then κG−e(u, v) = κG(u, v) for all e = xy where x, y ∈ S.
This yields us to make a new proof of Menger's theorem.

2 Minimal separator

Lemma 1 Consider a graph G, and let u, v ∈ V (G) such that uv /∈ E(G). Then, κG(u, v) − 1 ≤
κG−a(u, v) ≤ κG(u, v) for all a ∈ (V (G)− {u, v}) ∪ E(G).

Theorem 1 Consider a graph G, and let u, v ∈ V (G) such that uv /∈ E(G). Then, κG−e(u, v) =

κG(u, v) ∀ e ∈< S >, where S is a minimal uv-separator of G.

3 A new proof of Menger's theorem

Lemma 2 Consider a graph G, and u, v, x, y ∈ V (G) such that uv /∈ E(G) and xy ∈ E(G).

Suppose that κG−a(u, v) = κG(u, v)−1 for all a ∈ E(G)∪(V (G)−{u, v}). LetN(y) = {x0, x1, ..., xt}
with x0 = x. Set

G′ = G− y +
t∑

i=1

x0xi

Then, κG′(u, v) = κG(u, v).

Theorem 2 (Menger, 1927)

Consider a graph G, and u, v ∈ V (G) such that uv /∈ E(G). Then the size of a minimal uv-separator

of G is equal to the maximum number of internally disjoint uv-paths in G; i.e. κG(u, v) = µG(u, v) .
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Abstract. Motivated by the works of Tauraso [2] and Mao and Sun [1] we study
in this contribution somme congruences involving harmonic numbers and binomial
coe¢ cients.
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1 Introduction and main results

Recently many great mathematicians have been interested with �nding relationships
between harmonic numbers and binomial coe¢ cients either identies or congruences,
such in 2011 Sun and Tauraso [2] proved, that for any prime p � 5; the following
congruences hold

p�1X
k=0

�
2k

k

�
� �

�p
3

� �
mod p2

�
; (1)

p�1X
k=0

�
2k

k

�
Hk � �

�p
3

�
q3 (mod p) ; (2)

where
�
p
3

�
denotes the Legendre symbol and q3 where qa is the Fermat quotient.

Also, in 2016 Mao and Sun [1] established, that for a prime p > 3; the following
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congruences

p�1X
k=1

�
2k
k

�
k
Hk � 1

3

�p
3

�
Bp�2

�
1

3

�
(mod p) ; (3)

p�1X
k=1

�
2k
k

�
k
H2k � 7

12

�p
3

�
Bp�2

�
1

3

�
(mod p) ; (4)

where Bn(:) is the n-th Bernoulli polynomiale and Hn is the n-th harmonic number.

Motivated by the above works, we establish several congruences and we prove, in
particular, the following theorem.

Theorem 1 For every prime number p � 5 we have
p�1
2X
k=0

�
2k

k

�
Hk � �

�p
3

�
q3 (mod p) ; (5)

and

[ p�14 ]X
k=1

1

4k

�
4k

2k

�
(2H2k �Hk) �

(
� (�1)(p�1)=2 q3

2
(mod p) if p � 1 (mod 6) ;

(�1)(p�1)=2 q3
2
(mod p) if p � 5 (mod 6) :

(6)
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Abstract

In this work, we are interested in the mathematical study of some variants of the Cahn-Hilliard
equation in view of applications to image inpainting. We also give some numerical simulations
which show the efficiency of the models.

Key words :Cahn–Hilliard equation,image inpainting, well-posedness, finite-dimensional attrac-
tors, simulations.

1 Introduction

Image inpainting involves filling in parts of an image or a video from the surrounding area.
Bertozzi, Esedoglu, and Gillette proposed in [1] the following two-scale variant of the Cahn–

Hilliard equation:

∂u

∂t
+ ε∆2u− 1

ε
∆f(u) + λ0χΩ\D(x)(u− h) = 0, ε > 0, λ0 > 0, (1.1)

in view of applications to binary image inpainting. Here, h = h(x) is a given (damaged) image and
D ⊂ Ω is the inpainting region (Ω is the total region). Furthermore, the term λ0χΩ\D(x)(u − h)
is the fidelity term (χ denotes the indicator function). There are several motivations to use such a
term (instead of, e.g., a condition of the form u = h outside the inpainting domain), in particular,
in view of the analysis of the model. Indeed, no regularity assumption on D is necessary and no
perfect h outside D is required (it could, for instance, be noisy). Finally, the nonlinear term f is
regular and cubic, typically, f(s) = 4s3 − 6s2 + 2s. The idea in this model is to solve (1.1) up to
steady state in order to obtain an inpainted version u(x) of h(x).

1.1 Main results

1. Binary image inpainting with regular nonlinear term:

This equation was studied, endowed with Neumann boundary conditions, in [2] and [3]. In
particular, well-posedness and regularity results, as well as the existence of finite-dimensional
attractors has been studied in [3]. More precisely, such sets provide information on all the
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possible dynamics of the system and are expected to have a rich geometric structure; they con-
tain in particular all steady states and heteroclinic orbits. Moreover, the finite-dimensionality
means, roughly speaking, that, even though the initial phase space is infinite-dimensional,
the reduced dynamics can be characterized by a finite number of parameters. Furthermore,
numerical simulations were given. In particular, the simulations in [3] show that, in some
situations, a dynamic one step scheme with threshold involving the diffuse interface thickness
ε (we note that, in [2] and [1], the authors first considered a large value of ε and then a
smaller one in order to obtain their numerical simulations) allows to connect regions across
large inpainting domains.

2. Binary image inpainting with singular nonlinear term:

We now consider (1.1) with logarithmic nonlinear terms f (note indeed that the original
Cahn-Hilliard equation was actually proposed with thermodynamically relevant logarithmic
nonlinear terms which follow from a mean-field model; regular (and, in particular, cubic)
nonlinear terms are approximations of such logarithmic nonlinear terms).

The Bertozzi-Esedoglu-Gillette-Cahn-Hilliard equation, with logarithmic nonlinearities and
Neumann boundary conditions, appears to be much more complicated, from a mathematical
point of view, than the Cahn-Hilliard equation. Consequently, we are only able to prove the
local (in time) existence of solutions.

We also give some numerical simulations which confirm that the one step algorithm with
threshold proposed in [3] is efficient. Actually, in that case, we can obtain better results, when
using logarithmic nonlinear terms, than those obtained with polynomial nonlinear terms, as
far as the convergence time is concerned. Furthermore, we give an example for which the one
step algorithm gives much better results when considering a logarithmic nonlinearity.

3. color image inpainting:

We consider the following system:

∂c

∂t
= ∆µ+ λ0χΩ\D(x)(h− c), (1.2)

µ = f(c)− ε2∆c, (1.3)

∂c

∂ν
=
∂µ

∂ν
= 0, (1.4)

where c = (ci)i, µ = (µi)i, h = (hi)i, and f(c) = (fi(c))i,

fi(c) =
2

n
[ci(1− ci)2 − c2i (1− ci)]−

1

n

n∑

i=1

∂F

∂ci
,

i = 1, ..., n.

As far as the mathematical treatment of the problem is concerned, we have to face two essential
difficulties. The first one, which we already encountered in the binary model in [3], is that,
due to the presence of the fidelity term, we no longer have the conservation of mass, i.e., of the
spatial average of the order parameter, contrary to the original Cahn–Hilliard system. This is
overcome by deriving a global (in time) and dissipative (i.e., independent of time and bounded
sets of initial data, at least for large times) estimate on the order parameter; in particular, a
key step is to obtain such an estimate on the spatial average of the order parameter. We can
note that this estimate is a crucial one, already in order to prove the existence of a solution.
The second difficulty is that the order parameter has to satisfy some constraint, namely, the
sum of the phases must be equal to one. As a consequence, we have to be careful in the choice
of the functional spaces and in the (weak) formulation of the problem.

We are also interested in the study of the asymptotic behavior, in terms of finite-dimensional
attractors, of the associated dynamical system. The key step here is again the dissipative
estimate mentioned above. Furthermore, we prove that the model is algebraically consistent
with the diphasic one. Finally, we give some numerical simulations which confirm that the
one step algorithm with threshold proposed in [3] (see also [4]) is efficient, also in the context
of multi-color inpainting.
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4. Gray-scale image inpainting:

Let u = u1 + iu2 be the phase variable and Ω be a bounded domain in RN (N ≤ 3) with a
regular boundary Γ. Now, in order for such a model to have applications to image inpainting,
we need to add a fidelity term to keep the solution constructed close to the given image in
the complement of the inpainting domain, where image information is available. Let h1 be
the given (damaged) image, h1 : Ω→ [−1, 1]. We then introduce the function h,

h : Ω→ C, h(x) = h1(x) + ih2(x),

where h satisfies the constraint |h| = 1, which yields

h2(x) =
√

1− (h1(x))2.

We assume that h1 ∈ L2(Ω), so that h2 ∈ L2(Ω) and h ∈ L2(Ω;C); for simplicity, we will
also denote by L2(Ω) the L2−functions with values in C (i.e., L2(Ω;C); a similar notation
will hold for the corresponding Sobolev spaces). We finally consider the following complex
Bertozzi–Esedoglu–Gillette–Cahn–Hilliard model:

∂u

∂t
+ ε∆2u− 1

ε
∆f(u) + λ0χΩ\D(x)(u− h) = 0, (1.5)

where D b Ω is the inpainting domain, ε, λ0 > 0, and f(z) = |z|2z− z, z ∈ C. This equation
is endowed with Neumann boundary conditions as in the original Bertozzi–Esedoglu–Gillette–
Cahn–Hilliard equation,

∂u

∂ν
=
∂∆u

∂ν
= 0, on Γ. (1.6)

Furthermore, we will assume, in the numerical simulations (but not in the mathematical
analysis), that the imaginary part of the initial datum is given by

u2(0, x) = Im[u(0, x)] =
√

1− (Re[u(0, x)])2 =
√

1− (u1(0, x))2. (1.7)

Here and below, Re[ϕ] and Im[ϕ] denote the real and the imaginary parts of ϕ, respectively.

One main idea when considering Cahn–Hilliard models in image inpainting is to keep the
continuity of the isophote vectors at the boundary of the inpainting domain of the constructed
image (see [1] and [2]), which is much desirable. Furthermore, compared with other models,
the Cahn–Hilliard equation is more efficient, as far as the convergence time is concerned, and
allows to reconstruct images with large inpainting regions.

Our main aim is to propose a simple model for grayscale image inpainting which preserves the
inpainting advantages obtained with the Bertozzi–Esedoglu–Gillette–Cahn–Hilliard model,
i.e., it is not too heavy numerically and is fast, as far as the convergence time is concerned.
In particular, we can recover the binary inpainting results obtained in [1] and [2] and we only
need to compute two solutions (the real and imaginary parts of the order parameter) whatever
the number of channels in the damaged image is.

As already encountered in the binary model in [3], one essential difficulty to study the well-
posedness and the existence of finite-dimensional attractors is that we no longer have the
conservation of mass, i.e., of the spatial average of the order parameter, contrary to the
original Cahn–Hilliard equation. A second essential difficulty, when compared to (1.1), is that
(1.5) is complex valued (note indeed that (1.1) and (1.5) have exactly the same structure).
This makes the derivation of estimates on the nonlinear term (and, consequently, the proof
of dissipativity; note that the dissipativity is also used in an essential way in the proof of
existence of a solution) much more delicate. We can also note that the functional framework
considered in [5] for the color inpainting model is different from what we have here, since,
there, the sum of the components is equal to one.

As far as the numerical simulations are concerned, the authors in [2] give numerical evidence
that the steady states of the modified Cahn–Hilliard equation (1.1) are not unique. More
precisely, they depend on the initial condition inside the inpainting domain. Furthermore,
computing inpainted images with a small ε only may not allow to extend the level lines into the
missing domain as desired. This problem can a priori also appear when solving equation (1.5).
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Therefore, we follow the strategy devised in [1] and [2], i.e., we consider a dynamic two steps
scheme involving the diffuse interface thickness ε. More precisely, we consider a large value
of ε to connect the edges and then a smaller one in order to obtain the inpainting results.
Furthermore, when solving (1.5), the solutions may also regularize outside the inpainting
domain. Since, in image inpainting, the image is known outside the inpainting region, we use,
in the final inpainting results, the information on the image known outside the inpainting
domain to obtain better results (see Section 5). In particular, we give numerical simulations
with the two steps scheme which preserve the efficiency of the binary inpainting and also
confirm that (1.5) gives indeed good results in the context of grayscale inpainting.
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Abstract

We explore relations between cyclic sequences determined by a quadratic di�erence relation, cy-

clotomic polynomials, Eulerian digraphs and walks in the plane. These walks correspond to closed

paths for which at each step one must turn either left or right through a �xed angle. In the case

when this angle is 2π/n, then non-symmetric phenomena occurs for n ≥ 12. Examples arise from

algebraic numbers of modulus one which are not n'th roots of unity.

Key words: cyclic sequence, quadratic di�erence relation, cyclotomic polynomial, digraph, Eule-

rian digraph, planar lattice, planar walk, random walk.

1 Introduction

Consider a �nite graph G = (V,E), where V is the set of its vertices, and E the set of its edges,

and a real valued function γ : V −→ R, and consider the following quadratic equation

∀ x ∈ V, γ(∆ϕ(x))2 = (∇ϕ(x))2, (1)

where ϕ : V −→ C is a complex valued function.

The term ∆ϕ(x) is the Laplacian of ϕ at vertex x:

∆ϕ(x) =
1

d(x)

∑

y∼x
(ϕ(y)− ϕ(x)),

where d(x) is the degree of x, and

(∇ϕ)2(x) =
1

d(x)

∑

y∼x
(ϕ(y)− ϕ(x))

2

is the symmetric square of the derivative.

The geometric spectrum of G is de�ned to be the set of all functions γ : V −→ [−∞, 1], γ(x) < 1

if d(x) ≥ 3, such that there exists a non constant function ϕ : V −→ C, satisfying equation (1).

Consider the Euclidean space RN , (N ∈ N, N ≥ 2). A framework in RN is a graph G = (V,E)

realized as a subset of this space, where edges vw ∈ E are straight lines segments joining the ver-

tices v, w ∈ V . The framework G = (V,E) in RN is invariant if there exists a function γ lying in
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its geometric spectrum, such that this framework satis�es equation (1) with ϕ being the restriction

to its vertices of an orthogonal projection in C, independently of any similarity transformation in

Rn of this framework.

The quadratic equation (1) has been �rst introduced in [1]. For frameworks arising from the

1-skeleton of a regular simplex in the Euclidean 3-space, Eastwood and Penrose [3] show that

equation (1) is satis�ed. This property is generalized to other (invariant) frameworks by Baird [1]:

by methods of linear algebra, he addresses the problem of when a given graph can be realized as

an invariant framework in an Euclidean space of dimension greater than or equal to three; some of

these frameworks are called the "con�gured stars", where a star consists of an internal vertex v0
adjacent to n external vertices v1, v2, . . . , vn, with no other connections. Moreover, equation (1)

arises from its smooth counterpart for a hypersurface in Euclidean space [2]:

Any regular polytope in Euclidean space provides an example of an invariant framework, with

γ varying from polytope to polytope. For example, for the cube γ = 0 and for the tetrahedron

γ = 3/4. When one considers an orthogonal projection of a smooth hypersurface in the Euclidean

space, remarkably we �nd the same phenomena, namely that a smooth version of the equation is

satis�ed independently of the projection, where γ = −1/H2 with H being the mean curvature.

Frameworks in the context of equation (1), in particular satisfying the invariance property, have

only been considered recently, see [1], however, the examples of the regular polytopes can be de-

duced from [3], and the case of the cube goes back to the Theorem of Axonometry of Gauss [4].

In our work, we are interested in studying solutions to equation (1) on cyclic graphs (cycles), with

γ being constant.

So let C = (V,E) be a cyclic graph on N vertices, and set V = {0, 1, 2, . . . , N − 1}, then
∀ j ∈ Z/NZ, the vertex j has j − 1 and j + 1 as neighbors. For γ a real constant, equation (1)

takes the form:

γ

2

(
2ϕ(j)− ϕ(j − 1)− ϕ(j + 1)

)2
=
(
ϕ(j)− ϕ(j − 1)

)2
+
(
ϕ(j)− ϕ(j + 1)

)2 ∀j ∈ Z/NZ (2)

where j ± 1 are calculated modulo N .

A quadratic cyclic sequence (QCS) of order N is a function ϕ : Z/NZ→ C solution to equation (2).

If we de�ne the increment uj = ϕ(j + 1)− ϕ(j), then the above equation reads

γ

2
(uj − uj−1)2 − uj2 − uj−12 = 0. (3)

Using the Cauchy-Schwartz inequality, it follows from equation (3) that for a given j ∈ {0, 1, . . . , N−
1}, if uj , uj−1 are both real, we have

uj
2 + uj−1

2 =
γ

2
(uj − uj−1)2 ≤ γ(uj

2 + uj−1
2) .

In particular, for there to exist a non-constant real solution to (2), then necessarily γ ≥ 1. Equally,

if γ < 1, then for any three successive terms of the QCS, at least one must be complex with non

zero imaginary part. We will also see that for the real case, γ can be at most equal 2, and that this

value corresponds to the case when uj or uj−1 equal zero; otherwise, γ < 2.

First, we examine real QCS, showing how they arise from polynomials with positive integer coe�-

cients. An example of an integer QCS of order 10 is given by

(0, 9, 3, 12, 6, 10, 4, 8, 2, 6)
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It satis�es (2) with γ = 26/25. Moreover, it may not be unique, for example the following is another

sequence of order 10 with γ = 26/25:

(0, 9, 3, 7, 1, 10, 4, 8, 2, 6) .

We will see how a given polynomial can give rise to di�erent sequences coming from legitimate

orderings (given in the following theorem) of a corresponding set of increments:

Theorem 1.1. (Construction of real quadratic cyclic sequences): Let q(x) = an−2xn−2+an−3xn−3+

· · · + a1x + a0 (n ≥ 2) be any polynomial with integer coe�cients all strictly positive. Multiply by

x+ 1 to obtain the new polynomial

p(x) := bn−1x
n−1 + bn−2x

n−2 + · · ·+ b1x+ b0

= an−2x
n−1 + (an−2 + an−3)xn−2 + · · ·+ (a1 + a0)x+ a0 .

Let y be any real root of p(x) (necessarily negative). Then a quadratic cyclic sequence

(x0, x1, x2, . . . , xN−1)

of order N = 2
∑
k ak is constructed by arbitrarily prescribing x0 and then requiring increments

uj = xj+1 − xj of successive terms to be taken from the set {1, y, y2, . . . , yn−1} in such a way that

each increment yk occurs precisely bk times and any two adjacent increments have powers that

di�er by ±1, including the powers corresponding to the elements u0 and uN−1. This is always

possible and up to these constraints, the ordering is arbitrary. The constant γ in (2) is given by

γ = 2(1 + y2)/(1− y)2 < 2.

Conversely, up to addition of a constant, cyclic permutations and order reversal, a multiple of

any real cyclic sequence with γ 6= 2 arises in this way from such a polynomial p(x), well-de�ned up

to replacement of p(x) by p̃(x) := xdeg pp(1/x).

The cyclic sequences with γ = 2 are characterized as those made up of connected segments

of order ≥ 2 on which the sequence is constant. The cyclic sequences with γ = 1 are, up to

normalization, equivalent to (0, 1, 0, 1, . . . , 0, 1); they arise by taking the root y = −1 of p(x).

The two real sequences given in the examples above arise from di�erent legitimate orderings. Fur-

thermore, we will see how one can actually capture the legitimate orderings by Eulerian walks in a

corresponding digraph.

It is possible to combine real QCSs with common γ to obtain new ones, and we show how such

concatenation of sequences is re�ected in the de�ning polynomials:

Proposition 1.2. Let p1(x) and p2(x) be polynomials of degree m − 1 and n − 1 (resp.) having

the form given in Theorem 1.1 which de�ne real QCS with γ 6= 2, of orders M and N (resp.)

deriving from a common fundamental increment y. Then there exists a real QCS of order M +N

with de�ning polynomial p(x) = p1(x) + xkp2(x), where 0 ≤ k ≤ m, obtained by concatenation of

two real QCS with de�ning polynomials p1(x) and p2(x) resp..

Suppose that the function γ is not necessarily constant. Consider a cyclic framework in the Eu-

clidean space R2. We can show that it is invariant in R2 if and only if it is realized in the plane as

a polygon with sides of equal length. With the requirement of γ to be constant, the absolute angle

α ∈ [0, π] between each two consecutive edges is constant, and we have

γ =
2 cosα

1 + cosα
.

So now, one can picture a complex QCS (which is a solution ϕ : Z/NZ → C to equation (2) with

γ ∈ [−∞, 1]) as a closed polygon in the plane with edges the straight line segments [ϕ(j), ϕ(j+ 1)],
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each having the same length, and with constant absolute angle between the edges. We will be

interested in such polygons and how they will be de�ned by polynomial equations.

Complex QCS which arise from polynomials will be called algebraic. In this case, a legitimate

polynomial p(x) (one de�ning a complex QCS) determines a closed polygonal walk in the plane

with exterior angle either +θ or −θ for some �xed angle θ (the turning angle), where θ = π − α, α
being the constant absolute angle between every two consecutive edges of the polygon.

As we will see, complex algebraic QCS exist with turning angle not a rational multiple of 2π.

In the case when θ = 2πm/n, m < n, m and n relatively prime, necessarily the n'th cyclotomic

polynomial Φn(x) must divide p(x):

Theorem 1.3. Let ϕ be a complex QCS with increment y = e2mπi/n (m,n relatively prime, m < n).

(i) When n = 2k (k ≥ 2) is even, ϕ is determined by a polynomial of the form

p(x) = (x+ 1)Φn(x)q(x)

where q(x) is a polynomial of degree ≤ n− 2− deg Φn(x). When n = 2, p(x) = a(x+ 1) for some

positive integer a.

(ii) When n is odd, ϕ is determined by a polynomial of the form

p(x) = Φn(x)q(x)

where q(x) is a polynomial of degree ≤ n− 1− deg Φn(x). In the case when n is prime, then

p(x) = a(xn−1 + xn−2 + · · ·+ x+ 1)

for some positive integer a.

Conversely, polynomials of the above type (with q(x) to be made precise on a case by case basis)

yield a corresponding QCS.

An example of a complex QCS with γ = 2/3 and n = 6 is given by

(
0, 1, 12 −

√
3
2 i, 0, 1, 12 +

√
3
2 i
)

with corresponding walk illustrated below, where we label the vertices in sequential order. In this

0

3

1

4

2

5

example, we see that the complex QCS has indeed a corresponding polygonal walk, with 6 edges

of equal length 1, and whose constant absolute angle is α = π
3 . The polygonal walk is de�ned by

(1, y2, y, 1, y, y2) with y = e
2iπ
3 , and the turning angle θ is θ = π − α = 2π

3 . The corresponding

legitimate polynomial is p(x) = 2(1 + x+ x2); y is its root.

The problem of which polynomials give rise to complex QCS turns out to be challenging when n

becomes large and bears on the following geometric question:

One wishes to construct a polygonal path starting at the origin, with directed edges taken from

the edges of a closed regular polygon with exterior angle 2π/n. One may use edges as often as one
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likes, but at each step, the turning angle must be either +2π/n or −2π/n (one turns left or right

through an angle 2π/n). In the case when the polygonal path is closed and n is even, must each

edge occur with its parallel counterpart oriented in the opposite direction?

For example, the following illustration is of a polygonal path with directed edges taken from

the edges of a closed regular polygon with exterior angle 2π/6:

0

In this path, the edge 1 is used twice, so is its parallel counterpart oriented in the opposite direction,

−1. Also, the edge eiπ/3 is used once, so is the edge ei4π/3, and the edge ei2π/3 twice, just like

ei5π/3.

Another issue is whether, to complete a circuit, all edges of the polygon are required (now for

n even or odd). We prove the following:

Proposition 1.4. Any complex algebraic QCS with turning angle 2πm/n (m,n relatively prime

with m < n) either with n ≤ 11, or n = 2r (r > 0), or n = 2p (p an odd prime), must use all

increments {y0, y1, . . . , yn−1} (y = e2πmi/n). Furthermore if n is even with the same hypotheses,

then for each occurrence of the increment yk, there is also an occurrence of the increment y
n
2 +k =

−yk. In particular, the corresponding polygonal walk in the plane contains each edge with its

oppositely orientated counterpart.

We will see that the above properties fail to hold when n ≥ 12, for n 6= 2r (r > 0) and n 6= 2p

(p an odd prime): We build a computer program using "Rust" to �nd paths of smallest lengths

which violate these properties.

Finally, we study the unicity of the edges used to construct a polygonal walk that is not nec-

essarily closed, with turning angle 2π/n, of given length and end point:

We study what we refer to as 2-step walks in the plane with constant turning angle; We consider

walks as discussed above with constant turning angle θ, and look at the corresponding walk that

occurs by taking two steps at a time. In the case when θ = π/2, this yields the standard planar

walk, whereby one moves on the integer lattice in the plane and at each step one chooses one of

the four neighbouring points. Moreover, unicity of the edges used to construct the polygonal walk

occurs.

In the case when θ = π/3, then the corresponding 2-step walk takes place on the triangular

lattice, but is no longer a Markovian process, that is a subsequent steps depends on the previous

step and we �nd restrictions on the points that can be attained. Furthermore, unicity of the edges

used to attain a certain point for a given path length, no longer holds.
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Abstract

A hedge automaton can be used to recognize a �nite or an in�nite ungraded trees set using
string REGEX (hedges). However, the use of hedges cannot represent the parent-child relation in
trees and model merely the horizontal link between trees. In this paper, we propose a new rational
expressions to represent the class of trees recognizable by hedge automata.

Key words :Hedge automata, rational expressions, tree languages.

1 Introduction

In the last few years, tree automata start to draw attention in many �elds in applied mathematics
and computer science like in Xml Schemas [1, 2], cryptography [3, 4], term rewriting [5] etc.

Kleene theorem reports that there exists an equivalence between accepted (noted Rec(Σ)) and
rational (noted Rat(Σ)) tree languages for a set of graded symbols Σ [6, 7, 8].

However, no work deals, in our best knowledge, with rational expressions for ungraded tree
automata.

In this paper, we describe a new rational expression for ungraded tree languages. Indeed,
Hedge Automata (HA) are perfect data structures that present ungraded trees. String rational
expressions (REGEX) are used to denote horizontal link between tree nodes. We adapt a rational
tree expression to generalize these REGEX to the parent-child relation in trees.

2 Preliminaries

An alphabet Σ is a �nite set of symbols. The set UΣ of ungraded trees is the smallest set satisfying:

• Σ ⊂ UΣ and

• if f ∈ Σ, t1, . . . , tn ∈ UΣ, n ∈ N then f(t1 . . . tn) ∈ UΣ.

For an ungraded tree f(t1 . . . tn), the sequence t1 . . . tn is called a hedge. We note that a set of
hedges forms a string language. An ungraded tree language L is any subset of UΣ.

By the same way, one can de�ne the rational expression for horizental language using rational
expressions on words (strings) to de�ne hedges or horizontal word language. However, to reach
more simplicity and thus subtract more naturally hedges for the hedge automaton, we use a set of
variables to de�ne a word rational expressions.

Hedge automata are models that recognize a possibly in�nite sets of ungraded tree language.
We will not address the regularity of the recognizable language of hedge automata in this paper.
Nevertheless, the proposed rational expression is used to prove the assumed regularity [7, 9].

De�nition 1 A hedge automaton (HA) H is the tuple H = (Q,Σ, Qf ,∆) where :

1. Q is a set of states,
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2. Σ is an ungraded alphabet,

3. Qf ⊆ Q is a set of �nal states and

4. ∆ ⊆ Σ× Rat(Q)×Q is a �nite set of transitions. Rat(Q) is the set of REGEX over Q.

The output function δ : UΣ → 2Q that associates to a tree t = f(t1 . . . tn) a state from Q can
be de�ned as follows.

δ(t) = {q | ∃(f,E, q) ∈ ∆ and ∀di ∈ δ(ti), 0 < i < n, d1 . . . dn ∈ [[E]]} (2.1)

The language L(H) recognized by the HA H is

L(H) = {t ∈ UΣ | δ(t) ⊆ Qf} (2.2)

Example 1 Let H = (Q,Σ, Qf ,∆) such that :

1. Q = {q1, q2},
2. Σ = {a, b},
3. Qf = {q2},
4. ∆ = {(a, 1, q1), (a, q∗1 , q2), (b, q1 + q2, q2)}.

The tree t = a(b, a(a, a)) is not recognized by the automaton because b cannot be used by the
transitions set. However, the tree t′ = b(b(a)) can be recognized by H using q1 or q2 to replace a
and q2 to replace b(q1). Then, q2 can replace b(q2) since q2 ∈ [[q1 + q2]].

Before announcing the rational expressions for ungraded trees, we de�ne some needed notions.
Given a symbol c ∈ Σ, the c-product is the operation ·c de�ned for a tree t in UΣ and a tree

language L by

t ·c L =





L if t = c,
{d} if t = d ∈ Σ \ {c},
f(t1 ·c L . . . tn ·c L) otherwise (if t = f(t1 . . . tn))

(2.3)

This c-product is extended for any two tree languages L and L′ by L ·c L′ =
⋃
t∈L t ·c L′.

We use the multiple concatenation for sake of simplicity.
let X = {x1, . . . , xn} be any set. Let L,L1, . . . , Ln be n ungraded languages then:

L.<x1,...,xn> < L1, . . . , Ln >= L.x1L1.x2(. . . . .xn(Ln) . . .) (2.4)

We use sometimes L.<X> < L1, . . . , Ln > for simpli�cation.

3 Rational expressions for ungraded tree languages

E�ectively, one can give many de�nitions of rational expressions for ungraded languages. For
instance, the word concatenation can be done using a .ε concatenation using a special symbol ε not
in Σ. However, we adopt a de�nition that exhibit the horizontal relation in trees.

Subsequently, we de�ne rational expressions for ungraded trees over an ungraded alphabet Σ
as follows.

De�nition 2 A Rational expression for ungraded alphabet (REU) E over Σ is inductively de�ned
as follows.

E = 0, E = f(ϕ(σ)).<σ> < E1, . . . , En >,

E = E1 + E2, E = E1 ·c E2, E = E∗c1

where E1, . . . , En are REU over (Σ), σ ⊆ Σ, ϕ(σ) is a REGEX over σ∗, c ∈ Σ and n = ||ϕ(σ)||.
The semantics JEK of a REU E is de�ned as follows.

J0K = ∅,
Jf(ϕ(X)).<X> < E1, . . . , En >K = f(Jϕ(σ)K).<σ> < JE1K, . . . , JEnK >

JE1 + E2K = JE1K ∪ JE2K, JE1 ·c E2K = JE1K ·c JE2K, JE∗c1 K = (JE1K)∗c
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In fact, the hedge notion is not distinguishable in this de�nition since concatenation symbols
for horizontal and vertical links are the same. We extend therefore this de�nition to meet this
requirement.

De�nition 3 A Rational Hedge Expressions (RHE) E over (Σ, X), X∩Σ = ∅ is inductively de�ned
as follows.

E = 0, E = f(ϕ(X)).<X> < E1, . . . , En >,

E = E1 + E2, E = E1 ·c E2, E = E∗c1

where E1, . . . , En are RHE over (Σ, X), ϕ(X) is a REGEX over X∗, c ∈ Σ and n = ||ϕ(X)||.

Now, we can prove that the semantics of a RHE such de�ned is free from X.
Consequently,

Lemma 1 Let E be a RHE over (Σ, X). Then, JEK ⊆ UΣ.

Proof The proof can be done inductlvely on the structure of E.

1. If E = a, a ∈ Σ then JEK ⊂ UΣ since X and Σ are disjoint.

2. If E = E1 + E2 such that E1 and E2 are free from X then by de�nition we have JEK ⊆ UΣ.

3. If E = E1.cE2 such that E1 and E2 are free from X. Then E is free from X since c 6∈ X.

4. If E = E∗c1 such that E1 is free from X then JEK does not contain any element from X.

5. If E = f(ϕ(X)).<X> < E1, . . . , En > such that E1, . . . , En does not contain any element
from X. The fact that E is free from X leads to ∀x ∈ ϕ(X) = {x1, . . . , xn}. If x′ 6∈ ϕ(X)
then f(ϕ(X)).x′Ei, 1 ≤ i ≤ n = 0. Otherwise, every element x from ϕ(X) will be replaced by
an expression Ei which is free from X.

�

Hence, we can generalize the Kleene result to ungraded trees.

Theorem 1 The class of recognizable ungraded tree languages and the class of rational ungraded
tree languages are equivalent.

This theorem can be proved by two constructions. The �rst one creates for a RHE E a hedge
automaton H such that L(H) = JEK. The second one tries to �nd a RHE E that denotes the
recognized language of a hedge automaton.

4 Conclusion

In this paper, we proposed a generalization of rational expression from trees to ungraded tree
languages. We mentioned that the hedge automata languages coincide with that of the proposed
rational expressions. This result can be used to propose generalizations of di�erent conversions
which can exist between hedge automata and rational expressions namely Thompson, derivatives
and position from one hand, Arden and Mc Naughton -Yamada transformation from the other one.
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Abstract

In this paper, we define a new class of the generalized Fibonacci polynomials, which we call
the associated Fibonacci polynomials, we study their characteristic properties: generating function,
Binet’s formula, etc., we also introduce the associated Lucas polynomials that generalize the Lucas
polynomials. In the last section, we give a relationship between the associated Fibonacci polyno-
mials and the associated Lucas polynomials.

Key words: Fibonacci and Lucas polynomials, Laguerre polynomials, generating function.

1 Introduction

The Laguerre polynomials are solutions of Laguerre’s equation:

xy′′ (x) + (1− x) y′ (x) + ny = 0.

These polynomials, usually denoted Ln(x) are a polynomial sequence which may be defined by the
Rodrigues formula

Ln (x) =

(
d

dx
− 1

)n
xn

n!
.

The associated Laguerre polynomials Lm
n (x) are usually defined by the following generating func-

tion: ∑

n≥0
Lm
n (x) zn =

1

(1− z)m+1 exp

(
− xz

1− z

)
, (1.1)

or more simply by

Lm
n (x) = (−1)

m dm

dxm
Ln+m (x) . (1.2)

Differentiating the generating function (1.1) r times leads to

dr

dxr
Lm
n (x) = (−1)rLm+r

n−r (x) . (1.3)

The classical Fibonacci numbers Fn are defined by the recurrence

F0 = 0, F1 = 1, Fn+2 = Fn+1 + Fn

and the ordinary generating function of Fn is given by

z

1− z − z2 =

∞∑

n=0

Fnz
n.

The general term can be expressed as

Fn =
1√
5

(αn − βn) , (1.4)

where α = 1+
√
5

2 and β = 1−
√
5

2 .
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2 Main results

Let (An (x))n≥0 be any sequence of polynomials, the aim of this work is to study some properties
of the associated polynomials Am

n (x) satisfying the property (1.3). We illustrated our results
by considering the Fibonacci numbers case by presenting a new class of the generalized Fibonacci
polynomials, which we call the associated Fibonacci polynomials. The associated Lucas polynomials
are also presented.
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Abstract

In the present paper, we express the power of a variable in terms of the generalized Bernoulli-
Euler polynomials using deteminantal approach. Also using Little Fermat’s Theorem, we establish
a congruence identity. We also give some explicit formulas linked to Stirling numbers.

Key words : Bernoulli and Euler polynomials; partial Bell polynomials; Stirling numbers; gener-
ating function; little Fermat’s theorem.

1 Introduction

Let a, b, c ∈ R+ (a 6= b). The generalized Bernoulli Bn(x; a, b, c) and Euler En(x; a, b, c) polynomials
were first introduced by Luo et al. [4, 5], they are given by the generating functions:

t

bt − at c
xt =

∑

n≥0
Bn(x; a, b, c)

tn

n!
, |t| < 2π

|ln b− ln a| (1.1)

and
2

bt + at
cxt =

∑

n≥0
En(x; a, b, c)

tn

n!
, |t| <

∣∣∣∣
π

ln b− ln a

∣∣∣∣ . (1.2)

When b = c = e and a = 1, expressions (1.1) and (1.2) reduce to the classical Bernoulli
polynomials Bn(x) and the classical Euler polynomials En(x) respectively, see [6], denoted as
Bn(x) := Bn(x; 1, e, e) and En(x) := En(x; 1, e, e).

2 Determinantal representation

The generalized Bernoulli and Euler polynomials admit expressions in terms of the the classical
Bernoulli and Euler polynomials given by the following theorem.

Theorem 1 Let a, b, c ∈ R+, (a 6= b) and an integer n ≥ 0. Then the following identities holds:

Bn(x; a, b, c) =

n∑

k=0

(
n

k

)
(−1)

n−k
lnk

(
b

a

)
lnn−k aBk

(
x ln c ln

(a
b

))
(2.1)

and

En(x; a, b, c) =

n∑

k=0

(
n

k

)
(−1)

n−k
lnk

(
b

a

)
lnn−k aEk

(
x ln c ln

(a
b

))
. (2.2)

Theorem 2 Let x be a real number and (a, b) 6= (0, 1), we have for n ≥ 0

xn =
1

2n+1(n+ 1) lnn b

n+1∑

k=0

(
n+ 1

k

) ∣∣∣∣∣∣

Bn−(k−1)(x+ 1, a, b, b) Ek(x, 1, b/a, b)

Bn−(k−1)(x, 1, b/a, b) Ek(x+ 1, a, b, b)

∣∣∣∣∣∣
. (2.3)
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We derive a new addition formula in a determinantal form as a consequence of a Little Fermat’s
Theorem.

Theorem 3 Let p be a prime number and a an integer, we have

p+1∑

k=0

(
p+ 1

k

)
∆p+1−k,k(a) ≡ 1

2

2∑

k=0

(
2

k

)
∆2−k,k(a) mod p, (2.4)

where ∆n,s(v) :=

∣∣∣∣
Bn(v + 1) Es(v)
Bn(v) Es(v + 1)

∣∣∣∣.

3 Explicit formulas

The partial Bell polynomials Bn,k(x1, x2, . . . , xn) are defined by, see [1, 3],

∞∑

n=k

Bn,k(x1, x2, . . . , xn−k+1)
tn

n!
=

1

k!

( ∞∑

m=1

xm
tm

m!

)k

.

For n and k nonnegative integers with (k ≤ n), the Stirling numbers of the second kind S (n, k) are
defined by the following generating functions:

∑

n≥k
S (n, k)

tn

n!
=

(et − 1)k

k!
.

Theorem 4 We have

Bn(x; a, b, c) =

n∑

k=1

(−1)k(
n+k
n

)
∑

s+t=k
i+j=n

∑

r,m

(−1)m+r

(
n+ k

s− r, t−m, i+ r, j +m

)

× Ci,j(x; a, b, c)S(i+ r, r)S(j +m,m), (3.1)

where Ci,j(x; a, b, c) := ln (a/b) lni (a/cx) lnj (b/cx).
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Abstract

The purpose of this note is to investigate the stabilization of a generalized telegraph equation
set on one dimensional star shaped networks. A dissipative boundary condition is applied at all the
external vertices. At the common internal vertex, an improved Kirchhoff law is considered. First,
we prove that our system is strongly stable. Next, using a frequency domain approach, we show
that the energy of the system decays exponentially to zero.

Key words :Telegraph, Stabilization, Kirchoff.

1 Introduction

Over decades, telegraph equations have gained attention and interest among scientists due to
their different applications in the transmission of electrical signals along transmission lines of all
frequencies, in addition to many other physical, biological and engineering applications (see [17,
2, 10, 4, 14]). As a consequence, many mathematical models were set up, for instance in [8], a
general and realistic situation was considered and a mathematical model of electromagnetic wave
propagation in heterogeneous lossy coaxial cables was derived. Recently, referring to [15], S. Nicaise
has considered the stabilization of the generalized telegraph equation set in a real interval (model
on a cable from [8]): 




Vt + gV + aIx + kW = 0, in (0, L)× (0,∞),

It + rI + bVx = 0, in (0, L)× (0,∞),

Wt + cW = V, in (0, L)× (0,∞),

(1.1)

with the following boundary conditions

V (0, t) = V (L, t) = 0, t ∈ R∗+,

and the following initial conditions

V (x, 0) = V0(x), I(x, 0) = I0(x),W (x, 0) = W0(x), x ∈ (0, L),

where, a, b, c, r, k and g are all non-negative functions in L∞(0, L) that verify some assumptions
mentioned in [15]. The generalized telegraph equation is a coupling between the usual telegraph
equation where the electric unknowns are V and I representing the electric potential and the electric
current respectively with a first order differential equation of parabolic type involving an auxiliary
variable W representing the non-local effects. In [15], the author was interested in studying the
energy decay rate of system (1.1). In fact, under the additional condition that r + g > 0 in (0, L),
an exponential energy decay rate is established. Otherwise, he proved a polynomial energy decay
rate of type 1

t for smooth initial data. Moreover, the obtained polynomial decay rate is optimal in
the case r = g = 0.
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On the other hand, first order hyperbolic systems set on graphs, also called networks, appear in
recent applications, like electrical circuits, arterial networks, networks of open channels, traffic flows
on networks (see [19, 20, 12, 6]). In particular, referring to [16], the usual telegraph equation was
considered on a network with a general class of transmission conditions, including reasonable ones
(like the Kirchhoff law) so that with the dissipative boundary conditions at the exterior vertices,
an exponential stability was established. As a consequence, also some exact controllability results
was obtained (we refer to [11, 13, 5, 21, 3, 18]). But to the best of our knowledge, the stability of
the generalized telegraph equation on a network is an open problem. This motivate us to study
this equation firstly on star shaped graphs.

In this note, we consider system (1.1) on a star shaped network made of N + 1 cables of equal
length L > 0, with a positive integer N . For that purpose, we fix different non-negative functions
a = (a`)

N
`=0,b = (b`)

N
`=0, c = (c`)

N
`=0,k = (k`)

N
`=0, r = (r`)

N
`=0, and g = (g`)

N
`=0 in

∏N
`=0 L

∞(0, L)
satisfying the following assumption

a` ≥ µ, b` ≥ µ, c` ≥ µ, k` + g` ≥ µ a.e in (0, L), ∀` = 0, . . . , N, (1.2)

where µ is a positive real number. These assumptions are in agreement with the physical setting
in [7, 8].
Our system is described by





V`,t + g`V` + a`I`,x + k`W` = 0, (x, t) ∈ (0, L)× R∗+, ` ∈ {0, ...., N},
I`,t + r`I` + b`V`,x = 0, (x, t) ∈ (0, L)× R∗+, ` ∈ {0, ...., N},
W`,t + c`W` = V`, (x, t) ∈ (0, L)× R∗+, ` ∈ {0, ...., N},

(1.3)

where, on each cable of index ` ∈ {0, . . . , N}, V` represents the electric potential, I` represents the
electric current and W` represents the non- local effects. Moreover, we denote by V = (V`)

N
`=0, I =

(I`)
N
`=0, and W = (W`)

N
`=0.

System (1.3) is considered with the following dissipative boundary condition on the exterior vertices

V`(L, t)− α`I`(L, t) = 0, in R∗+, α` > 0, ∀` ∈ {0, ...., N}, (1.4)

and the transmission conditions (called the improved Kirchhoff conditions, see [9]) on the interior
common vertex





∑N
k=1 Z`kIk,t(0, t) = 1

δ (V0(0, t)− V`(0, t)), in R∗+, ∀` ∈ {1, ...., N},

V0,t(0, t) = −1
δY

∑N
`=0 I`(0, t) in R∗+,

(1.5)

where, Y > 0, δ > 0, and Z = (Z`k)N×N is a symmetric, positive definite matrix.

By setting ν(t) = V0(0) and η(t) = (η`(t))
N
`=1 with η`(t) =

∑N
k=1 Z`kIk(0), system (1.3)-(1.5) is

completed with the following initial conditions

V(x, 0) = V0(x), I(x, 0) = I0(x), W(x, 0) = W0(x), x ∈ (0, L)

and
ν(0) = ν0,η(0) = η0.

First, using semigroup theory, we show that system (1.3)-(1.5) admits a unique solution in an ap-
propriate Hilbert space. Next, we prove the strong stability of the system using a general criteria of
Arendt-Batty (see [1]). Finally, based on a frequency domain approach combined with a multiplier
technique, we establish an exponential energy decay rate.
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Abstract

This paper deals with the problem of joint determination of the number of regimes and au-
toregressive orders of the Mixture Autoregressive (MAR) models. More specifically, we propose a
variant of the Predictive Density Criterion (PDC) for the purpose of MAR model selection. The
efficiency of this variant is evaluated by means of Monte Carlo experiments. Our results indicate
that PDC serves as an effective tool for selecting the correct order and the number of regimes.

Key words : Mixture AR model, model selection problem, Bayesian approach, predictive density
criterion.

1 Introduction

The mixture of statistical models have been studied long time ago, but the adoption of the mixture
philosophy in nonlinear time series models has a relatively short history. It was only introduced
in 1978 in time series analysis with the threshold models (see Tong, 1978). Wong and Li (2000)
introduced a model called mixture autoregressive (MAR) model. This mixture of models makes
possible a time series to have a different dynamic according to the regimes in which it is located.
It is based on the idea that a relationship can be non-linear over the global period considered,
but linear by sub-periods. Indeed, the MAR model is a finite mixture of autoregressive models
where parameters at each time point depend on a latent transition process which is independent
and identically distributed (i.i.d.). Sa structure makes it potentially useful in economic studies
and financial modeling. The MAR models are among of the most powerful tools for modeling
some stylized features exhibited by many time series such as multimodality, tail heaviness, change
in regime and asymmetry in the conditional mean. Various extensions of MAR model have been
proposed in order to capture different additional features (see e.g. Wong and Li, 2001 ; Fong et al.
2007 ; Shao, 2006 ; Bentarzi and Hamdi, 2008).

It is well known that one of the major problems in the analysis of the MAR models is to
specify the number of models and the appropriate autoregressive order of each component. Many
approaches to this problem can be used. Indeed, Wong and Li (2000) have adapted the Bayesian In-
formation Criterion (BIC) (Schwarz, 1978) for the MAR setting. They suggested, as the goodness-
of-fit term, the maximized log-likelihood which is computed from the conditional probability density
of the model rather than one defined from the complete-data log-likelihood. In the same work, they
have pointed out that the AIC is not appropriate for selecting the orders in the MAR framework.

Furthermore, the predictive density function of each observation of the data has been proven
useful to solve the order selection problem for some classes of time series models. Indeed, Djuric
and Kay (1992) proposed the Predictive Density Criterion (PDC) for the order selection problem of
the linear autoregressive (AR) model. Bentarzi et al. (2008) extended the PDC to solve the order
selection problem for periodic AR (PAR) models. Since the self-exciting threshold autoregressive
(SETAR) model is piecewise linear autoregressive, Hamdi and Khalfi (2016) extended the PDC
for the problem of joint determination of the delay parameter and autoregressive orders. The
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demonstrated effectiveness of the PDC criterion as a model selection tool in AR, PAR and SETAR
models motivates the exploration of an extended variant for MAR modeling. More specifically, we
propose a variant of PDC for the problem of joint determination of the number of regimes and
autoregressive orders of MAR models.

The article is organized as follows. Section 2 is dedicated to our contribution. Using a noninfor-
mative prior density, we determine an explicit expression of the predictive density function which
allows us to derive our criterion. The performance of the proposed criterion is discussed through a
simulation study in the Section 3.

2 Predictive Density Criterion for MAR model

Consider the following Mixture Autoregressive model with period S which may be defined through
the conditional distribution of the underlying process, given the past information, as a mixture of
K parametric distributions

f (yt|Ft−1) =

K∑

k=1

αk
σk
f (k)

(
yt − φk,0 −

∑pk
j=1 φk,jyt−j

σk

)
, t ∈ Z, (2.1)

where f (k) and f ( .| Ft−1) are, respectively, a probability density with zero mean and unit variance,
and the conditional probability density of yt given the past information. Ft denotes the σ-algebra
based on the information available up to time t. The parameters σk are positive scalars and the
sum of the mixing proportions is unitary,

∑K
k=1 αk = 1, with αk > 0, for all k.

Note that the MAR model may be seen as a mixture of K components AR. At each time point
t, one of them generates the observation yt. Let {Zt; t ∈ Z}, where Zt = (Zt,1, Zt,2, ..., Zt,K), be a
sequence of i.i.d. K-dimensional vectors with component Zt,k equal to 1 if the observation yt comes
from the k-th component of the conditional density, and 0 otherwise. In view of the definition of
Zt,k, it is clear that P (Zt,k = 1) = αk, for all k = 1, 2, ...,K.

To derive the PDC version for the model selection of MAR model, we must to give explicitly the
expression of the predictive density function of each observation of the data. We also assume that
the f (k), k = 1, ...,K are normally distributed and we take the initial conditions (y1, y2, . . . , ym−1)
as given, where m = max {p1, ..., pK}+ 1.

Let be given a realization y = (y1, y2, . . . , yn) generated from a stationaryMAR (K; p1, p2, . . . , pK)
defined by (2.1). For notational simplicity, let us write p = (p1, ..., pK), α = (α1, ..., αK), δ = (K,p)
and yr,s = (yr, yr+1, · · · , ys)′, for any positive integers r and s such that r < s, where the prime
denotes the transpose.

Using these notations, the predictive density of yt conditioning on the information available up
to time t− 1 can be expressed as follows

f (yt| Ft−1, δ) =

∫

α

∫

σ

∫

Φ

f (yt| Ft−1, δ, σ,Φ, α) f (σ,Φ, α| Ft−1, δ) dΦdσdα, (2.2)

where Φ =
(
Φ′1,p1 , · · · ,Φ′K,pK

)′
, Φk,pk = (φk,0, φk,1, · · · , φk,pk)

′
, for k = 1, ...,K, σ = (σ1, · · · , σK)

′
.

The essential problem in (2.2) is to find the form of f (σ,Φ, α|y1,t−1, δ). From the Bayes’ rule, we
get

f (σ,Φ, α| Ft−1, δ) ∝ f(ym,t−1 |Fm−1, δ, σ,Φ, α )f(σ,Φ, α |δ ),

where

f(ym,t−1 |Fm−1, δ, σ,Φ, α ) =
∑

zm,t−1∈Dt

t−1∏

i=m

K∏

k=1




αk√
2πσk

exp





−
(
yi − φk,0 −

pk∑
j=1

φk,jyi−j

)2

2σ2
k








zi,k

,

and whereDt =
{
zm,t = (zm, ..., zt)

∣∣∣zi = (zi,1, ..., zi,K) ∈ {0, 1}K and
∑K
k=1 zi,k = 1, i = m, ..., t

}
.

Now, we assume that the prior distribution of the parameter vector (σ′,Φ′, α′)′ is given by the
family of prior joint densities

f(σ,Φ, α |δ ) ∝
(

K∏

k=1

1

σk

)(
1

β (λ)

K∏

k=1

αλk−1
k

)
, Φk,pk ∈ Rpk+1, σk ∈ R∗+, αk ∈ ]0, 1[ , for k = 1, ...,K,
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where β (λ) =
∏K
k=1 Γ (λk)

/
Γ
(∑K

k=1 λk

)
and Γ (·) is a gamma function. Hence, one can rewrite

(2.2) as follows

f (yt| Ft−1, δ) = C

(2π)
t−m+1

2 β(λ)

× ∑
zm,t∈Dt



K∏
k=1

∫
αk

∫
σk

∫
Φk,pk


α

λk+nt,k−1

k

σ
nt,k+1

k

exp





−
t∑

i=m
zi,k

(
yi−φk,0−

pk∑
j=1

φk,jyi−j

)2

2σ2
k






 dΦk,pkdσkdαk


 ,

where C is a normalizing constant to be calculated later and nt,k =
∑t
i=m zt,k denote the number

of observations in Et = {ym, ym+1, ..., yt} that follow the same autoregressive model in regime k.
Let be also [t, k, i] the time index of the i-th observation of the set Et which comes from the k-th

component of the conditional density (2.1). Considering the matrix Hδ,zm,t (t, k) and the vector
Yδ,zm,t (t, k) of dimensions nt,k × (pk + 1) and nt,k × 1, respectively and defined by

Hδ,zm,t (t, k) =




1 y[t,k,1]−1 y[t,k,1]−2 ... y[t,k,1]−pk
1 y[t,k,2]−1 y[t,k,2]−2 ... y[t,k,2]−pk
...

...
...

...
1 y[t,k,nt,k]−1 y[t,k,nt,k]−2 ... y[t,k,nt,k]−pk


 ,

and
Yδ,zm,t (t, k) =

(
y[t,k,1], y[t,k,2], ..., y[t,k,nt,k]

)′
.

The following result gives closed-form expressions of the predictive density function of yt con-
ditioning on the information available up to time t− 1. This result extends the one of Djuric and
Kay (1992) for linear AR model to the nonlinear MAR framework.

Proposition 1 If nt−1,k > pk + 1, for all k ∈ {1, ...,K} , then the predictive density function of
MAR(K; p1, . . . , pK) defined in (2.1) is given by

f (yt| Ft−1, δ) =
1√
2π

∑

zm,t∈Dt

K∏

k=1

gpk,zm,t (t, k) ,

where

gpk,zm,t (t, k)

=
(λk+nt−1,k)|Σδ,zm,t−1

(t−1,k)| 12 Γ
(
nt,k−pk−1

2

)(Y ′δ,zm,t−1
(t−1,k)Pδ,zm,t−1

(t−1,k)Yδ,zm,t−1
(t−1,k)

2

)nt−1,k−pk−1

2

(λk+nt,k)|Σδ,zm,t (t,k)| 12 Γ
(
nt−1,k−pk−1

2

)(Y ′
δ,zm,t

(t,k)Pδ,zm,t
(t,k)Yδ,zm,t

(t,k)

2

)nt,k−pk−1

2

,

and

Σδ,zm,t (t, k) = H ′δ,zm,t (t, k)Hδ,zm,t (t, k) ,

Pδ,zm,t (t, k) = Int,k −Hδ,zm,t (t, k) Σ−1
δ,zm,t

(t, k)H ′δ,zm,t (t, k) .

Here Int,k is the identity matrix of dimension nt,k.
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Abstract

The energy decay rate of a 1-d thermoelactic system is considered. The system consists of two
parts, elastic and thermoelastic parts and there is coupling with each one of these equations. These
equations are coupled at the interface under certain transmission conditions. We prove the strong
stability of the system and that the system decays polynoimally.

Key words : Thermoelasticity, Stability, Polynomial decay.

1 Introduction

We consider a 1-D transmission problem between an elastic and thermoelastic equations, and there
is a coupling with each one of these equation. Consider the following transmission problem.





ytt − yxx + β(x)ut = 0, in (0, l)× R+,

utt − uxx + αθx − β(x)yt = 0, in (0, l)× R+,

ztt − zxx + β(x)vt = 0, in (l, L)× R+,

vtt − vxx − β(x)zt = 0, in (l, L)× R+,

θt − θxx + αutx = 0, in (0, l)× R+,

(1.1)

where θ(x, t) is the temperature difference with respect to a fixed reference temperature, u(x, t), y(x, t), z(x, t), v(x, t)
denote the displacement of the system at time t in intervals (0, l), (0, l), (l, L) and (l, L) respectively,
α is assumed to be positive constant, and the function β ∈W 1,∞(0, L) is defined as follows

β(x) =

{
β1(x), on (0, l)

β2(x), on (l, L)

and β(x) ≥ β0 > 0 on (l0, l1) ⊂ (0, l).

The boundary conditions are as follows:





y(0, t) = u(0, t) = 0, t > 0,

z(L, t) = v(L, t) = 0, t > 0,
(1.2)

and the following transmission conditions at x = l:





y(l) = z(l), u(l)) = v(l) t > 0,

yx(l) = zx(l), ux(l) = vx(l), t > 0,
(1.3)
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with initial conditions




y(x, 0) = y0, u(x, 0) = u0, yt(x, 0) = y1, ut(x, 0) = u1,

z(x, 0) = z0, v(x, 0) = v0, zt(x, 0) = z1, vt(x, 0) = v1,

θ(x, 0) = θ0.

(1.4)

In this work, we are interested showing the strong stability and polynomial stability of the
system .

Let U = (y, yt, u, ut, z, zt, v, vt, θ) be a regular solution of (1.1)-(1.4), its associated energy is
defined by

E(t) =
1

2

∫ l

0

(|yt|2 + |yx|2 + |ut|2 + |ux|2)dx+

∫ L

l

(|zt|2 + |zx|2 + |vt|2 + |vx|2)dx+
1

2

∫ l

0

|θ|2dx.(1.5)

Then, a direct computation gives

d

dt
E(t) = −

∫ l

0

|θx|2dx ≤ 0. (1.6)

Hence, the system is dissipative in the sense that its energy is non-increasing. First, we define the
energy space

H = H1
L(0, l)× L2(0, l)×H1

L(0, l)× L2(0, l)×H1
R(l, L)× L2(l, L)×H1

R(l, L)× L2(l, L)× L2(0, l),

where

H1
L(0, l) = {u ∈ H1(0, l);u(0) = 0}, H1

R(l, L) = {u ∈ H1(l, L);u(L) = 0},

equipped with the inner product, for U = (y1, ỹ1, u1, ũ1, z1, z̃1, v1, ṽ1, θ1), Ũ = (y2, ỹ2, u2, ũ2, z2, z̃2, v2, ṽ2, θ2)
∈ H

(U, Ũ)H =

∫ l

0

(y1,x y2,x +ỹ1ỹ2 + u1,x u2,x +ũ1ũ2 + θ1θ2)dx+

∫ L

l

(z1,x z2,x +z̃1z̃2 + v1,x v2,x +ṽ1ṽ2)dx.

The space (H, ‖.‖H) is Hilbert.

2 Well-Posedness and Strong Stability

2.1 Well-Posedness

In this section, using a semi-group approach, we establish well-posedness result for the problem
(1.1)-(1.4). We define the linear unbounded operator A in H:

A




y
ỹ
u
ũ
z
z̃
v
ṽ
θ




=




ỹ
yxx − β(x)ũ

ũ
uxx − αθx + β(x)ỹ

z̃
zxx − β(x)ṽ

ṽ
vxx + β(x)z̃
θxx − αũ




with either the domain

D(A1) =





(y, ỹ, u, ũ, z, z̃, v, ṽ, θ) ∈ H;

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

y ∈ H2(0, l), ỹ ∈ H1
L(0, l), u ∈ H2(0, l), ũ ∈ H1

L(0, l)

z ∈ H2(l, L), z̃ ∈ H1
R(l, L), v ∈ H2(l, L), ṽ ∈ H1

R(l, L)

θ ∈ H2(0, l)

u(l) = v(l), ux(l) = vx(l)

y(l) = z(l), yx(l) = zx(l)

θ(0) = 0, θ(l) = 0





,
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or the domain

D(A2) =





(y, ỹ, u, ũ, z, z̃, v, ṽ, θ) ∈ H;

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

y ∈ H2(0, l), ỹ ∈ H1
L(0, l), u ∈ H2(0, l), ũ ∈ H1

L(0, l)

z ∈ H2(l, L), z̃ ∈ H1
R(l, L), v ∈ H2(l, L), ṽ ∈ H1

R(l, L)

θ ∈ H2(0, l)

u(l) = v(l), ux(l) = vx(l)

y(l) = z(l), yx(l) = zx(l)

θ(0) = 0, θx(l) = αũ(l)





.

Thus, system can be rewritten as an evolutionary equation in H:

U(t) = AU(t), t > 0, U(0) = U0 (2.1)

where
U(t) = (y, ỹ, u, ũ, z, z̃, v, ṽ, θ)

Notation.
When writing U ∈ D(A) this means that the result is true for both U ∈ D(A1) or U ∈ D(A2) .

Proposition 1 The operator A is m-dissipative in the energy space H.

Theorem 1 Let U0 ∈ D(A) then, problem (2.1) admits a unique solution U that satisfies

U(t) ∈ C1(R+,H) ∩ C0(R+, D(A).

2.2 Strong Stability

In this section, we prove the strong stability of the C0−semigroup etA associated to the system
(1.1)-(1.4).
Notice that the resolvent (I−A)−1 is compact. Thus, we will use the lessens criteria of Arendt-Batty
in [1] to prove the desired result.

Theorem 2 The C0−semigroup of contractions etA is strongly stable on H in the sense that
lim

t→+∞
‖etAU0‖H = 0 for all U0 ∈ H .

3 Polynomial Stability

In this section, we study the polynomial stability of system (1.1)-(1.4).

Theorem 3 (in [2]) There exists a positive constant C > 0 such that for all initial data U0 ∈ D(A)
the energy of the system (1.1)-(1.4) satisfies the following decay rate:

E(t) ≤ C 1

t2
‖U0‖2D(A), ∀t > 0. (3.1)
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Abstract

In this work, we propose a parallel multiobjective evolutionary algorithm designed in a mas-
ter/worker model, called Parallel Criterion-based Partitioning MOEA (PCPMOEA), with an appli-
cation to the Multiobjective Multidimensional Knapsack Problem (MOMKP). The suggested search
strategy is based on a periodic partitioning of potentially efficient solutions, which are distributed
to multiple multiobjective evolutionary algorithms (MOEAs). Each MOEA is dedicated to a sole
objective, in which it combines both criterion-based and dominance-based approaches. The sug-
gested algorithm addresses two main sub-objectives: minimizing the distance between the current
non-dominated solutions and the ideal point, and ensuring the spread of the potentially efficient
solutions. Experimental results are included, where we assess the performance of the suggested
algorithm against the above mentioned sub-objectives, compared with state-of-the-art results using
well-known multiobjective metaheuristics.

Key words : Parallel evolutionary algorithms, multiobjective discrete optimization, multiobjective
Knapsack Problem.

1 Introduction

Multiobjective Optimization Problems (MOPs) involves several, yet conflicting criteria, where any
solution is qualified as optimal if it belongs to criteria trade-offs set called the Pareto front. The
difficulty of multiobjective optimization lies in the absence of a total order relation which links
all the solutions of the problem. In terms of evolutionary algorithms, this lack appears in the
difficulty of conceiving a selection operation that assigns for each individual a probability of selection
proportionally to the performance of that individual. Another drawback is the premature loss of
diversity; hence the need to conceive techniques for maintaining diversity within the population.
Against such problems one have to conceive algorithms that satisfies the following criteria: the
algorithm must converge towards the exact Pareto front in a reasonable time, and it must also
result diverse solutions on the front in order to have a good representative sample instead of
focusing on an area of the objective space.

A number of approaches, exact and heuristic, have been considered for solving MOPs, mainly,
metaheuristics which have proven their ability to produce good Pareto front approximations.
Among these methods, one of the most popular resorts for solving MOPs are Multiobjective Evo-
lutionary Algorithms.

On the other hand, for most MOPs, executing the generational cycle of standard MOEAs on
large instances of the problem and/or on large sizes of population requires considerable resources
in terms of computational time and memory. Therefore, a variety of design and implementation
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difficulties are studied to construct more effective MOEAs. Overcoming these difficulties usually in-
volve defining new operators, hybrid algorithms, and parallel models, etc. Hence, the parallelization
of MOEAs emerges naturally when dealing with computationally expensive algorithms. However,
parallelization of MOEAs aims not only to reduce computational time, but also to improve the
quality of the approximated Pareto fronts, and increases the robustness of MOEAs against MOPs
in both real life and theoretical research fields.

The proposed algorithm uses multiple MOEAs with a criterion-based selection operation, each
one is dedicated to a sole objective function, while these algorithms are monitored by a master entity
that periodically collects and partitions the current Pareto solutions according to their distribution
in the objective space. The parts are used to update the current sub-populations of MOEAs.
Experimental results are gathered, where we used several benchmark instances of the MOMKP
(available at [13]), and compared PCPMOEA with state-of-the-art metaheuristics.

1.1 Multiobjective Multidimensional Knapsack Problem

The Multiobjective Multidimensional Knapsack Problem (MOMKP) is a widely studied combina-
torial optimization problem. Furthermore, the MOMKP is the multidimensional version of the
multiobjective Knapsack Problem (MOKP) [8], which is proven to be NP-hard [5], besides, it is
known for the fact that the size of the Pareto optimal solutions set can grow exponentially with the
number of items in the knapsack [7]. MOMKP is a particular case of multiobjective linear integer
programming (MOILP) [8]. Mathematically, MOMKP can be stated as follows: given n items
having p characteristics wi

j , j ∈ {1, . . . , n} (weight, volume, etc.), and k profits cij , j ∈ {1, . . . , n},
we want to select items as to maximize the k profits, while not exceeding the p capacities Wi [8].

(MOMKP )





”max ” Zi(x) =

n∑

j=1

cijxj , i ∈ {1, . . . , k}

s.t.

n∑

j=1

wi
j xj ≤Wi, i ∈ {1, . . . , p}

xj ∈ {0, 1}, ∀j ∈ {1, . . . , n},

where n is the number of item, xj denotes the jth binary decision variable, k represents the number
of objectives, Zi stands for the ith objective function.

2 Discription of the suggested pMOEA

In this work we adopt a master/worker or global parallelization paradigm. Where a processor serves
as master, which usually preforms tasks that require a global outlook over the target problem (search
space, objective functions, etc.), as it is the case for selection operator in MOPs. Furthermore, the
master supervises multiple processors called workers, by distributing workload (i.e., tasks, sub-
problems) to the workers to process (i.e., execute, solve). Moreover, for the design of pMOEA
there are also three major hierarchical models that can be identified: algorithmic-level, iteration-
level, solution-level. This classification is done according to their dependency on the target MOPs,
behavior, granularity, and aim of parallelization. Note that each paradigm can be implemented in
either a synchronized or asynchronized way. A further particularity in designing a pMOEA is to
specify whether the whole Pareto front is distributed among each parallel search algorithm, or it
is a centralized element of the parallel scheme. This leads also to another classification criterion of
pMOEAs, where these two strategies are called: distributed and centralized approaches.

2.1 Parallelization

Accordingly, the suggested parallel algorithm is designed in a master/worker paradigm with full
independence from the target multiobjective problem. Besides it works in an algorithmic-level
parallelization, where we use multiple asynchronous search algorithms working on sub-populations
in parallel (intra-algorithm parallelization); each one is assigned a region of the objective space to
work on. Furthermore, the suggested search strategy uses a centralized Pareto front handled by the
master. This Pareto front is built by combining multiple distributed Pareto fronts where ”local”
non-dominated solutions are archived. Then, this latter is advisedly partitioned and distributed
again to workers/search algorithms as to proceed ”local” search [4].
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2.2 Parallel Criterion-based Partitioning MOEA (PCPMOEA)

The idea is to launch multiple asynchronous MOEAs with different populations, where each MOEA
is dedicated to a given criterion. While the search entities (MOEAs) are supervised by a global
processing element, in order to adjust and redirect the search process in real time. In summary,
the suggested pMOEA can be classified as a cooperative algorithmic level parallel model designed
in a master/worker paradigm, handling:

• Workers (search entities) consisting of criterion-based MOEAs: multiple MOEAs with criterion-
based selection.

• Master entity where its main mission is to update the current population of each search
entities (workers). That is, by preforming a global selection among elite individuals produced
by the workers, and then advisedly partitions and redistributes the selected individuals to
search entities.

In other words, each MOEAi, i = 1, . . . , k, represents a criterion based search entity, dedicated
to the ith objective function. The master node accomplishes (periodically) the following tasks:
performs global selection among the potentially efficient solutions produced by the search entities,
and then updates the current population in each MOEA.

3 Experimental studies

We tested the suggested algorithm on benchmark instances of MOMKP chosen from the instance
libraries: Zitzler & al. [15], of which we consider for these experiments several instances with the
number of items 250, 500, and 750, with two and three objective functions [13]. The parallelization
of the suggested algorithm is implemented via multi-threading under JAVA SE platform. We
compared the performance of the PCPMOEA with five multiobjective algorithms with different
concepts and/or different search strategies:

• NSGA-II [3]: An elitist non-dominated sorting genetic algorithm, a multiobjective GA using
dominance depth, and crowding distance for selection operator and search guidance.

• SPEA2 [12]: Strength Pareto evolutionary algorithm, a MOEA with an external archive using
dominance rank, and a nearest neighbor density estimation technique.

• MOEA/D [11]: Multiobjective evolutionary algorithm based on decomposition, essentially, it
decomposes an MOP into a number of scalar optimization sub-problems and optimizes them
simultaneously.

• NSGA-III [2]: follows the framework of NSGA-II with significant improvement in diversity
maintenance strategy. Roughly, these improvements consists of replacing crowding operator
by a reference vector based approach.

• MOFPA [16]: Multiobjective Firefly algorithm with Particle swarm optimization, a hybrid
swarm intelligence discrete algorithm, employing cooperation of two intelligent swarm algo-
rithms: Firefly Algorithm, and Particle swarm optimization.

This experimental study consists of testing and evaluating the suggested algorithm by addressing
the following points:

• Comparing the suggested algorithm against a set of well known multiobjective metaheruistics;
this is according to: the quality of the produced solutions, and efficiency.

• Carry out a sensitivity analysis over the suggested algorithm against variations of the parti-
tioning parameter.

In order to evaluate and compare the quality of solutions evolved using these algorithms, we used
four performance metrics: Inverted Generational Distance (IGD) [10], Hypervolume (H) [14], Spac-
ing metric [9], Diversity metric [6], and the set coverage metric [14]. As we mentioned, one of the
aims of the suggested algorithm is to minimize the distance between the potentially efficient solu-
tions and the ideal point. Therefore, we used a modified version of the GD metric as to measure this
distance, we call it the ideal distance (ID). Furthermore, we analyzed using the above mentioned
performance metrics, the impact of the partitioning parameter choice over the quality of solutions
produced by the suggested algorithm. Regarding the efficiency assessment of the suggested parallel
algorithm, we used for comparisons the computational speedup as a reference metric for efficiency
measurement [1].
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Abstract

In the present paper,In this paper, we propose an algorithm to generate refined descriptive sam-
ples from dependent random variables for estimation of expectations of functions of output variables
using the Iman and Conover algorithm to transform the dependent variables to independent ones.
Hence, the asymptotic variance of such an estimate in case of dependent input random variables is
proved, using a result from, to be less than that obtained using simple random sampling.

.

Key words : Simulation, Monte Carlo Methods, Sampling Theory, Variance Reduction

1 Introduction

A mathematical model for the device is developed from which we can simulate the behavior of the
device on a computer. So experiments are carried out on the model built and unknown parameter
θ of the output random variable Y of interest denoted as the unknown but observable univariate
transformation of X given by the function Y = h(X) is estimated. Thus, we have the problem of
approximating θ. Since h(X) may be difficult to compute for each new value of X, it is important
to pick a sampling scheme that allows us to estimate h(X) well while keeping N , the number of
replication, to a minimum. There exist several procedures for choosing X,X2, .., XN . The simplest
is Simple Random Sampling (SRS) also known as Monte Carlo (MC) is usually used for high-
dimensional problems. That is, N values of the input random vector X,X2, .., XN are generated
in some manner such that the parameter θ = E(g(Y )) can be estimated by

TSRS = T (X1, X2, .., XN ) =
1

N

N∑

j=1

g(Yj)

2 Refined descriptive sampling (RDS)

Tari and Dahmani (2006) proposed RDS to reduce substantially the risk of bias. A given RDS
run is defined by a distribution of one block using m sub-samples of prime size pj , j = 1, ...,m
where pj are randomly generated as required by the simulation. We stop the process when the
simulation terminates. Formally, in RDS run the sub-samples values are defined for the input real-
valued random variable X with F−1inverse cumulative input distribution by the following formulas:
xji = F−1(Rj

i ) for i = 1, ..., pj and j = 1, ...,m.Where each subset {Rj
i , i = 1, ..., pj} is randomly

selected without replacement from the following subset of regular numbers

{
rji = p−1

j (i− 0.5), i = 1, ..., pj

}

3 Iman and Conover method

The Iman-Conover method (IC) (Iman and Conover, 1982), is a practical, down-to-earth approach
to deal with dependent random variables, the method is based on:
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-Let
∼
X be N values of the input random vector,X1,X2, ...,XN are generated

-Let S be a correlation matrix of
∼
X , a positive semi-definite symmetric matrix having a Cholesky

decomposition, such as S = CtC
-The normal scores ai are defined such as

ai = Φ−1(
i

N + 1
) for i = 1, 2, ...N.

with
N∑
i=1

ai = 0 and
1

N

N∑
i=1

a2i = 1.

The Pearson correlation coefficient used to compute S is defined by

ρpear =
cov(X,Y )

σ(X)σ(Y )
where σ(X) is the standard deviation of X.
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Abstract

We define in this work the Buffered Panel Data model which extends the classical Threshold
Regression model proposed by Hansen (1999). The aim of this model is to deal with the sudden
jump between regimes problem in Hansen (1999) model by the definition of a new flexible regime
switching mechanism. Estimation and inference theory are considered and the proposed model is
applied to analyse the impact of natural resources dependence and the quality of institutions on
economic growth for a panel of 20 countries observed on a horizon of 22 periods.

Key words : threshold model; buffer zone; least square estimation; economic growth; quality of
institutions.

1 Introduction

Threshold models is recognized as a useful tool for time series analysis since its introduction by
Tong (1978), where the proposed model structure has been exploited by several researchers, es-
pecially by the econometric community. Threshold modelling approach gives a way to take into
account the nonlinearity behaviour exhibited by several financial and macroeconomic phenomenon.
This is done by providing a simplified formulation to mimic nonlinear stylized fact in observed data
and more precisely, the regime changes in their dynamics.
Many extensions and mathematical developments for thrseshold models have been adopted for
other data structures analysis, in particular, for the panel data treatment framework. Indeed,
Hansen (1999) proposed a Threshold Regrerssion model for the non-dynamic panels case. The
main contribution of Hansen’s model lies in the possibility of allowing the individuals constituting
the panel to be in different regimes for a given moment. This makes the model able to capture
more, the heteroreginity in the panel and to visualize the nonlinearity in the interaction between
the dependent variable and the explanatory variables for each panel’s component.
From a technical point of view, In Hansen (1999), a Least Squares Estimation (LSE) of parameters
and a non standard asymptotic theory of inference have been established. The proposed model was
applied to study whether financial constraints affect investement decisions in 15-year sample of 565
United States firms.

According to the structure of Hansen’s model, the sudden change of regime characterizing the
proposed formulation may present a limitation in some situations where the transition in the panel
between regimes is more flexible and practically smooth. This question was addressed by Gonzalez
et al. (2005) where they develop their non-dynamic Panel Smooth Transition Regression model
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with individual flxed effects. In this model, the parameters are allowed to change smoothly as a
function of the threshold variable. The performence of this model may depend on the choice of the
transition function according to the phenomena under study, as well as the physical interpretation
of the model, which remains a subject of debate (see e.g. Fouquau,2008). We propose in this work,
an alternative to this model, by defining a new flexible regime switching mechanism. This new
definition is based on the buffered process proposed by Li et al.(2015) in the time series analysis
framework, where they define their ”Hysterisis Autoregressive time series model”. The contribution
of this approach lies in the definition of the regime indicator. Indeed, instead of taking a single
threshold parameter, we consider an interval consisting of a lower and an upper thresholds respec-
tively and which acts as a buffer zone. If the threshold variable is less than the lower boundary
of the zone, then, the observation is from the first regime and it will be from the second regime if
the threshold variable is greater than the upper one. When the threshold variable falls within the
buffer zone, the regime indicator keeps the value of its most recent past. This makes the transition
dynamic more smooth and flexible compared to the classical Threshold regression model. This
buffering idea is in its infancy where it gives a new way to understand and explain the nonlinearity
observed in data. In fact, serveral works investigate extensions of this approach of modelling. Lo
et al. (2014) proposed the Buffered Threshold GARCH Models [8] where they apply their for-
mulation to study the closing prices, adjusted for dividends and splits of Honeywell International
Inc(HON), which is one of the components of the Dow Jones Industrial Average Index. Chen and
Truong (2016) proposed a double hysteretic heteroskedastic model to deal with the problem of the
relationship between the underlying stock markets and index futures markets. Recently, Zuh et
al (2017) consider a Buffered Autoregressive models with conditional heteroscedasticity to study
exchange rates. All the works presented above fall within the time series analysis framework and
it seems natural to extend this approach where an individul dimension is added to deal with the
same problem of the sudden jump in the dynamic of the phenomenon. In fact, throught the present
work, we adapt the buffering idea to the panel data framework. In this communication, we give a
formulation of the Buffered Panel data Model. We establish a LSE for the slope coefficients of the
proposed model. We also develop a bootstrap procedure to measure the statistical significance of
the buffer zone effect where we test a linear model against a Buffered Panel Data model.

We examine throught our new formulation the combined interaction effects of natural resource
dependence and the quality of institutions on economic growth in rentier countries. The literature
in this area generally assumes the linearity in the dynamic to deal with the relationship between
natural resources dependence, economic growth and the quality of institutions. However, Leite and
Weidmann (1999) and Sala-i-Martin and Subramanian (2013) show that the econometric specifi-
cation measuring the effect of natural resources and the quality of institutions on growth are not
linear. This nonlinearity have been discussed using threshold models in Belarbi et al. (2016) where
they estimate a two regimes Panel Smooth Transition.

This work attempts to contribute also to the debate on these important questions. We explicitly
introduce this nonlinearity in a panel of 20 countries observed on a horizon of 22 years, through
the use of buffered regime switching mechanism to analyse the heterogeneity and the difference in
the estimated parameters effects.
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Abstract

In the present paper, we consider the generalized arithmetic triangle called GAT which is
structurally identical to Pascal’s triangle for which we replace both legs by two sequences (an)n≥1
and (bn)n≥1 with a0 = b0 = Ω , on the other hand we keep the Pascal rule of addition. Our goal is
then to describe the recurrence relation associated to the sum of diagonal elements laying along a
finite ray in this triangle. As consequences, we obtain some combinatorial applications.

Key words :Pascal’s triangle, binomial coefficient.

1 Introduction

The interpretation of the Pascal’s triangle can lead to many generalizations. Some of them are listed by Belbachir
and Szalay, see [1].

The generalization of Ensley in [3], called Generalized Arithmetic Triangle, the Ensley’s GAT for short,
change the initial conditions to an arbitrary sequences of real numbers (an)n≥0 and (bn)n≥0 with a0 = b0 = Ω
. Then the GAT depends on the generator sequences (an)n≥0 and (bn)n≥0 . Ensley in [3], has studied the case

where an = bn = Fn, the Fibonacci numbers. The cases where an = 0 or F2n−1 , bn = Fn or 1
n were treated by

Dil and Mezo in [2]. In the present work, we reconsider the same construction of GAT given by Belbachir and
Szalay in [1], and the aim is to give the formula for the elements of this triangle by the terms of the sequences
(an)n≥0 and (bn)n≥0 , then to determinate the recurrence relation associated to the sum of diagonal elements
laying along a finite ray. Some applications end the work.

Definition 1. Let (an)n≥0 and (bn)n≥0 be two real sequences, A and B two real numbers. The GAT contains

elements
〈
n
k

〉
in the nth row and kth column defined for n ≥ 2, as follows

〈
n

k

〉
=





A
〈
n−1
k

〉
+B

〈
n−1
k−1
〉

for 1 ≤ k ≤ n− 1,

Anan for k = 0,
Bnbn for k = n,

with the convention
〈
n
k

〉
= 0 whenever k < 0 or k > n and

〈
0
0

〉
is arbitrary denoted by Ω = a0 = b0. This

convention works for binomial coefficients.

Remark 1. When necessary, we denote by
〈
n
k

〉
(A, B, an, bn)

(for short
〈
n
k

〉
) to emphasize the parameters of the

triangle.

Ensley in [3], discussed some properties of GAT generated by Fibonacci sequence and A = B = 1. It is
shown that the sum sn of the elements in the nth row

sn :=

〈
n

0

〉
+

〈
n

1

〉
+

〈
n

2

〉
+ · · ·

satisfies
sn = sn−1 + sn−2 + 2n−1.
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Moreover, the ascending diagonal sum (see, for instance, [1])

dn :=

〈
n

0

〉
+

〈
n− 1

1

〉
+

〈
n− 2

2

〉
+ · · ·

satisfies the recursion formula
dn = dn−1 + dn−2 + Fn−2 + δn,

where δn = Fn/2−2 for n even and vanishes otherwise.
Belbachir and Szalay in [1], give the recurrence relation associated to the sum Vn of diagonal elements laying

along a finite ray of GAT generated by the sequences (an)n≥1 and (bn)n≥1 , with an = bn = 1. It is shown that

Vn :=

〈
n

p

〉
+

〈
n− q
p+ r

〉
+

〈
n− 2q

p+ 2r

〉
+ · · ·

satisfy

Vn −A
(
r

1

)
Vn−1 + · · ·+ (−A)

r

(
r

r

)
Vn−r = BrVn−q−r,

with r ∈ N, q ∈ Z, r + q > 0, p = 0, . . . , r − 1.
Our aim is to determine the sum of elements located in a finite ray of the GAT generated by any sequences

(an)n≥0 and (bn)n≥0 .

2 GAT’S elements and binomial coefficients

Theorem 1. The GAT for sequences (an)n∈N and (bn)n∈N, real numbers A and B has as entry
〈
n
k

〉
for (n, k) 6=

(0, 0), with

〈
n

k

〉
= An−kBk

(
n−k−1∑

i=0

(
n− 2− i
k − 1

)
ai+1 +

k−1∑

i=0

(
n− 2− i
k − 1− i

)
bi+1

)
+

⌊
n− k
n

⌋
Anan +

⌊
k

n

⌋
Bnbn.

3 The symmetry in GAT

Proposition 1. Let (an)n≥0 and (bn)n≥0 be two real sequences, A and B two real numbers. Then

〈
n

k

〉

(A, B, an, bn)

=

〈
n

n− k

〉

(B, A, bn, an)

.

4 Sum of elements lying along a finite ray in GAT

Let n ∈ N ∪ {0} , r ∈ N, q ∈ Z, r + q > 0, p ∈ N, p = 0, . . . , r − 1.
Then the grid point (n, p) and the direction (r, q) define a diagonal ray of the GAT which is containing the

elements 〈
n− qk
p+ rk

〉
, k = 0, 1, . . . ,

⌊
n− p
r + q

⌋
.

Now, for a fixed direction (r, q) and a fixed value of p, define the sequence (Gn)n≥0 ,

Gn+1 =

bn−p
r+q c∑

k=0

〈
n− qk
p+ rk

〉
.

Theorem 2. For r ≥ 1, q ∈ Z, p ≥ 0, n ≥ p, we have

Gn+1 =

bn−p
r+q c∑

k=0

An−p−(r+q)kBp+rk




n−p−1−(r+q)k∑
i=0

(
n− qk − 2− i
p+ rk − 1

)
ai+1

+
p+rk−1∑
i=0

(
n− qk − 2− i
p+ rk − 1− i

)
bi+1


+

[α ∈ N ∪ {0}]Bp+αrbp+αr +

⌊
n− p
n

⌋
Anan,

with α = n−p
r+q and [α ∈ N ∪ {0}] = 1 for α ∈ N ∪ {0} and vanishes otherwise.
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We also give the recurrence relation satisfied by (Gn)n≥0 .
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Abstract

The facility layout problem (FLP) is a fundamental problem of combinatorial optimization en-
countered in manufacturing organizations; it is concerned with the arrangement of a number of
facilities so as to minimize the cost resulting from the interaction between them. We consider
continuous layout, which consist to place facilities within the shop floor, considering clearance be-
tween them. We use a formulation based on Quadratic Assignment Problem (QAP). The Minimum
Weighted maximal Clique Problem in complete k-partite graph is proposed for modelling the prob-
lem and Cplex Solver is used to solve the model.

Key words :VLSI Design; Facility layout problem; Quadratic assignment problem; Complete k-
partite graph; Minimum weighted clique problem.

1 Introduction

Facility layout problem is a combinatorial optimization problem concerned with finding a non-
overlapping arrangement of a given number of facilities so as to minimize the material handling
cost

∑
i∈N

∑
j∈M fijdij between them (fij is the flow material between i and j; dij is the distance

between i and j; N is the set of all facilities). FLP is a hard problem in general; it has a several
practical applications, for example: the arrangement of department in a hospital, a supermarket or
administrative buildings [7], the arrangement of facilities in manufacturing systems.
I. W. Grant (1952), M. D. Richard (1957), Koopmans and Beckmann [4] were the first to consider
this class of problems.
A variety of models have been involved to solve FLP, the formulations depend on the manner in
which the facilities must be placed, The models found in literature lead to two major formulations:

• Quadratic assignment problem (QAP).

• Mixed integer linear programming (MILP).

Researchers have developed numerous procedures to find an optimal or near optimal solutions for
the different types of facility layout problem. Among exact methods developed, branch and bound
algorithm has been extensively used to solve FLP ([2], [3], [5], [7] and [8]). Dynamic programming
has been also proposed to solve different FLPs ([1] and [6]).

2 Problem definition

A. Discretization

The problem is concerned with the arrangement of facilities anywhere within the shop floor satisfy-
ing the constraint of clearance between them, the problem is continuous, and it had been discretised
following the steps bellow:
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1. Create a grid in which the length of each block is a unit that we determine called step, the
length of this grid is equal to the length of the floor shop L and its width is equal to the

shop’s width W, in this case the shop contains
⌊

L
step

⌋
blocks in each row and

⌊
W
step

⌋
blocks

in each column.
Total number of locations is: m =

(⌊
L

step

⌋
− 1
)(⌊

W
step

⌋
− 1
)

, a location k is referred by the

top left corner of a block in the grid.

2. Let k be a location, to facilitate the representation of non-overlapping constraints, we represent
k by its coordinates (sk, rk) where r is Y-coordinate of k and s is its X-coordinate, such that:

rk = 1 +
((

k−(k mod L)
L

)
× step

)
and sk = 1 + ((k mod L)× step).

For a given facility i located at location k we use the couple
(
sk + lei

2 , rk + wei
2

)
to denote the

coordinates of its centroid.

B. Problem parameters

• N : Number of facilities.

• L: The length of the shop floor.

• M : Total number of locations.

• ds: Minimum clearance between facilities.

• lei: The length of facility i.

• wei: The width of facility i.

• xik: 0, 1 variable for locating facility i at location k.

• sk: X-coordinate of location k.

• rk: Y-coordinate of location k.

C. Mathematical formulation

The discretised facility layout problem can be formulated as follows:

(P)





MinZ =
∑n

i=1

∑m
k=1

∑n
j=1

∑m
l=1 cikjl xik xjl (1)

st∣∣∣
(
slxjl +

lej
2

)
−
(
skxik + lei

2

)∣∣∣ ≤ lej
2 + lei

2 + ds ∀i, j ∈ N ;∀k, l ∈M (2)
∣∣(rlxjl +

wej
2

)
−
(
rkxik + wei

2

)∣∣ ≤ wej
2 + wei

2 + ds ∀i, j ∈ N ;∀k, l ∈M (3)

skxik + lei + ds ≤ L ∀i ∈ N ;∀k ∈M (4)

rkxik + wei + ds ≤W ∀i ∈ N ;∀k ∈M (5)∑m
k=1 xik = 1 ∀i ∈ N (6)∑n
i=1 xik = 1 ∀k ∈M (7)

xik ∈ {0, 1} ∀i ∈ N ;∀k ∈M
The objective function (1) represents the sum of the flow costs over every pair of facilities. Equation
(2) and (3) ensures the X-projection non-overlapping and Y-projection non-overlapping constraints
respectively between every pair of facilities, Equation (4) and (5) ensures that each machine will
not overflows the boundaries of the shop floor, Equation (6) guarantees that each facility is placed
only in one location and (7) ensures that each location contains only one facility.

3 Resolution method

A. Graph construction

For a given problem with n facilities and m locations we construct an n-complete partite graph
K = (e1, e2, ..., en) induced by n independent sets, each independent set represents all the assign-
ments for facility i ∈ N . Each vertex p in the independent set ei represents an assignment of facility
i ∈ N to a location k ∈M such that p = (i×m) + k.
The weight of a vertex p is wp such that:
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wp =

{
−1, if n ∈ Ofi

0, otherwise

Ofi is the set of locations for which the facility i overflows on the boundaries of the shop.
Each edge in the graph joins two vertices p and q from different independent sets, it denotes the
assignment of facility i to location k and facility j to location l.
The weight of an edge (p, q) is w′pq such that:

w′pq =

{
−1, if k=l or (p,q) ∈ Oli,j
cikjl, otherwise

Oli,j is the set of edges (p,q) for which the facility i assigned to k and j assigned to l overlap.
Minimizing the cost of the layout associated to the problem is equivalent to determine the min-
imum vertex-edge weighted clique Cmax = [S, F ] in the graph constructed, so, we are supposed
to minimize the weights of vertices in S :

∑
p∈S wp plus the weights of edges in F:

∑
(p,q)∈F w

′
pq .

This problem can be formulated as the problem of finding a minimum edge weighted clique while
integrating the weight of each vertex into the weight of all its incidents edges such that:

ωpq =

{
−1, if (wp = −1 or wq = −1) or w′pq = −1

w’pq, otherwise

B. Formulation

Decision variable

xp =

{
1, if the vertex p is in the clique

0, otherwise

The model can be formulated as follows:

P1





Min Z=
∑

p∈V
∑

q∈V ωpq xp xq (8)

ωpq xp xq ≥ 0 (9)

xp + xq ≤ 1 if (p, q) /∈ E (10)∑
p∈V xp = n (11)

xp ∈ {0, 1} ∀p ∈ V
Objective function (8) represents the sum of the weights over every pair of nodes in the graph.
Equation (9) ensures the X-projection non-overlapping, Y-projection non-overlapping, guarantees
that each location contains only one facility and each facility will not overflows the boundaries of
the shop floor, Equation (10) ensures that each facility is placed only in one location (ensures that
the solution is a clique). Equation (11) guarantees that all facilities will be assigned (ensures that
the clique is maximal).

4 Conclusion

The resolution of facility layout problem using Minimum weighted clique in complete k-partite graph
is developed in this work. The proposed system allows considering clearance between facilities in
QAP based formulation. This method based on minimum weighted clique in complete k-partite
graph seems good in consideration of first results obtained from the experiment computation, and
can have interesting results in terms of computational time using heuristics and metaheuristics
which would be investigated in future works, also the facility layout problem in its dynamic case.
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Abstract

The Image processing (IP) is an effective tool for analysis in various applications such as ma-
terials science and has demonstrated its ability to analyse relevant information of an image, that
is, to extract objects, borders, and regions that are of interest of the image. In IP it is essential
to proceed firstly by segmentation methods and in which the image is divided into regions by the
determination of the thresholding based on the image’s histogram. However, the determination of
the thresholding can be very expensive in terms of increasing memory usage and systems speed,
particularly in cases of multilevel thresholds which must be determined in order to extract ob-
jects of an image. Indeed, in grey-level histogram, the factorial complexity for finding the suitable
thresholds’ calculation algorithm has guided us to an extra step as a primary segmentation process.
This step aims to reduce the image’s number of gray level so that the algorithm complexity to find
out the optimal thresholds it is reduced accordingly.

1 Introduction

According to several research works [1–4] the segmentation methods can be classified depending on
the information to be gained mainly in three categories: histogram-based methods, clustering and
object attributes. The work described in this paper deals with histogram-based methods and the
most widely algorithms used include Otsu’s method [4,5] based on variance and Kapur’s method [6]
based on entropy.

The overall purpose of these methods is usually to divide the image’s histogram into two or more
regions with homogeneous characteristics, such as gray level to isolate regions representing objects
from the rest of the image. There are many methods have been proposed in the literature for
calculating the number of classes (regions) depending on the gray level. The optimal segmentation
of an image into K classes requires the optimal determination of K − 1 threshold values among
the number of gray level ranging from 0 to L − 1 where L = 256 and stands for intensity values.
To find out this suitable thresholds is not obvious due to the algorithmic complexity given by
O( L!

(L−K)!(K)!).

In order to overcome this difficulty, this work aims to present an efficient method enables to
reduce gray-levels of the image and the complexity of the calculation algorithm to compute the
optimal thresholds.

2 Reduced gray-levels methodology for the thresholding

In this section, the proposed new method for reduce gray-levels of the image is described. As
mentioned before, an image can be represented by L gray-levels (0, 1, ..., L − 1). Let the function

fi the number of pixels at level i, and the sum of the number of pixels is equal to N =
∑L−1

i=0 fi.
The distribution of the fi (i = 0, ..., L−1) allows to plot the histogram of the image. Our proposed
method consists of four steps and are described below.
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2.1 Normalization and filtration of the histogram

The first step requires the application on the original histogram tow procedures namely the normal-
ization and the filtration procedures. The first one, allows to calculate the probability of occurrence
of each gray-level according to the Eq. (2.1).

hi =
fi

maxi fi
. (2.1)

The second one procedure is determined by the two conditions below:

• If hi < Min(hi−1, hi+1) then assign the value Min(hi−1, hi+1) to hi.

• If hi > Max(hi−1, hi+1) then assign the value Max(hi−1, hi+1) to hi.

2.2 Probability estimation for Valley positions determination

In this step, the filtered histogram is used to estimate the probabilities (Pr(i)) that is a gray-level
i can become a valley location. These probabilities Pr(i) of 0, 0.25, 0.75 are assigned to each gray-
levels i by scanning from i = 0 to i = L − 1, according to the filtered histogram (hi−1, hi, hi+1) as
following:





Pr(i) = 0 if hi > max(hi−1, hi+1),
P r(i) = 0.25 if hi < hi−1 and hi = hi+1,
P r(i) = 0.75 if hi = hi−1 and hi < hi+1,
P r(i) = Pr(i − 1) if hi = hi−1 and hi = hi+1,
P r(0) = Pr(L − 1) = 0.

2.3 Valleys’ positions determination

The vector Pr determined in the previous stage is determined by scanning in the opposite direction,
that is, from Pr(L−1) to Pr(0) to estimate valley location. The probabilities of the valley positions
for the L gray-levels are calculated according to the Eq. (2.2)





Pr(0) = Pr(L − 1) = 0,
P r(i) = 0 if Pr(i − 1) + Pr(i) + Pr(i + 1) < 1
Pr(i) = 1 if Pr(i − 1) + Pr(i) + Pr(i + 1) ≥ 1,

(2.2)

The valleys position are the gray-levels i; with Pr(i) = 1.

2.4 Assign new gray-levels

This step is to gather the pixels and assign the same gray level to each cluster of pixels (. Assuming
we have K valleys locations (v1, v2, ..., vK). This means that we have K + 1 clusters denoted
C0, C1, ..., CK , the first cluster C0 contains all pixels with a gray-level less than or equal to v1, the
last cluster CK contains all pixels with a gray-levels greater than or equal to vK and the cluster
Ck, k = 1, ..., K − 1 contains all pixels with a gray-levels greater than vk and less than or equal to
vk+1.

Pixels that share the same class Ck are colored by the same gray-level Gk, k = 0, ..., K, where
Gk is the average gray level of cluster Ck. In this way, one can reduce the image’s gray-levels from
L to K + 1.

3 Results

In this section, we present the numerical results as shown in Table 1. Columns of the table contain
successively:

1. The number of the sample.

2. The original images with 256 gray-levels.

3. Figures stand for the normalized histogram of the original images, in black colored also the
histogram filtered colored in red as well as the valleys positions, in a black bar.

4. The images after reducing the number of gray-levels.
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Table 1: Results of the applied of our approach for reducing gray-levels based of the image’s histogram.
Samples Original image Normalized hist. Processed New

with (256 G-L) and valleys posi. image G-L
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5. New values of the gray-levels of the image after reducing.

From the table we can observe that our approach has significantly reduced the number of gray-
levels without distorting the images especially without losing the information and objects contained
in the images. For example, the third image obtained with the optical micrography with a non-
uniform background which exhibits the food in order to analyze the rice, we can conclude that the
number of gray-levels have been drastically reduced from 256 to 9 and the resulting image becomes
more sharper compared to that of the original image. The same result is observed on the rest of the
analyzed samples despite the variety of the histogram for each image. In addition, our approach
has shown a very fast time execution of the algorithm and its complexity is O(N), where N is the
number of pixels in the image.

4 Conclusion

In this paper we have presented an efficient and fast method for reducing the number of gray-levels
of an image without losing the information and objects contained inside. Through these results, our
approach have demonstrated that can play an essential step to be integrated in the segmentation
process as a primary step for the IP.
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Abstract
We address the problem of scheduling n conflicting unit-time jobs on m parallel uniform ma-

chines. The jobs are subjected to conflicting constraints modelled by a graph G, called the conflict
graph, in which adjacent jobs cannot be processed on the same machine. Minimising the maximum
completion time in the schedule (makespan Cmax) is known to be NP-hard. We show that this
problem remains NP-hard even when G is restricted to split graphs and trees. We also present
a polynomial time algorithm to solve the problem restricted to trees if the size of the maximum
independent set is bounded by a value that pertains to the largest speed of the machines.

Key words : Scheduling, Conflict graph, Complexity, Incompatible jobs, Uniform machines.

1 Introduction

In this work, we draw attention to the following scheduling problem : given a set J of n identical
jobs, J = {j1, . . . , jn}, with one unit processing times, pi = 1, to be scheduled on a set M of m
parallel uniform machines M = {M1, . . . ,Mm}. These machines run at different speeds sj , such
that a machine Mj completes one job execution in 1/sj units of time. It is supposed here that the
speeds are sorted in a non increasing order, s1 ≥ . . . ≥ sm. We assume that the jobs are subjected
to mutual conflicting constraints modelled by an undirected graph G, we call the conflict graph, in
which each job is represented by a vertex. Two jobs are in conflict if and only if they are adjacent
in G, which also means that these jobs cannot be assigned to be processed on the same machine.

A feasible schedule is an assignment of the jobs to the machines such that adjacent ones of G
are assigned to different machines, and no two jobs on the same machine overlap. The schedule
length, also known as the makespan (Cmax), is defined by the largest job completion time in the
schedule. The problem of minimising the makespan of the scheduling problem described above is
addressed in this work. Using the three field notation introduced in [8], this problem, we refer to
as SCU, is written in symbols as follows : Q|pi = 1, G = conflict graph|Cmax. We denote the same
problem with a fixed number of machines m by Qm|pi = 1, G = conflict graph|Cmax.

This problem was first introduced in [1] with identical machines, then extended in [4, 5] to
uniform machines. From the works done in [1, 4, 5], we can easily infer the NP-hardness of the
problem with arbitrary graphs. Herein, we first prove the NP-completeness of SCU when G is a
tree, then, we show that the same problem is solvable in polynomial time if the size of the maximum
independent set is bounded by the value ds1.n/

∑m
j=1 sje. The latter result makes use of the method

proposed in [2] used to optimally schedule unit-time independent jobs on uniform machines. We
also present an NP-hardness proof for the problem restricted to split graphs.

The reminder of this paper has the following structure. In Section 2 we report some related
work and practical applications. Section 3 introduces the complexity results established in this
work. The article is concluded is Section 4.

2 Applications and related work

Scheduling problems interfere, in general, in multiple fields such as in manufacturing, timetabling
and manpower assignment. The conflicting constraints raised here have been encountered in too
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many practical life problems. Namely, in traveling purchaser problem where products cannot be
loaded on the same vehicles [10], and multi-vehicle traveling purchaser problem with incompati-
bilities [7]. The same type of conflict also appears in resource assignment in workforce planning
investigated in [6].

Our version of the problem (SCU) takes into account the differences in the performance quality,
the size and the generation of the machines. An example of a practical application was introduced
in the work of Mallek et al. [9], where they used this version of the problem restricted to paths and
cycles to solve a shift assignment problem in a health care facility.

In this work, we consider the following timetabling problem encountered mostly in final exams.
Given a set K of n1 teachers, a set S of n2 students and a set M of m class-rooms of various sizes
s1, . . . , sm. In exams we forbid a student to be sent to a class-room served by one of his teachers.
The objective is to find a feasible assignment with respect to afore-cited constraints. This problem
can intuitively be modelled as SCU restricted to split graphs.

Besides the practical importance mentioned above, theoretically, SCU generalises the famous
graph colouring problem. Moreover, the problem of partitioning a graph into bounded independent
sets and the problems of equitable and semi-equitable colouring can be viewed as special cases of
SCU.

In the following table we present the previous results established on SCU.

Scheduling problem Complexity Reference

Q|pi = 1, G = Empty|Cmax O(n+m logm) [2]

Q|pi = 1, G = Interval|Cmax NP-hard [1]

Q|pi = 1, G = Cograph|Cmax NP-hard [1]

Q4|pi = 1, G = Bipartite|Cmax NP-hard [4]

Q3|pi = 1, G = Cubic (3-chromatic)|Cmax NP-hard [5]

Q3|pi = 1, G = Cubic (2-chromatic)|Cmax O(n2) [5]

Q|pi = 1, G = Path|Cmax O(n+m logm) [9]

Q|pi = 1, G = Cycle|Cmax O(n+m logm) [9]

Table 1: Previous complexity results on SCU

3 Complexity results

3.1 Trees

We, here, briefly present two new results regarding SCU restricted to trees. The first is an NP-
hardness proof for the problem restricted to trees and three uniform machines. The second one is a
polynomial time algorithm that solves optimally this problem with arbitrary number of machines,
but only if the maximum independent set in the tree is bounded by ds1.n/

∑m
j=1 sje.

Theorem 1 The scheduling problem Q3|pi = 1, G = Tree|Cmax is NP-hard.

Theorem 2 Given a tree T , if T can be partitioned into two independent sets I1 and I2 (|I1| ≥ |I2|)
such that |I1| ≥ dn.s1/

∑m
j=1 sje, the scheduling problem Q|pi = 1, G = T |Cmax can be solved in

polynomial time.

3.2 Split graphs

When SCU is restricted to split graphs, the problem remains NP-hard even if the number of uni-
form machines is equal to the size of the clique in G. Hence, we have the following result.

Theorem 3 The scheduling problem Q|pi = 1, G = Split|Cmax is NP-hard.
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4 Conclusion

In this work, we introduced the problem of scheduling conflicting unit-time jobs on a set of parallel
uniform machines. We stated that the problem of minimising the makespan of the schedule is NP-
hard in general. Then, we explored some related results, and presented practical applications of the
problem restricted to some particular graph classes. We, afterwards, came up with the following
complexity results.

Scheduling problem Complexity Reference

Q3|pi = 1, G = Tree|Cmax NP-hard Theorem 1

Q|pi = 1, G = Tree, |I1| ≥ dn.s1/
∑m

j=1 sje|Cmax Polynomial Theorem 2

Q|pi = 1, G = Split|Cmax NP-hard Theorem 3

Table 2: Complexity results on SCU
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Abstract

This work deals with the asymptotic normality of the estimators in the nearly unstable Periodic
Integer-Valued autoregressive PINAR (1) models. The main goal, at first, is to give some proba-
bilistic and statistical properties of generalization PINAR (1) model, then, we estimate parameters
of this model by using the conditional least squares CLS method. Moreover, the asymptotic normal-
ity of the parameters underling in tow cases; where the periodic mean µε,t is know and unknown.
Finally, illustrate the theoretical results by some simulation study.

Key words : Periodic integer-valued autoregressive model, conditional least squares, asymptotic
normality.

1 Introduction

The periodic autoregressive (PAR) and their generalization have received much attention in the
literature of time series models, due to their ability to deal with periodic phenomena that cannot
be captured by time invariant models. Furthermore, many works have been done on the asymptotic
normality of the statistical inference based on the stability of model parameters, in other words,
the periodic stationarity condition (see, Basawa et al., (2004) and Ursu and Duchesne, (2009)),
when the latter condition is not satisfied, two cases arise: periodically non stationary unit root
(see, Osborn et al., (1988)), and periodically non stationary explosive case see, Aknouche (2015)
and among others.

In the last two decades, much attention has been given by many researchers and practitioners
to the modeling and studying the probabilistic and statistical properties of linear and nonlinear
non-negative integer-valued time series models (see, Al-Osh and Alzaid (1987), Alzaid and Al-Osh
(1990), Doukhan et al (2006), Ferland et al (2006), Zhu et al (2010), Barczy et al (2011), Zhu
(2011), and many others). We quote some of their works, the INAR model which is a similar
version of the autoregressive (introduced by Al-Osh and Alzaid in (1987), and Jin-Guan and Yuan
in (1991)), the INGARCH model that treats the Heteroskedasticity, frequently encountered in life
(introduced by Ferland et al (2006)), and MINARCH model which despite the heteroskedasticity
capture the multimodality of the Law series (proposed by Zhu et al (2010)). However, several
statistical researchers (e.g., Freeland and McCabe (2005) , Ispany et al. (2003), Barczy et al.
(2011) and many others) have carried out related research on the asymptotic behavior of the
conditional least squares estimators, in stable and nearly unstable INAR models. Furthermore,
despite the fact that many non-negative integer-valued time series encountered in different domains
(e.g., epidemiology, economics, environment, criminology and many others) and others reveal the
periodicity feature in their autocovariance structures (e.g., Number of Campylobacteriosis infections
time series studied by Ferland et al (2006), Monthly number of short-term unemployed people in
Penamacor County Portugal, studied by Monteiro et al (2010), Number of hospital emergency
service arrivals, studied by Morinã et al (2011)), it seems that the study of periodic integer-valued
time series (linear and non-linear) models has not received much attention in the literature of count
time series. Indeed, in our knowledge, the first paper dealing with the modeling of the periodically
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correlated integer-valued process, in the Gladyshev’s sense (1961), is this of Monteiro et al (2010)
and Morinã et al (2011). Recently, more works on the periodically correlated integer-valued models
as been performed, namely those of Bentarzi and Bentarzi who studied the Periodic Integer-Valued
Bilinear Time Series Model (2017a) and Periodic Integer-Valued GARCH (1; 1) Model (2017b).

The study of asymptotic behavior of the statistical inference for the integer valued autoregressive
models has received a few works (e.g., Mingtian and Wang (2014) and Ispany and Zuijlen (2001)).
However, in the integer valued autoregressive models with periodic structure However, it seems that
there is no result concerning asymptotic distribution of CLS estimators. Therefore, our contribution
focuses on the asymptotic behavior of the conditional least squares estimators, nearly unstable
INAR(1) model with periodic coefficients which is more appropriate and have more flexibility for
modeling such periodically correlated processes.

2 Notations, definitions and main assumptions

A periodically correlated, in the sense of Gladyshev (1963), with period S (where S is a strictly
positive integer, S ≥ 2), integer-valued process {yt; t ∈ Z}, is said to satisfy a periodic first-order
integer-valued autoregressive model INARS (1) with zero-start, if it is a solution of the following
non linear stochastic difference equation :

yt =

{
ϕt ◦ yt−1 + εt, t = 1, 2, ...
0, t = 0,

(2.1)

where the underlying non-negative integer-valued process {yt, t ∈ Z}, is a periodically correlated,
with the positive integer period S (S ≥ 2) and the innovation process, {εt, t ∈ Z}, is a sequence of
uncorrelated non-negative integer-valued random variables, with a periodic mean, µε,t, and a finite
periodic variance σ2

ε,t and where the parameters ϕt, µε,t, and σ2
ε,t are periodic, with respect to t, with

period S (S ≥ 2), i.e., ϕt+rS = ϕt and µε,t+rS = µε,t and σ2
ε,t+rS = σ2

ε,t. And where ”◦” stands, as
usual, for the thinning Steutel-Van Harn operator, Steutel-van Harn (1979), which is defined, for
the integer stochastic process yt−1 and any counting sequences of independent non-negative integer-
valued random variables {Yi,t, i ∈ N, t ∈ Z} where P (Yi,t = 1) = 1− P (Yi,t = 0) = ϕt ∈ [0, 1] by

ϕt ◦ yt−1 =





yt−1∑
i=1

Yi,t,

0,

if yt−1 > 0,
if yt−1 = 0.

(2.2)

Considering the sequence, when t being fixed,
{
y
(n)
t ; t ∈ Z

}
is a Periodic Nearly Unstable first-

order Integer-Valued Autoregressive model INARS (1) define by the following non linear stochastic
difference equation:

y
(n)
t =

{
ϕ
(n)
t ◦ y(n)t−1 + ε

(n)
t , t = 1, 2, ...,

0, t = 0,
(2.3)

where the sequence of periodic real number, for a fixed t,
{
ϕ
(n)
t ;n ∈ N

}
with ϕ

(n)
t = 1− γ

(n)
t

n
, γ

(n)
t ≥

0, such that γ
(n)
t → γt, and the parameters ϕ

(n)
t , γ

(n)
t and γt are periodic, with respect to t, with

period S (S ≥ 2), i.e., ϕ
(n)
s+τS = ϕ

(n)
s , γ

(n)
s+τS = γ

(n)
s and γs+τS = γs. And the innovation process, for

a fixed t,
{
ε
(n)
t ; t ∈ Z

}
is a sequence of uncorrelated non-negative integer-valued random variables,

with a periodic mean, µ
(n)
ε,t , and a finite periodic variance

(
σ
(n)
ε,t

)2
, and they converge to the same

limits µε,t, and σ2
ε,t respectively. It is worth noting that the Periodic Unstable first-order integer-

valued autoregressive model INARS (1) is given when γ
(n)
t = 0, for all t ∈ Z.

3 Main results of the Periodic Stable and Nearly Unstable
INAR(1) Models

The following Proposition gives the CLS estimator of ϕ
(n)
s in the first case when µ

(n)
ε,s is known.

Proposition 3.1. The Conditional Least Squares Estimators ϕ̂
(n)
s of the parameter ϕ

(n)
s , s =
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0, 2, ..., S−1 , of the model defined in (2.3) , with λ
(n)
ε,s is assumed to be known, are given as follows:

ϕ̂(n)
s =

∑N−1
τ=0 y

(n)
s−1+τS

(
y
(n)
s+τS − λε,s

)

∑N−1
τ=0

(
y
(n)
s−1+τS

)2 , (3.1)

where y
(n)
s = N−1

∑N−1
τ=0 y

(n)
s+τS , for s = 0, 1, ..., S − 1. Or equivalently

ϕ̂(n)
s − ϕ(n)

s =

∑N−1
τ=0 y

(n)
s−1+τS

(
y
(n)
s+τS − λε,s − ϕ

(n)
s y

(n)
s−1+τS

)

∑N−1
τ=0

(
y
(n)
s−1+τS

)2 (3.2)

Moreover, while using the expression (3.2) , next result gives the asymptotic distribution of the

random variable n3/2
(
ϕ̂
(n)
s − ϕ(n)

s

)
.

Theorem 3.1. The CLS estimator ϕ̂
(n)
s for s = 0, ...S − 1, is asymptotically normal, i.e.,

n3/2
(
ϕ̂(n)
s − ϕ(n)

s

)
D→ N

(
0, σ2

γs,ε

)
, (3.3)

where

σ2
γs,ε =





ξ2
(
σ2
ε,s

∫ 1

0
(1− exp {−ξk})2 dk +

γs
ξ

∑S
j=1 λε,j

∫ 1

0
(1− exp {−ξk})3 dk

)

(∑S
j=1 λε,j

)2 (∫ 1

0
(1− exp {−ξk})2 dk

)2 , γs > 0

3σ2
ε,s

/(∑S
j=1 λε,j

)2
, ξ = 0

(3.4)

with ξ =
∑S
i=1 γi. The next Theorem, which follows by µ

(n)
ε,s is unknown.

Theorem 3.2. The couple of the CLS estimators (ϕ̂s, µ̂ε,s)
′

of the couple of parameters (ϕs, µε,s)
′
,

s = 1, 2, ..., S, of the model (2.3) , the distribution of vector
(
n3/2

(
ϕ̂
(n)
s − ϕ(n)

s

)
;n1/2

(
µ̂
(n)
ε,s − µ(n)

ε,s

))′

is asymptotically Normally Distributed with zero vector mean and a variance-covariance matrix Σs,
s = 0, 1, ..., S − 1, i.e.:




n3/2
(
ϕ̂
(n)
s − ϕ(n)

s

)

n1/2
(
µ̂
(n)
ε,s − µ(n)

ε,s

)




D−→




∫ 1
0
µys (k)dMs(k)−µys,1Ms(1)

µys,2−(µys,1)
2

µys,2Ms(1)−µys,1

∫ 1
0
µys (k)dMs(k)

µys,2−(µys,1)
2



D
= N (0,Σs) , (3.5)

where, the matrix Σs, is for a fixed s, s = 1, 2, ..., S, given by :

Σs =
(
µys,2 −

(
µys,1

)2)−2 (
σ(i,j)
γs,ε

)
1≤i,j≤2

, (3.6)

with
σ
(1,1)
γs,ε =

∫ 1

0

(
µys (k)− µys,1

)2
%γs,ε (k) dk,

σ
(1,2)
γs,ε = σ

(2,1)
γs,ε =

∫ 1

0

(
µys (k)− µys,1

) (
µys,1µys (k)− µys,2

)
%γs,ε (k) dk,

σ
(2,2)
γs,ε =

∫ 1

0

(
µys,1µys (k)µys,2

)2
%γs,ε (k) dk,

(3.7)

and

µys,1 =

∫ 1

0

µys (k) dk, µys,2 =

∫ 1

0

(µys (k))
2
dk. (3.8)

4 Simulation study

In this section, our main concern is, on one side, to show empirically the consistency property of
the conditional least squares estimation when the parameters are closer to the non-stationarity

bound, in the tow cases, µ
(n)
ε,s is known and unknown, and on the other side, to show empirically,

the asymptotic normality convergence to the theoretical one.
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Abstract

In a simple and finite graph G = (V,E), a vertex w resolves a pair of vertices u, v ∈ V if
d(u,w) 6= d(v, w). A set of vertices S is called a resolving set of G if for every pair of vertices
u, v ∈ V there exists at least one vertex w ∈ S, such that w resolves u, v. We define a k-resolving
set partition of G to be the partition of V into k resolving sets, k > 1. In this communication,
we shall give an overview of these concepts, besides that a combinatorial question is to enumerate
the resolving set partitions in graphs. In response to this question, we propose combinatorial in-
terpretations involving the 2-associated Stirling numbers of the second kind for some special graphs.

Key words :Stirling numbers of the second kind, Associated Stirling numbers, Resolving sets,
Resolving partitions.

1 Definitions and preliminary results

Definition 1 For n, k two positive integers such that k ≤ n the Stirling number of the second kind
is the number of set partitions of [n] into k blocks.

We agree that in trivial cases we have, S(0, 0) = 1, S(n, 1) = 1 for n ≥ 1, S(n, n) = 1 and
S(n, 2) = 2n−1 − 1.

In what follows, we shall use S(n, k) to denote this sequence.
The Stirling numbers of the second kind satisfy the triangular recurrence relation:

S(n, k) = S(n− 1, k − 1) + kS(n− 1, k).

The generalized Stirling numbers of the second kind have been first defined and studied by
Broder in 1984 [3].

Definition 2 The r-Stirling numbers of the second kind count the restricted set partitions of [n]
into k blocks such that the r first elements belong to distinct blocks. We use Sr(n, k), n, k, r ≥ 0 to
denote these numbers.

The s-associated Stirling numbers are defined to be the Stirling numbers of the second kind
adding a restriction to the number of elements per blocks. They have been first introduced by
Riordan [9]. Comtet [6] defined them later and gave other properties. For other detailed studies
see [1, 6, 8].

Definition 3 The s-associated Stirling numbers of the second kind count the number of partitions
of an n-element set into k non empty subsets such that each subset contains at least s elements, we
use S(s)(n, k), n, k, s ≥ 0 to denote these numbers.
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S(s)(0, 0) = 1, S(s)(n, 0) = 0, n ≥ 1 and S(1)(n, k) = S(n, k).
In a previous work [2], we proved that Stirling numbers for some classes of graphs depends not

only on the ordinary Stirling number but also the r-Stirling number. In this communication, we
open a direction to explore the associated Stirling numbers of the second kind and ask a question:
What are the concepts that allow to give the graph-theoretic encoding of the associated Stirling
number. In response, we introduce a new concept, that is resolving sets in order to combinatorially
interpret the 2-associated Stirling for some special graphs.

The concept of resolving sets was first introduced by Slater [11, 10] under the name locating
set and he referred to the minimum cardinality among all resolving sets as location number loc(G),
studied later under the name metric dimension. Later, Harary and Melter defined independently
the resolving sets and the metric dimension. A huge attention was given to the study of these
concepts [7, 11, 10, 5], since they have several applications in various real world problems mainly
in chemistry for representing chemical compounds [4], network discovery, robot navigation [5] and
pharmaceutical chemistry.

Let G = (V,E) be a simple and finite graph with vertex set V (G) and edge set E(G).
A vertex w ∈ V (G) resolves a pair of vertices u, v ∈ V (G) if d(u,w) 6= d(v, w) in G.
For an ordered set W = {w1, · · · , wk} ⊆ V (G) and a vertex v of G, we refer to the k-vector

cW (v) = (d(v, w1), d(v, w2), · · · , d(v, wk))

as the code of v with respect to W .

Definition 4 A set S ∈ V (G) is called a resolving set of G if, for each pair of vertices u, v there
exist at least one vertex w ∈ S, such that w resolves u, v.

The metric dimension of G, denoted by dim(G) is the minimum cardinality among all the
resolving sets.

Example 1

v1 v2 v3

v4v5v6

G :

The ordered set S1 = {v2, v5} is not a resolving set for G since cS1(v3) = (1, 2) = cS1(v1), that
is, G contains two vertices with the same code.

On the other hand, S1 = {v1, v6} is a resolving set, since the codes of all the vertices are pairwise
distinct, that is,

cS1
(v2) = (1, 2), cS1

(v3) = (2, 3), cS1
(v4) = (3, 2) and cS1

(v5) = (2, 1).

The dimension of some well-known classes of graphs have been established in [7, 11, 10].

Theorem 2 Let G be a connected graph of order n ≥ 2. We have,

• dim(G) = 1 if and only if G = Pn, the path of oredr n.

• dim(G) = n− 1 if and only if G = Kn, the complete graph of order n.

• For n ≥ 3, dim(Cn) = 2, where Cn is the cycle of order n.

• For n ≥ 4, dim(G) = n− 2, if and only if G = Kr,s (r, s ≥ 1), G = Kr +Ks (r ≥ 1, s ≥ 2),
or G = Kr + (K1 ∪Ks) (r, s ≥ 1).

2 Main results

Definition 5 We define the number of k- resolving set partitions of a graph G to be the number of
partitions into k resolving sets, denoted by RS(G, k), in other words it corresponds to the number
resolving partitions with all their k parts are resolving sets.
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Example 3 v3 v4

v1v2

G :

It is easy to verify that each singleton doesn’t constitute a resolving set.
The number of 2-resolving set partitions of G is done by RS(G, 2) = 2, with the possible parti-

tions: {{1, 2}, {3, 4}} and {{1, 4}, {2, 3}}.

The resolving sets in a complete graph Kn and a star Sn should take at least all the vertices
except one.

RS(Kn, k) = RS(Sn, k) =

{
1 for k=1
0 otherwise

For a cycle of an odd order, every pair of vertices is a resolving set.
From this lemma and the first Theorem, we can conclude the following.

Theorem 4 Let Cn be a cycle of an odd order n, for 0 ≤ k ≤ n we have,

RS(Cn, k) = S(2)(n, k).

Let Pn be a path of order n,

• every pair of distinct vertices in Pn forms a resolving set,

• if S is a resolving set of Pn then |S| = 1 if and only if S consists of one of the two ends of Pn.

Theorem 5 For 0 ≤ k ≤ n we have,

RS(Pn, k) = S(2)(n, k) + S(2)(n− 1, k − 1) + S(2)(n− 2, k − 2).
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Abstract

We describe the recurrence relation associated to the sum of diagonal laying along a finite ray
crossing Pascal’s Pyramid. We prove some recurrence relations conjectured in Sloane.

Key words : Trinomial coefficients; Pascal pyramid; Linear recurrence sequences.

1 Introduction

Let Fn denote the Fibonacci sequence given by Fn = Fn−1 + Fn−2 for n ≥ 2, with initial values
F0 = 0, F1 = 1. It is well-known that Fibonacci sequence appears in Pascal triangle as a sum of
elements lying over diagonal rays, which is given by

Fn+1 =

bn/2c∑

k=0

(
n− k
k

)
.

In 1963, Raab [4] generalized the sequences T q
n of sums of elements lying over parallel diagonals

in the generalized Pascal triangle,

T q
n =

bn/(q+1)c∑

k=0

(
n− qk
k

)
xn−(q+1)k yk,

and showed that T q
n satisfy a recurrence relation given by,

Tn = xTn−1 + yTn−q−1.

Moreover, in 2014 Belbachir et al. [3] defined the concept of directions over Pascal triangle and
generalized it for any given direction,

T
(p,q,r)
n+1 =

b(n−p)/(q+r)c∑

k=0

(
n− qk
p+ rk

)
xn−p−(q+r)k yp+rk,

∗Speaker

205



DIMACOS2019, Hammamet, Tunisia. October 26-29

and they showed that T
(p,q,r)
n+1 satisfy a linear recurrence given by for n ≥ p.

Tn − x
(
r

1

)
Tn−1 + x2

(
r

2

)
Tn−2 + · · ·+ (−1)rxr

(
r

r

)
Tn−r = yr Tn−q−r.

2 Main result

Let P0(x0, y0, z0) ∈ Z3 and P1(x1, y1, z1) ∈ Z3 be two arbitrary points of the pyramid (that is the
conditions xi ≥ 0, yi ≥ 0, zi ≤ 0, xi + yi + zi ≤ 0 are fulfilled) such that if r = z1 − z0 then

α1 = x1 − x0 > 0, α2 = y1 − y0 > 0, α1 + α2 + r > 0

hold. We even prescribe x0 + y0 + z0 < 0, excluding case when the vector ~v =
−−−→
P0P1 is on the plane

x+ y + z = 0.
Along the strait line determined by the points P0 and P1, we translate −~v from P0 as many

time as possible: let x0 = s1α1 + `1 with 0 ≤ `1 < α1, further x1 = s2α2 + `2 with 0 ≤ `2 < α2.
Put s = min{s1, s2}, and let

θ1 = x0 − sα1, θ2 = y0 − sα2.

The point we obtained, say P , has the coordinates (θ1, θ2, z0 − sr). Now we push up the point P
(parallel to axis z) till it reaches the plane x + y + z = 0. Then we obtained the uppermost ray
defined by the quintuple (α1, α2, r, θ1, θ2). The direction (α1, α2, r, θ1, θ2) defines diagonal rays in
Pascal pyramid, we focus on the case (α1, α2, r, θ1, θ2) = (1, 1, r, 0, 0) which gives

T r
n =

b n
2+r c∑

k=0

(
n− rk

k, k, n− (2 + r)k

)
xkykzn−(2+r)k. (2.1)

the sum of elements laying on the corresponding ray.

2.1 Example

For (r, x, y, z) = (−1, 1, 1, 1) we obtain the Central Delannoy numbers (see Fig.1) (1, 3, 13, 63, 321, ...),
A001850 in OEIS [6]. This sequence

T (−1)
n =

n∑

k=0

(
n+ k

k, k, n− k

)
=

n∑

k=0

(
n+ k

k

)(
n

k

)
,

satisfies {
T0 = 1, a1 = 3
nTn = 3 (2n− 1)Tn−1 − (n− 1)Tn−2,
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Figure 1: Illustration of the field of direction (1, 1,−1).

Theorem 1 The terms of the sequence (Tn)n given by

T (r)
n =

bn/(r+2)c∑

k=0

(
n− rk

k, k, n− (r + 2)k

)
tkzn−(r+2)k, (2.2)

satisfy the linear recurrence relation

nTn − z(2n− 1)Tn−1 + z2(n− 1)Tn−2 = 2t(2n− (q + 2))Tn−r−2. (2.3)

Theorem 2 The generating function of the linear recurrence given by (2.3) is

G(u) =
1√

(zu− 1)2 − 4tu2+r
,

where u is the variable.

Theorem 3 The sequence Tn in (2.2) gives the sum of products of weights associated with the walk
in the square lattice from the point (0, 0) to (n, n) when the steps allowed are in {(2 + r, 0), (0, 2 +
r), (1, 1)}. The first and second steps of the walk have weight

√
t, while the last one has z.

With Theorem 1, we establish many recurrence relations conjectured in Sloane [6], (see Table 1)
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OEIS Trinomial form Recurrence Relation

A098333
∑

k

(
n

k, k, n−2k

)
(−3)k nan = (2n− 1)an−1 − 13(n− 1)an−2

A098334
∑

k

(
n

k, k, n−2k

)
(−4)k nan = (2n− 1)an−1 − 17(n− 1)an−2

A098336
∑

k

(
n

k, k, n−2k

)
(−2)k 2n−2k nan = 2(2n− 1)an−1 − 129(n− 1)an−2

A098337
∑

k

(
n

k, k, n−2k

)
(−4)k (−2)n−2k nan = 2(2n− 1)an−1 − 20(n− 1)an−2

A098338
∑

k

(
n

k, k, n−2k

)
(−1)k 3n−2k nan = 3(2n− 1)an−1 − 13(n− 1)an−2

A098340
∑

k

(
n

k, k, n−2k

)
(−3)k 3n−2k nan = 3(2n− 1)an−1 − 21(n− 1)an−2

Table 1: Some of recurrence relations proved.
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Abstract

In this document, we study skew constacyclic codes over the ring ZqR where R = Zq + uZq,
q = ps for a prime p and u2 = 0. We give the definition of these codes as subsets of the ring ZαqRβ .
Further, we have generalized these codes to double skew constacyclic codes over ZqR.

Key words : Skew constacyclic codes, The ring, Gray map.

1 Introduction

One of the most important problems in coding theory is to construct codes with as large a minimum
Hamming distance as possible. Many algebraic methods have been employed to achieve this goal.
Cyclic codes and their various generalizations such as constacyclic codes and quasi-cyclic (QC) codes
have played a key role in this quest. Yet another generalization of cyclic codes, called skew cyclic
codes, was introduced in [3] which have been the subject of an increasing research activity over the
past decade. On the other hand, codes over rings received much attention in the past few decades.
Consequently, algebraic structures of cyclic, skew cyclic, and constacyclic codes over various rings
are determined ([1, 4, 7]). Recently, P. Li et al. [6] gave the structure of (1 + u)-constacyclic
codes over the ring Z2Z2[u] and Aydogdu et al. [1] studied Z2Z2[u]-cyclic and constacyclic codes.
Further, Jitman et al. [5] considered the structure of skew constacyclic over finite chain rings. The
work is organized as follows. We first give some basic results about the ring R = Zq + uZq, where
u2 = 0, and linear codes over ZqR. We study the algebraic structure of skew constacyclic codes
over the ring ZqR. These codes are then further generalized to double skew constacyclic codes.

2 Preliminaries

Let (α, β) denote n = α+ 2β where α and β are positive integers. Consider the ring R = Zq +uZq,
where q = ps, p is a prime and u2 = 0. The ring R is isomorphic to the quotient ring Zq[u]/

〈
u2
〉
.

The ring R is not a chain ring, whereas it is a local ring with the maximal ideal 〈u, p〉. Each element
r of R can be expressed uniquely as

r = a+ ub, where a, b ∈ Zq.

We construct the ring
ZqR = {(e, r); e ∈ Zq, r ∈ R}.

The ring ZqR is not an R−module under the operation of standard multiplication. To make ZqR
an R−module, we follow the approach in [?] and define the map

η : R→ Zq
a+ ub 7→ a.

Then, for any d ∈ R, we define the multiplication ? by

d ? (e, r) = (η(d)e, dr).
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This multiplication can be naturally generalized to the ring ZαqRβ as follows.

For any d ∈ R and v = (e0, e1, . . . , eα−1, r0, r1, . . . , rβ−1) ∈ ZαqRβ define

dv = (η(d)e0, η(d)e1, . . . , η(d)eα−1, dr0, dr1, . . . , drβ−1),

where (e0, e1, . . . , eα−1) ∈ Zαq and (r0, r1, . . . , rβ−1) ∈ Rβ .
Let C be a ZqR-linear code and let Cα (respectively Cβ) be the canonical projection of C on

the first α (respectively on the last β) coordinates. Since the canonical projection is a linear map,
Cα and Cβ are linear codes over Zq and over R of length α and β, respectively. A code C is called
separable if C is the direct product of Cα and Cβ , i.e.,

C = Cα × Cβ .

2.1 Skew Polynomial Ring R[x,Θ] over R

In this subection we construct the non-commutative ring R[x,Θ]. The structure of this ring de-
pends on the elements of the commutative ring R and an automorphism Θ of R. Note that an
automorphism Θ in R must fix every element of Zq i.e θ(a) = a, where θ is an automorphism of
Zq, hence it satisfies Θ(a+ ub) = θ(a) + η(u)θ(b) for all a+ ub ∈ R. Let η(u) = k + ud, where k is
a non-unit in Zq, k2 ≡ 0 mod q and 2kd ≡ 0 mod q. Then,

Θ(a+ ub) = θ(a) + η(u)θ(b) = (a+ kb) + udb, (2.1)

for all a+ub ∈ R. Further, let Θ an automorphism of R and let m be its order. The skew polynomial
ring R[x,Θ] is the set of polynomials over R in which the addition is defined as the usual addition
of polynomials and the multiplication is defined by the rule

xa = Θ(a)x.

3 ZqR -Linear Skew Constacyclic Codes

In this section, we study skew constacyclic codes over the ring ZqR.

Definition 1 Let Θ be an automorphism of R. A linear code C over ZαqRβ is called skew consta-
cyclic code if C satisfies the following two conditions.

(i) C is an R−submodule of ZαqRβ,

(ii)
(λθ(eα−1), . . . , θ(eα−2), λΘ(rβ−1), . . . ,Θ(rβ−2)) ∈ C

whenever
(e0, e1, . . . , eα−1, r0, r1, . . . , rβ−1) ∈ C

In polynomial representation, each codeword c = (e0, e1, . . . , eα−1, r0, r1, . . . , rβ−1) of a skew
constacyclic code can be represented by a pair of polynomials

c(x) =
(
e0 + e1x+ · · ·+ eα−1xα−1, r0 + r1x+ · · ·+ rβ−1xβ−1

)

= (e(x), r(x)) ∈ Zq[x, θ]/〈xα − λ〉 ×R[x,Θ]/〈xβ − λ〉.
Let h(x) = h0+h1x+· · ·+htxt ∈ R [x,Θ] and let (f(x), g(x)) ∈ Zq[x, θ]/〈xα−λ〉×R[x,Θ]/〈xβ−

λ〉.
The multiplication is defined by the basic rule

h(x)(f(x), g(x)) = (η(h(x))f(x), h(x)g(x)),

where η(h(x)) = η(h0) + η(h1)x+ · · ·+ η(ht)x
t.

Lemma 1 A code C of length (α, β) over ZqR is a skew λconstacyclic code if and only if C is left
R[x,Θ]−submodule of Zq[x, θ]/〈xα − λ〉 ×R[x,Θ]/〈xβ − λ〉.
Theorem 1 Let C be a linear code over ZqR of length (α, β), and let C = Cα × Cβ, where Cα
is linear code over Zq of length α and Cβ is linear code over R of length β. Then C is a skew
λ−constacyclic code if and only if Cα is a skew λ−constacyclic code over Zq and Cβ is a skew
λ−constacyclic code over R.
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4 Double Skew λ−Constacyclic Codes over ZqR
In this subsection, we study double skew λ−constacyclic codes over ZqR. Let n1 = α + 2β and
n2 = α′ + 2β′ be integers such that n = n1 + n2. We consider a partition of the set of the
n coordinates into two subsets of n1 and n2 coordinates, respectively, so that C is a subset of
ZαqRβ × Zα′

q R
β′

.

Definition 2 A linear code C of length n over ZqR is called a double skew λ−constacyclic code if
C satisfies the following conditions.

(i) C is a linear code.
(ii)

(λθ(eα−1), . . . , θ(eα−2), λΘ(rβ−1), . . . ,Θ(rβ−2) |
λθ(e′α−1), . . . , θ(e′α−2), (1 + u)Θ(r′β−1), . . . ,Θ(r′β−2)) ∈ C

whenever
(e0, . . . , eα−1, r0, . . . , rβ−1 | e′0, . . . , e′α−1, r′0, . . . , r′β−1) ∈ C.

Denote by Rα,β,α′,β′ the ring Zq[x; θ]/〈xα−λ〉×R[x; Θ]/〈xβ−λ〉×Zq[x; θ]/〈xα′−λ〉×R[x; Θ]/〈xβ′−
λ〉.
In polynomial representation, each codeword

c =

(
e0, e1, . . . , eα−1, r0, r1, . . . , rβ−1,
e′0, e1, . . . , e

′
α′−1, r

′
0, r
′
1, . . . , r

′
β′−1

)

of a skew constacyclic code can be represented by four polynomials

c(x) =




e0 + e1x+ . . .+ eα−1xα−1,
r0 + r1x+ . . .+ rβ−1xβ−1,
e′0 + e′1x+ . . .+ e′α′−1x

α′−1,
r′0 + r′1x+ . . .+ r′β′−1x

β′−1




= (e(x), r(x), e′(x), r′(x)) ∈ Rα,β,α′,β′ .

Let

h(x) = h0 + h1x+ . . .+ htx
t ∈ R [x; Θ]

and let

(f(x), g(x), f ′(x), g′(x)) ∈ Rα,β,α′,β′ .

We define a multiplication by

h(x)(f(x), g(x)) =

(
η(h(x))f(x), h(x) ∗ g(x),
η(h(x))f ′(x), h(x) ∗ g′(x)),

)

where η(h(x)) = η(h0) + η(h1)x+ . . .+ η(ht)x
t. This gives us the following Theorem.

Theorem 2 A linear code C is a double skew constacyclic code if and only if it is a left R[x; θ]-
submodule of Rα,β,α′,β′ .

Conclusion

In this paper double skew λ−constacyclic codes are considered over the ring ZqR, where R =
Zq + uZq, u2 = 0 and their algebraic and structural properties are studied.
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Abstract

A set D of vertices of G is a dominating set if every vertex in V �D
has a neighbor inD; D is a locating dominating set of G if for every two
vertices u; v 2 V �D; the sets N (u)\D and N (v)\D are non empty
and di¤erent.The locating-domination number L(G) is the minimum
cardinality of a locating dominating set of G. A locating dominating
set of minimum cardinality is called a L(G)-set. Locating-domination
was introduced by Slater. For many parameters of graphs, the study
of critical, minimal or maximal graphs under removal, addition of a
vertex ( respetively an edge) and contraction of an edge are classical.
In this paper we study cases when L(G) decreases by the contraction
of any edge on some graphs G. A graph G is said to be a locating dom-
ination edge critical graph according to edge contraction, or a L-EC
graph, if L (Ge) < L (G) for all e 2 E (G) :

Keywords: Locating-dominating sets, locating-domination number, edge
contraction, Critical graphs.

1 Introduction

Let G = (V;E) be a graph with vertex set V and edge set E: A complete
graph Kn of order n is the graph that each vertex v has degree n � 1: A
bipartite graph G = (V1; V2; E) is the graph that its vertices set can be par-
titioned into two subsetsV1 and V2; such that the vertices of the same subset
are not adjacent, it�s called a complete bipartite graph if every vertex of V1

1
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is adjacent to a vertex of V2; then we denote it Kp;q: The open neighborhood
N(v) of a vertex v consists of the vertices adjacent to v; the closed neighbor-
hood of v is de�ned by N [v] = N(v)[fvg and dG(v) = jN(v)j is the degree of
v. A vertex of degree one is called a leaf and its neighbor is called a support
vertex. We denote by S (G) ( respectively, L (G)) the set of support vertices
( respectively, leaves) of a graph G; and let jL(G)j = `(G); jS(G)j = s(G);
and Lv the set of leaves adjacent to a support vertex v. A support vertex
v is strong ( respectively weak) if jLvj � 2 (respectively jLvj = 1) : An edge
incident with a leaf is called a pendant edge. A tree T is a connected graph
that contains no cycle. We denote by Tx the subtree induced by a vertex
x and its descendants in a rooted tree T , and by C (x) the set of children
of x: A star is a the tree K1;q; a subdivided star SSq is the tree obtained
from the star K1;q by subdividing each edge by exactely one vertex. The
diameter diam(G) of a graph G is the maximum distance over all pairs of
vertices of G. The corona of a graph G is the graph constructed from a copy
of G, where for each vertex v 2 V (G), a new vertex v0 and a pendant edge
vv0 are added. A Pn ( respectively Cn) is the path ( respectively the cycle)
on n vertices.

A set D � V is called a (LDS) a locating-dominating set if it is domi-
nating and every two vertices x; y of V �D satisfy N(x) \D 6= N(y) \D.
The locating-domination number L(G) is the minimum cardinality of a
LDS of G. A LDS of minimum cardinality is called a L(G)-set. Locating-
domination was introduced by Slater [3, 4]. For recent studies on locating-
domination we cite [1], and[2].

. For many parameters of graphs, the study of critical, minimal or
maximal graphs under removal, addition of a vertex ( respetively an edge)
and edge contraction are classical [6] and [5] . In this paper we study the
contraction edge e¤ect on some graphs. when we contract of a graph G the
locating-domination number can increase, decrease or remain unchanged.

A graph G is said to be a locating domination edge critical graph ac-
cording to edge contraction, or a L-EC graph, if L (Ge) < L (G) for all
e 2 E (G) :

If G is L-EC graph and L (G) = k; we say that G is kL-EC graph.

2 Results

We begin by giving some classical graphs that are L (G)- critical graphs:

2
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Proposition 1 1. A path Pn is L (Pn)- critical if n = 5k + 1 or n =
5k + 3:

2. A cycle Cn is L (Cn)-critical if n = 5k + 1 or n = 5k + 3:

3. If G = Kn for n � 3; then G is L (G)- critical.

4. If G = Km;n; for 2 < n � m; then G is L (G)- critical:

Afterwards we introduce a lemma which L (T )-critical graphs with s
supports and l leaves satis�es

Lemma 2 Let G be a L (G)-critical graph, with s supports and l leaves. if
X is a L (G)-set of G; then G doesn�t contain two adjacent support vertices.

Next, for the purpose of characterizing the L (T )-critical trees T; we
de�ne a family F of trees as follows. A tree T is in F if it can be obtained
from a sequence T1; T2; ::::; Tk (k � 1) of trees such that T1 is the path P3
and T = Tk; and if i < k; Ti+1 can be obtained from Ti by one of the
operations de�ned bellow.

� O1 : Add a vertex w attached by an edge wu to a support vertex u of
Ti:

� O2 : Add a subdivided star SSq of ordre at least �ve and center a;
attached by the edge ax to a vertex satisfying some conditions: If
x =2 L (Ti) then either x 2 L (Ti) so d (y) � 3 or d (y) = 2 and
L (Ti � z) < L (Ti) where y (resp z) is the parent of x ( resp of y) ;
or x =2 L (Ti) ; so x has only one support child in Ti: If x 2 L (Ti) then
x is a leaf of a strong support vertex.

� O3 : Add a path P3 = a � b � c and p � 0 paths P2 = xiyi attached
by edges df and xif to a leaf f of a strong support vertex of Ti:

� O4 :Add a path P4 = a � b � c � d and p � 0 paths P2 = xiyi
attached by edges dy and xid to a vertex y that�s not a leaf and
satis�es L (Ti � y) = L (Ti) :

Let�s F1 and F2 be:
F1 : The class of graphs obtained from a corona of C3 cor (C3) by re-

moving at least one pendant edge.
F2 :The class of graphs obtained from a P5 = x1 � x2 � x3 � x4 � x5 by

adding at least an edge e 2 fx2x4; x1x2; x3x5; x1x5g :
We establish a characterization of graphs where locating-domination

number is equal to 2; in order to identify a 2 L (G)- critical graphs.

3
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Proposition 3 Let�s G a connected graph, L (G) = 2 if and only if G 2
fP3; P4; C4;K4 � eg [ F1[F2:

Proposition 4 Let�s G a connected graph of order n, G is 2 L (G)- critical
graph i¤ G = P3 or C3:
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Abstract

Let p be an odd prime number. Let Fq be a finite field of q elements of characteristic p.
In our paper [19], we succeeded to establish an analog of Dwork trace formula for Gauss sums on
Witt vector rings over Fq of finite length 2, W2(Fq). This formula was possible thanks to the ob-
tention of analytic expressions for both additive and multiplicative characters of the ring W2(Fq).
Here, we will establish an analytic expression of a multiplicative character for the rings of Witt
W`(Fq) for any integer ` ∈ N?.

Key words : Splitting Functions, Witt vectors rings.

1 Introduction

Let p be an odd prime number. Let Fq be a finite field of q elements of characteristic p. For V an
algebraic variety defined over Fq, the zeta function of V is defined by

ζ(V, T ) := exp(
∑

r≥1

Nr
T r

r
)

where Nr is the number of Fqr - points of V . Dwork, in his paper[10] proved the rationality of this
zeta function. In this proof, Dwork formulated Nr in terms of an additive character on Fqr . Then
he expressed analytically this additive character by means of a Dwork splitting function(cf.[10].§1).
At the end, he used a trace formula to express Nr.

In our paper [19], we succeeded to establish an analog of Dwork trace formula for Gauss sums
on Witt vector ring over Fq of finite length 2, W2(Fq). We resrtict the study to ` = 2, because we
were unable to generalise the process used for the analytic expression of the multiplicative character,
to the remaining cases ` > 2.
Here, we will establish an analytic expression of a multiplicative character for the rings of Witt
W`(Fq) for any integer ` ∈ N?.

2 Additive Character Analytic Expression of W`(Fq)
Dwork gave a transition formula between the analytic representations of additive characters of dif-
ferent finite felds (of the same characteristic) thanks to his ”Dwork series” expπ(x−xq). Similiraly,
we succeeded in [19] to give analytic representations of additive characters of the ring W`(Fq) and
its extensions W`(Fqr ) via generalisations of the Pulita series.

1. Generalised Pulita Exponential Series

Definition 1 For all Witt vector a on Cp, and for all couple (`, s) of positive integers such
that s ≥ 1, we denote by θ`,s(a) the series

θ`,s(a) =

s−1∏

i=0

θ`(a
ϕi

) ◦ xpi ,

where θ` is the Pulita series [20].
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Proposition 1 The series θ`,s has a radius of convergence strictly greater than 1.

2. The morphisms θ`,s

Proposition 2 The morphism θ`,s : W(Cp)→ Λ(Cp) induces a unique morphism

θ`,s : W`(C◦
p)→ Λ∗(C◦

p) ,

where Λ(Cp) is the multiplicative group of formal power series in the indeterminate x, with
coefficients in A, the constant term being 1.

3. Construction of an additive character of W`(Fq)

Proposition 3 Let t ∈ Zp[µq−1] be an integer such that tp
s

= t. The composition of the
morphism θ`−1,s followed by the morphism evalt : Λ∗(C◦

p)→ C×
p of the evaluation at t, induces

a unique morphism ψ`,s,t from W`(Fq) to C×
p . Furthermore, if TrQp(µq−1)/Qp

(t) 6∈ pZp, then :
1. for all additive character ψ : W`(Fq) → C×

p , exists a unique vector a ∈W`(Fq) such
that we have ψ(y) = ψ`,s,t(ay) for all vector y ∈W`(Fq) ;

2. the image of ψ`,s,t is exactly µp` the group of roots of unity in Cp of order dividing p`.

4. The ”function” Ω`,s,t

Definition 2 We denote by Ω`,s,t, the power series with ‘ indeterminates x0, x1, . . . , x`−1

over the ring O`−1[µq−1] defined by

Ω`,s,t(x0, x1, . . . , x`−1) =

`−1∏

j=0

θ`−j−1,s(1)(tp
j

xj)

Proposition 4 Let t ∈ Zp[µq−1] such that tq = t. Then, for all vector y = (yi)0≤i≤`−1 with
length ` on Fq, we have

ψ`,s,t(y) = Ω`,s,t(Teich(y0), . . . ,Teich(y`−1)) .

Proposition 5 Let t ∈ Zp[µq−1] such that tq = t. If r ≥ 1 is a natural integer, then we have
the identity

Ω`,sr,t(x0, . . . , x`−1) =

r−1∏

i=0

Ω`,s,t(x
qi

0 , . . . , x
qi

`−1) .

5. The Teichmüller character
We will generalise the definition of splitting function given in [5] and [10] from the primary
field Fp to the finite ring W`(Fq). But, we first remind the definition of Teichmüller.

Definition 3 For x ∈ Fq, we note by Teich(x) the unique element of Zp [µq−1] such that

Teich(x)q = Teich(x) and ˜Teich(x) = x.
Then the application

Teich : Fq → Cp
is a generator of the group of the multiplicative characters of Fq. This application is called
Teichmüller character.

6. Splitting functions

Definition 4 Let ` be an integer ≥ 1, q = ps and Ω(x1, . . . , x`) a power series in ` indetermi-
nates over O, which converges on an open polydisc of the form D(0, r1)×· · ·×D(0, r`), where
r1, . . . , r` > 1. We say that Ω is an s-splitting function of level `, if it verifies the following
conditions :

1. The map ψ : W`(Fq) → C?p which associates to the Witt vector y = (y0, . . . , y`−1) the

image Ω(Teich(y0),Teich(y1), . . . ,Teich(y`−1)), is an additive character of order p` .
2. For all integer r ≥ 1, the additive character of W`(Fqr ) obtained by composing ψ with

the application trace TrW`(Fr
q)/W`(Fq) is expressed as follows

ψ
(

TrW`(Fr
q)/W`(Fq)(y)

)
=

r−1∏

i=0

Ω
(

Teich(y0)q
i

, . . . ,Teich(y`−1)q
i
)

(2.1)

for all Witt vector y = (y0, . . . , y`−1) ∈W`(Fqr ).
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According to the previous definition and to Lemmas 2.22, 2.23 [19], we will represent an-
alytically the additive character ψ`,s,t(prop 3).

Definition 5 We denote by Ω`,s,t, the power series with ` indeterminates x0, x1, . . . , x`−1

over the ring O[µq−1] defined by

Ω`,s,t(x0, x1, . . . , x`−1) =

`−1∏

j=0

θ`−j−1,s(1) ◦ (tp
j

xj) (2.2)

Proposition 6 Let t ∈ Zp[µq−1] such that tq = t. Then, for all vector y = (yi)0≤i<` with
length ` on Fq, we have

ψ`,s,t(y) = Ω`,s,t(Teich(y0), . . . ,Teich(y`−1)) .

Proposition 7 Let t ∈ Zp[µq−1] such that tq = t. If r ≥ 1 is a natural integer, then we have
the identity

Ω`,sr,t(x0, . . . , x`−1) =

r−1∏

i=0

Ω`,s,t(x
qi

0 , . . . , x
qi

`−1) .

7. Analytic expression of an additive character

Theorem 1 Let `, s ≥ 1 be two integers, q = ps and t ∈ Zp[µq−1] such that tq = t,
TrQp(µq−1)/Qp

(t) 6∈ pZp. The series Ω`,s,t is an s-splitting function of level `.
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Abstract

let G be a graph and G be the complement of G. The complementary prism GG of G is the
graph formed from the disjoint union G ∪ G of G and G by adding the edges of a perfect matching
between the corresponding vertices of G and G. In this paper, we present either exact values or
bounds of some broadcast parameters of GG.

Key words : Complementary prism, dominating broadcast, independent broadcast, efficient
broadcast, packing broadcast.

1 Introduction

Let G = (V, E) be a graph of order n = |V | and size m = |E|. A function f : V → {0, . . . ,diam(G)}
is a broadcast on a graph G if f(v) ≤ e(v), for every v ∈ V , where diam(G) denotes the diameter
of G and e(v) denotes the eccentricity of v. An f-broadcast vertex (or an f-dominating vertex ) is a
vertex v for which f(v) > 0. The set of all f -broadcast vertices is denoted V +

f (G). If v ∈ V +
f (G)

is an f -broadcast vertex, u ∈ V and dG(u, v) = f(v), then the vertex u hears a broadcast from
v and v broadcasts to (or f -dominates) u. The set of f -broadcast vertices that a vertex u ∈ V
can hear is the set Hf (u) = {v ∈ V +

f : dG(u, v) ≤ f(v)}. The cost of a broadcast is the value
σ(V ) =

∑
v∈V +

f
f(v). A broadcast f on G of some type is minimal (resp. maximal) if there does

not exist any broadcast g ̸= f on G of the same type such that g(u) ≤ f(u) (resp. g(u) ≥ f(u))
for all u ∈ V . We now introduce the various types of broadcasts we will consider in this paper.

A broadcast f on G is a dominating broadcast if every vertex in V − V +
f is f -dominated by some

vertex in V + for, equivalently, if for every vertex v ∈ V , |Hf (v)| ≥ 1. The broadcast domination
number γb(G) of G is the minimum cost of a dominating broadcast on G. The upper broadcast
domination number Γb(G) of G is the maximum cost of a minimal dominating broadcast on G. A
broadcast f is an independent broadcast if no broadcast vertex f -dominates any other broadcast
vertex or, equivalently, if for every v ∈ V +

f , |Hf (v)| = 1. The lower broadcast independence number
ib(G) of G is the minimum cost of a maximal independent broadcast on G. The broadcast inde-
pendence number βb(G) of G is the maximum cost of an independent broadcast on G. A broadcast
f on G is an independent dominating if f is both independent and dominating. The broadcast
independent domination number γib(G) of G is the minimum cost of an independent dominating
broadcast of G. The upper broadcast independent domination number Γib(G) of G is the maximum
cost of a minimal independent dominating broadcast on G. A broadcast f on G is efficient if
for every vertex v ∈ V , |H(v)| = 1. The broadcast efficiency number γeb is the minimum cost of
an efficient broadcast. The upper broadcast efficiency number Γeb(G) is the maximum cost of an
efficient broadcast on G. A broadcast f is a packing broadcast if every vertex hears at most one
broadcast, that is, for every vertex v ∈ V , |Hf (v)| ≤ 1. The lower broadcast packing number pb(G)
of G is the minimum cost of a maximal packing broadcast on G. The broadcast packing number
Pb(G) of G is the maximum cost of a packing broadcast on G. All these broadcast parameters are
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discussed by Dunbar et al. in [2], where in particular, they gave the relations between broadcast
and domination parameters.

Let G be a graph and G be the complement of G. The complementary prism GG of G is the
graph formed from the disjoint union of G and G by adding the edges of a perfect matching between
the corresponding vertices of G and G. For example, if G is a 5-cycle, then GG is the Petersen
graph. Complementary prism has attracted the attention of many researchers, in particular in
domination theory (see, for example, [1], [3], [5] and [6]). Here, we present either exact values or
bounds of the broadcast parameters in these class of graphs.

2 Preliminary results

For every graph G, Dunbar et al. [2] established the following chain of equalities and inequalities.

pb(G) ≤ γeb(G) = γib(G) = γb(G) ≤ ib(G) ≤ rad(G) ≤ diam(G) ≤ Γeb(G),

and the inequalities

Γeb(G) ≤ min{Pb(G), Γb(G),Γib(G)}, Γib(G) ≤ min{Γb(G), βb(G)} and Pb(G) ≤ βb(G).

The diameter of any graph G is not greater than 3.

Theorem 1 (Haynes et al. [4]) For a graph G of order n ≥ 2,

diam(GG) =

{
2 if diam(G) = diam(G) = 2,
3 otherwise.

3 Broadcasts in complementary prisms

In this section, we prove some results about the broadcast parameters in every graph or for par-
ticular classes of graphs. We give an exact value of the parameters γb(G), Γb(G), ib(G), pb(G) and
Γeb(G) in complementary prisms for any graph G and a bound for the parameter βb(G). When G
is a path Pn, a cycle Cn, a complete graph Kn or a bipartite complete graph Km,n, we give the
exact values of the parameters βb(G), Pb(G) and Γib(G).

The broadcast domination number and the upper broadcast domination number in complementary
prisms are given in the following theorem.

Theorem 2 For any nontrivial graph G,

1. γb(GG) = 2.

2. Γb(GG) = n, if n ≥ 3.

Regarding the lower broadcast independence number and the broadcast independence number, we
have

Theorem 3 For any nontrivial graph G, ib(GG) = 2.

Theorem 4 let G be a nontrivial graph. If diam(GG) = 3, then βb(GG) ≤ 2n with equality if and
only if G ∈ {Kn, Kn}.

For the paths, cycles and bipartite complete graphs, we have

Proposition 1 Let m and n be two positive integers.

1. If n ≥ 3,

βb(PnPn) =





4 if n ≤ 5,
5 if n = 6,

2⌈n
3 ⌉ if n ≥ 7.

2. If n ≥ 5,

βb(CnCn) =

{
⌈n

2 ⌉ + 1 if 5 ≤ n ≤ 11,
2⌊n

3 ⌋ otherwise.
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3.

βb(Km,nKm,n) =

{
max (m,n) + 1 if max (m,n) ≥ 4,

4 otherwise.

Concerning the exact values of the upper broadcast independent domination number, we have
the following results

Proposition 2 Let m and n be two positive integers.

1.

Γib(PnPn) =





3 if n ∈ {2, 3},
4 if n = 4,

⌈n
2 ⌉ + 1 if n ≥ 5.

2.

Γib(CnCn) =

{
3 if n ∈ {3, 4},

⌈n
2 ⌉ + 1 if n ≥ 5.

3.

Γib(Km,nKm,n) =

{
max{m,n} + 1 if max{m,n} ≥ 4,

4 otherwise.

4.
Γib(KnKn) = n.

For the upper broadcast efficiency number, it is not difficult to see that Γeb(GG) = 1 (resp.
Γeb(GG) = 3) if n = 1 (resp. n = 2). For the other values of n, we have

Theorem 5 Let G be a graph of order n ≥ 3. If diam(GG) = 3, then Γeb(GG) ≤ n with equality
if and only if n ≥ 4 and G ∈ {Kn, Kn}.

Proposition 3 Let G be a graph of order n ≥ 4. If diam(GG) = 3, then Γeb(GG) = 3, if and only
if G /∈ {Kn, Kn}.

Theorem 6 Let G be a graph of order n. If diam(GG) = 2, then Γeb(GG) = 2.

Finally, we establish the exact value for the lower broadcast packing number of GG for any
graph G and we give the exact value of the upper broadcast packing number when G is a path, a
cycle, a complete graph or a bipartite complete graph.

Theorem 7 For any nontrivial graph G, pb(GG) = 2.

Proposition 4 For any positive integers m and n,

1.

Pb(PnPn) =

{
3 if n ≤ 6,

⌈n
3 ⌉ if n ≥ 7.

2.

Pb(CnCn) =





2 if n = 5,
3 if n ≤ 8 and n ̸= 5,

⌊n
3 ⌋ otherwise.

3.

Pb(KnKn) =

{
3 if n = 2,
n otherwise.

4.
Pb(Km,nKm,n) = 3

.

223



DIMACOS2019, Hammamet, Tunisia. October 26-29

References

[1] Alhashim A., Desormeaux, W.J., Haynes, T.W., Roman domination in complementary prisms,
Australasian journal of combinatorics, 2017, 68(2), 218–228.

[2] Dunbar J. E., Erwin D. J., Haynes T. W., Hedetniemi S. M., Hedetniemi S. T.,
Broadcast in graphs, Discrete Appl. Math., 2006, 154, 59-75.

[3] Gongora, J.A., Independent Domination in Complementary Prisms, Masterś Thesis, East Ten-
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Abstract

The purpose of this work is to investigate the stabilization of the wave equation with Kelvin-
Voigt damping in a bounded domain. The damping is localized via non smooth coefficient in a
suitable subdomain. We prove a polynomial stability result in any space dimension, provided that
the damping region satisfies some geometric conditions. The main novelty is that the geometric
situations covered here are richer than that considered in [22], [19], [12] and include in particular
an example where the damping region is not localized in a neighborhood of the whole or a part of
the boundary.

Keywords. viscoelastic wave, optimal geometric conditions, localized damping, polynomial sta-
bility.

1 Introduction
Local viscoelastic damping is a natural phenomena of bodies arising from a solid that have one
part made of viscoelastic material, and the other made of elastic material. Let Ω ⊂ RN be a
nonempty bounded open set with boundary Γ of class C2. We consider the wave equation with
locally distributed Kelvin-Voigt type damping given in the following equation:





ρ(x)utt(x, t)− div(a(x)∇u + b(x)∇ut) = 0 in Ω× R+,

u(x, t) = 0 on Γ× R+ ,

(u(x, 0), ut(x, 0)) = (u0(x), u1(x)) in Ω,

(1.1)

where the coefficient functions ρ, a, b ∈ L∞(Ω). More precisely, we assume that

ρ(x) ≥ ρ0 > 0, a(x) ≥ a0 > 0, b(x) ≥ 0, ∀x ∈ Ω.

In 1988, F. Huang proved that when the Kelvin-Voigt damping div(b(x)∇ut) is globally distributed,
i.e. b(x) ≥ b0 > 0 for almost every x in Ω, the corresponding semigroup of System (1.1) is not
only exponentially stable, but also is analytic (see [6]). Thus, Kelvin-Voigt damping is stronger
than the viscous damping b(x)ut in this case. Indeed, in [7], it was proved that the semigroup
corresponding to the system of wave equations with global viscous damping is exponentially stable
but not analytic. However, this result is still true if the viscous damping is localized; via smooth
or a non smooth damping coefficient, in a suitable subdomain satisfying the Geometric Control
Condition (GCC in short) introduced by C. Bardos, G. Lebeau and J. Rauch in [2] (see also [7]).
Nevertheless, when viscoelastic damping is distributed locally, the situation is more delicate and
such comparison between viscous and viscoelastic damping is not valid anymore. In fact, in 1998, K.
Liu and Z. Liu considered a one-dimensional wave equation with Kelvin-Voigt damping distributed
locally on any subinterval of the region occupied by the beam, where the damping coefficient is
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the characteristic function of the subinterval. They proved that the semigroup associated with
equation for the transversal motion of the beam is exponentially stable, although the semigroup
associated with the equation for the longitudinal motion of the beam is not (see [9]). This shows
that Kelvin-Voigt damping does not obey the GCC. This surprising result, due to the discontinuity
of the materials and the unboundedness of viscoelastic damping, motivated the study of elastic
system with local Kelvin-Voigt damping. Later, in the one-dimensional case, it was found that the
smoothness of the damping coefficient at the interface is a critical factor for the stability and the
regularity of the solutions (see [5, 10, 11, 13, 14, 20]). However, there are only a small number
of publications on the corresponding N -dimensional case. In 2006, K. Liu and B. Rao considered
this problem in the N -dimensional space where the damping region is a neighborhood (in Ω) of
the entire boundary Γ (see [12]). They proved that the energy of the system goes exponentially
to zero as t goes to infinity for all usual initial data by assuming that the damping coefficient b
satisfies b ∈ C1,1(Ω), ∆b ∈ L∞(Ω) and |∇b(x)|2 ≤ M0b(x) for almost every x in Ω, where M0 is
a positive constant. Also in [16], under the same assumption on b, S. Nicaise and C. Pignotti es-
tablished the exponential stability of the wave equation with local Kelvin-Voigt damping localized
around a part of the boundary and an extra boundary damping with time delay where they added
an appropriate geometric condition (section 3.2 (Q4)). Later on, M. Cavalcanti, V. Cavalcanti
and L. Tebou showed the exponential decay of the energy of a wave equation with two types of
locally distributed mechanisms; a frictional damping and a Kelvin-Voigt type damping where the
location of each damping is such that none of them alone is able to exponentially stabilize the
system (see [4]). Under an appropriate goemetric condition (PMGC) on a subset ω of Ω ⊂ RN
where the dissipation is effective, they proved that the energy of the system decays polynomially
as type t−1 in the absence of regularity of the Kelvin-Voigt damping coefficient b. However, they
established exponential stability when this coefficient is smooth. In [1], K. Ammari, F. Hassine and
L. Robbianio considered a wave equation with Kelvin-Voigt damping localized in a subdomain ω
faraway from the boundary without geometric conditions. They established a logarithmic energy
decay rate for smooth initial data. On the other hand, in [19] L. Tebou studied the stabilization
of the wave equation with Kelvin-Voigt damping. He established polynomial energy decay of type
t−1 provided that the damping region is localized and verifies the Piecewise Multiplier Geometric
Condition (PMGC in short) introduced by K. Liu [8]. Moreover, Q. Zhang in [22] considered the
wave equation with Kelvin-Voigt damping in a nonempty bounded convex domain Ω with partition
Ω = Ω1 ∪ Ω2 where the viscoelastic damping is localized in Ω1. Under the condition that the
damping coefficient b is non smooth, she established a polynomial energy decay rate of type t−1

for smooth initial data in the following two cases: (1) the damping region Ω1 is a neighborhood of
the entire boundary Γ of Ω; (2) Ω ⊂ RN (N = 2 or 3), ∂Ω1 and ∂Ω2 are either convex curvilinear
polygons or curved plane polyhedron, the damping region Ω1 is a neighborhood of a part Γ1 6= ∅
of the boundary Γ and m(x) · ν2 ≤ 0 where m(x) = x − x0 for x0 fixed in RN (N = 2, 3) for all
x ∈ Γ2 = Γ \Γ1. So, several important geometric situations are not covered by the previous papers
and the problem of the energy decay rate is still open. So, our aim is to answer this open problem.

In this paper, we consider the stabilization of the wave equation with Kelvin-Voigt damping in
a bounded domain Ω of class C2 with non-smooth damping coefficient. The system is given by
(1.1). We establish a polynomial energy decay estimate of type t−1 for smooth initial data provided
that the damping coefficient b satisfies the localization condition (LA) (see below) and the damping
region ω satisfies one of the geometric conditions (A1) or (A2) (see below). The frequency domain
approach and the piecewise multiplier method are used.To our knowledge, the result of Theorem
1.6 is new. Indeed, the geometric situations covered by this theorem are richer than that considered
in [22], [19], [12] and include in particular an example of damping region faraway from the boundary.

By using semigroup theory, Problem (1.1) is well posed. The energy of the System (1.1) is given
by

E(t) =
1

2

∫

Ω

(
ρ(x)|ut|2 + a(x)|∇u|2

)
dx.

Then a straight forward computation gives

d

dt
E(t) = −

∫

Ω

b(x)|∇ut|2dx ≤ 0.

Thus, System (1.1) is dissipative in the sense that its energy is decreasing with respect to time t.
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We now define the Hilbert energy space by

H = H1
0 (Ω)× L2(Ω),

which is endowed with the usual inner product
〈
U, Ũ

〉
H

=

∫

Ω

(a∇u · ∇ũ+ ρvṽ)dx,

where U = (u, v) ∈ H and Ũ = (ũ, ṽ) ∈ H. We use ‖U‖H to denote the corresponding norm. We
next define the linear unbounded operator A : D(A) ⊂ H −→ H by:

D(A) = {(u, v) ∈ H | v ∈ H1
0 (Ω), div(a∇u+ b∇v) ∈ L2(Ω)}

and for all (u, v) ∈ D(A)

A(u, v) =

(
v,

1

ρ
div(a∇u+ b∇v)

)
.

If (u, ut) is a regular solution of System (1.1), then we transform this system into the following
evolution equation {

Ut = AU,
U(0) = U0,

(1.2)

where U0 = (u0, u1) ∈ H. For the well-posedness of Problem (1.1), according to Lumer-Phillips
theorem (see [17]), we need to prove that the operator A is m-dissipative in H. Therefore, we prove
the following proposition.

Proposition 1.1 The unbounded linear operator A is m-dissipative in the energy space H.
Thanks to Lumer-Philips theorem (see [17]), we deduce that A generates a C0−semigroup of con-
tractions etA in H and therefore Problem (1.1) is well-posed. Then we have the following result:

Theorem 1.2 For any U0 ∈ H, Problem (1.2) admits a unique weak solution

U(t) ∈ C0(R+,H).

Moreover, if U0 ∈ D(A), then

U(t) ∈ C1(R+,H) ∩ C0(R+, D(A)).

Before stating our main result, we need the followig Theorems and Definitions.

Theorem 1.3 (Borichev and Tomilov in [3]) Let A : D(A) ⊂ H → H generate a C0−semigroup
of contractions

(
etA
)
t≥0

on Hilbert space H. If iR ⊂ ρ (A), then for a fixed ` > 0 the following
conditions are equivalent

1. sup
λ∈R

∥∥∥(iλId−A)
−1
∥∥∥
L(H)

= O
(
|λ|`
)
,

2. ‖etAU0‖H ≤
C

t
1
`

‖U0‖D(A) ∀ t > 0, U0 ∈ D (A), for some C > 0.

Now, if ω 6= ∅ and b satisfies the following localization assumption

∃b0 > 0 : b(x) ≥ b0 ∀x ∈ ω, (LA)

then, system (1.1) is strongly stable (see [1] Theorem 2.2)). So, our aim is to study the energy
decay rate. Q. Zhang proved in [21] that System (1.1) is not uniformly (exponentially) stable in
any geometry. So, it is natural to hope for a polynomial stability under some considerations that
represent the main goal of this work. This part is devoted to study the polynomial stability of
System (1.1) under appropriate geometric conditions by using the frequency domain approach. To
this aim, we recall the Geometric Control Condition (GCC in short) introduced by J. Rauch and
M. Taylor in [18] for manifolds without boundaries and by C. Bardos, G. Lebeau and J. Rauch in
[2] (see also [7]) for domains with boundaries. We also introduce a new geometric condition.
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Definition 1.4 For a subset ω of Ω and T > 0, we shall say that (ω, T ) satisfies the Geometric
Control Condition if every geodesic traveling at speed one in Ω meets ω in time t < T.

We also introduce the following geometric condition.

Definition 1.5 For a subset ω of Ω, we shall say that ω satisfies Strictly the Geometric Control
Condition (SGCC in short) if there exists an open subset ω̃ included strictly in ω (i.e. ω̃ ⊂ ω) and
satisfying the GCC.

For the study of the energy decay rate we need the following geometric assumptions:

(A1) the open subset ω verifies the GCC and meas(ω ∩ Γ) > 0,

(A2) the open subset ω verifies the SGCC.

We now are in position to state our main result.

Theorem 1.6 Assume that condition (LA) holds. Assume also assumption (A1) or assumption
(A2) holds. Then, for all initial data U0 ∈ D(A), there exists a constant C > 0 independent of U0

such that the energy of System (1.1) satisfies the following estimation

E(t) ≤ C

t
||U0||2D(A), ∀t > 0. (1.3)

Remark 1.7 i) The result of Theorem 1.6 generalizes that of [12], [19] and [22]. Indeed, the geo-
metric situations covered by this theorem are richer than that considered in the previous references.
In addition, unlike the result of Theorem 4.1 in [22], our result holds for all n ≥ 2 and for non-
convex domains.
ii) It is unknown whether the polynomial decay rate obtained in (1.3) is optimal in the sense that,
for any ε > 0, we can not expect the decay rate of type t−1−ε for all initial data U0 ∈ D(A). From
our point of view, the energy decay rate (1.3) is not optimal, and we conjecture an optimal decay
of type t−2.

Note that this paper was published in C.R.Acad.Sci.Paris,Ser.I (see [15]).
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Abstract

A maximal outforest of a digraph has proven to be a very effective tool which can be used in order to
determine or at least study the structure of a digraph. In this paper, we try to characterize maximal
outforests of a digraph and their impact on the connection between colorings and the structure of
the digraph. Especially, we study the behavior of circuits in digraphs with respect to their levels in
a maximal outforest, which will help in reaching an elementary proof of El Sahili’s conjecture con-
cerning the existence of a path with two blocks in an n-chromatic digraph of length n−1 with n ≥ 4.

Key words: Maximal outforest, path with two blocks, k-minimal outforest

1 Introduction

In our work, the digraphs considered are finite having no loops, multiple edges or circuits of length
2.

For a directed path P = v1v2 · · · vn in a digraph, v1 is said to be the origin of P and vn is its
terminus. A subpath of P , denoted by P[vi,vj ] with 1 ≤ i < j ≤ n, is the directed path contained
in P of origin vi and terminus vj .

An outbranching B is a digraph containing a vertex of indegree zero which is called the source of
B, and all other vertices are of indegree 1.

Let B be an outbranching. For every u ∈ V (B), Pu(B) denotes the unique directed path starting
from the source of B and reaching u. The level of u in B, denoted by lB(u), is the order of Pu(B).

An outforest F is a digraph such that each connected component is an outbranching. Let v ∈ V (F ).
The level of v in F , denoted by lF (v), is its level in the outbranching it belongs to. Define for each
i ≥ 1, Li(F ) = {u ∈ V (F ); lF (u) = i}. Let y ∈ V (F ), we denote by TF (y) the outbranching of
source y in F . Note that any digraph contains a spanning outforest. Let F be a spanning outforest
of a digraph D, and let (u, v) ∈ E(D). (u, v) is said to be a forward arc with respect to F whenever
lF (u) < lF (v), else it is called a backward arc. If (u, v) is a backward arc with respect to F , then
it is a good arc if and only if F contains a directed vu-path. Otherwise, it is said to be a bad arc
with respect to F . Let u and v ∈ V (F ) such that lF (u) > lF (v). If F conatins a directed vu-path,
then this path is denoted by Pvu(F ). A forward directed path with respect to F is defined to be a
directed path formed of forward arcs.

A maximal outforest F of a digraph D is defined to be a spanning outforest of D such that there
are no bad arcs with respect to F . Maximal outforests are first introduced by El Sahili and Kouider
[4]. Considering a spanning outforest F of a digraph D which maximizes

∑
v∈V (D)

lF (v), it can be

easily verified that F is a maximal outforest. Then Li(F ) is stable in D ∀ i ≥ 1, and consequently
l(F ) ≥ χ(D) where l(F ) is the maximum integer i such that Li(F ) is non empty, which gives a
very simple proof of Gallai-Roy Theorem [5],[7]:
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Theorem 1 Every n-chromatic digraph contains a directed path of length n− 1.

Starting from any spanning outforest, we can define an algorithmic way to obtain a maximal out-
forest. Let F be a spanning outforest of a digraph D. The process is done by defining a sequence
of spanning outforests, say F1, F2, · · · , Fn such that F1 = F , Fn is maximal and Fi+1 is obtained
from Fi by adding a bad arc (x, y) (relative to Fi) to Fi, and by deleting the arc of head y in Fi if
any. Fi+1 is said to be a rectification of Fi, and Fn is said to be a closure of F .

A block of a path P in a digraph is a maximal directed subpath of P . P (k, l) is defined to be a path
of two blocks where the first block is of length k, while the second block is of length l. In this paper,
we suppose that a P (k, l) is a path with two blocks containing one internal vertex in common of
outdegree zero. If D is an n-tournament, Thomason in [8] proves that D contains any oriented path
of length n − 1 if n is large enough. Havet and Thomassé give in [6] a refinement of Thomason’s
result, proving that this is valid for every tournament except in three cases : the directed 3-cycle,
the regular tournament on 5 vertices, and the Paley tournament on 7 vertices; where in these cases
D contains no antidirected path of length n − 1. El Sahili in [4] introduced the function f(n)
defined to be the smallest integer such that any f(n)-chromatic digraph contains all paths P (k, j)
with k + j = n − 1. He conjectured that f(n) = n. Using the maximal outforest, El Sahili and
Kouider [4] proved that f(n) ≤ n+ 1. And then Addario et al. [1] proved the conjecture using also
the maximal outforest and a generalization of Bondy’s Theorem [2] about strong digraphs.

In section 2, we study maximal outforests by introducing an operation in order to establish some
useful properties about them. However, in section 3, we apply these properties in order to study
k-minimal outforests, which yields to an elementary proof of El Sahili conjecture, presented in
section 4, without using strong digraphs and the generalization of Bondy’s Theorem.

The first part of this work is trying to identify the resultant of two or more outforests of a given
digraph D upon applying an operation, denoted by ∗, among them. For this aim, we first define ∗
between a subdigraph of D having the property that each vertex is of indegree at most 1 and an
arc of D. Let H be a subdigraph of D satisfying the previous property, and suppose that there
exists x and y ∈ V (D) such that (x, y) ∈ E(D). Set SH = {v ∈ V (H), d−H(v) = 0} which is the
set of sources of H. The operation ∗ is defined as follows:

H ∗ (x, y) =





H (x, y) ∈ E(H)

H + (x, y) (x, y) /∈ E(H), y ∈ SH or y /∈ V (H)

H + (x, y)− (z, y) (x, y) /∈ E(H), y ∈ V (H) \ SH & {z} = N−H (y).

Remark 1 N−H∗(x,y)(y) = {x} and d−H∗(x,y)(u) ≤ 1 ∀ u ∈ V (H ∗ (x, y)).

In what follows, consider a digraph D. Let F = {F, F is an outforest of D}.

Proposition 1 Let F ∈ F . Suppose that there exists x and y ∈ V (F ) such that (x, y) ∈ E(D).
(x, y) is said to be good with respect to F if and only if F ∗ (x, y) /∈ F .

Proposition 2 Let (x1, y1), · · · , (xl, yl) be pairwisely distinct arcs in D; l ≥ 2, and let F ∈ F .
We have:

(· · · (F ∗ (x1, y1)) ∗ · · · ∗ (xl−1, yl−1)) ∗ (xl, yl) = (· · · (F ∗ (xi1 , yi1)) ∗ · · · ∗ (xil−1
, yil−1

)) ∗ (xil , yil),
where {i1, · · · , il} = {1, · · · , l} if and only if yi 6= yj ∀ 1 ≤ i 6= j ≤ l.

Remark 2 Let F ∈ F . Note that Proposition 2 implies that (· · · (F ∗ (x1, y1)) ∗ · · · ∗ (xl−1, yl−1)) ∗
(xl, yl) may be expressed as F ∗ (x1, y1)∗ · · · ∗ (xl−1, yl−1)∗ (xl, yl) whenever yi 6= yj ∀ 1 6 i 6= j 6 l.

Definition 1 Let F and H ∈ F such that E(H) = {(xi, yi) ∈ E(D); 1 ≤ i ≤ l}. Then, F ∗H =
F ∗ (x1, y1) ∗ ... ∗ (xl, yl).

Lemma 1 Let F, F1 and F2 ∈ F such that both F1 and F2 contain no isolated vertices. Then,
(F ∗ F1) ∗ F2 = F ∗ (F1 ∗ F2).

Proposition 3 Let F, H and H ′ ∈ F such that both H and H ′ contain no isolated vertices.
F ∗H = F ∗H ′ if and only if E(H)∆E(H ′) ⊆ E(F ).
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Proposition 4 Let F ∈ F . Suppose that there exists x and y ∈ V (F ) such that (x, y) ∈ E(D).
F ∗ (x, y) = (x, y) ∗ F if and only if y ∈ SF or y /∈ V (F ).

Proposition 5 Let F and H ∈ F such that E(H) = {(ui, vi), 1 ≤ i ≤ s} where s ≥ 1. Let
A = {vi, 1 ≤ i ≤ s}. If A ∩ V (F ) = φ or SH ⊆ SF , then F ∗H ∈ F .

Proposition 6 Let F and H ∈ F such that V (H) ⊆ V (F ). F ∗ H = F ′ ∈ F if and only if
SF ′ ⊆ SF .

Proposition 7 Let F and H ∈ F such that V (F ) ⊆ V (H). If SH ⊆ SF , then F ∗H = H.

Corollary 1 Let F and F ′ ∈ F such that V (F ) ⊆ V (F ′) and SF ′ ⊆ SF . Then, F ∗F ′ = F if and
only if F = F ′.

Proposition 8 Let F and H ∈ F such that F is spanning. Let E(H) = {ei, 1 ≤ i ≤ s} where
s ≥ 1. For all 1 ≤ i ≤ s, set ei = (ui, vi). Let l ∈ {1, · · · , s} such that lF (vl) ≥ lF (vi) ∀ 1 ≤ i 6=
l ≤ s . If el is good with respect to F , then F ∗H /∈ F .

Corollary 2 Let F and H ∈ F such that F is spanning. Let E(H) = {ei, 1 ≤ i ≤ s}. If ei is
good with respect to F ∀ 1 ≤ i ≤ s, then F ∗H /∈ F .

Lemma 2 Let F and H ∈ F such that F is spanning and E(H) = {e1, · · · , es}. Set F0 = F . We
have F ∗ H ∈ F if and only if there exists an ordering {ei1 , · · · , eis} of E(H), with {1, · · · , s} =
{i1, · · · , is}, such that eij is not good with respect to Fj−1 where Fj = F ∗ ei1 ∗ · · · ∗ eij ∀ 1 ≤ j ≤ s.

Lemma 3 Let F and H ∈ F such that F is spanning and E(H) = {e1, · · · , es} with s ≥ 1. Let
r and l, 1 ≤ r < l ≤ s, be such that ei ∈ E(F ) ∀ i ≤ r, and ei /∈ E(F ) ∀ i > r such that
vi /∈ SF ∀ i, r + 1 ≤ i ≤ l and vi ∈ SF ∀ i ≥ l + 1 if any, where vi is the head of ei ∀ 1 ≤ i ≤ s.
Set F0 = F . F ∗ H ∈ F if and only if there exists an ordering {eir+1 , · · · , eil} of {er+1, · · · , el}
and an ordering {eil+1

, · · · , eis} of {el+1, · · · , es} such that eij is not good with respect to Fj where
Fj = F ∗ e1 ∗ · · · ∗ er ∗ ei1 ∗ · · · ∗ eij ∀ r + 1 ≤ j ≤ s.

Proposition 9 Let F and H ∈ F such that F is spanning. F ∗H ∈ F if and only if there exists
a outforest F 0 such that F 0 is a subdigraph of F , F ∗H = F 0 ∪H and F 0 ∪H ∈ F .

The second part of our work introduces a special type of maximal ouforests found in any digraph.

Let k ≥ 2 be an integer. Let F be a spanning outforest of a digraph D, and set uk(F ) =
k∑
i=1

|Li(F )|.
F is said to be k-minimal if and only if uk(F ) is minimal. It can be easily verified that we may
find in D a k-minimal maximal outforest.
Consider a digraph D and let F be a k-minimal outforest of D. In what follows, we are going to
study some properties of D with respect to F .

Lemma 4 There exists a maximal outforest F ? of D such that F i is k-minimal ∀ 1 ≤ i ≤ s where
F i+1 is a rectification of F i ∀ 1 ≤ i ≤ s− 1 with F 0 = F and F s = F ?.

Let x and y ∈ V (D) such that (x, y) ∈ E(D).

Lemma 5 Suppose that (x, y) is a bad arc with respect to F such that lF (x) ≤ k−1. If there exists
a path P of origin y and terminus x′, x′ 6= x, such that P ∩ Px(F ) = φ and P is either a forward
directed path with lF (x′) = lF (y) + l(P ) or lF (w) ≤ k − 1 ∀ w ∈ P , then l(P ) < k − lF (x).

Lemma 6 Suppose that 1 ≤ lF (y) ≤ k ≤ lF (x). Then (x, y) can not be bad with respect to F .

Lemma 7 Suppose that (x, y) is good with respect to F with lF (x) ≥ k and lF (y) ≤ k. Let w ∈
V (D) such that lF (w) ≥ k and let z ∈ Pyx(F ). If (w, z) ∈ E(D), then w ∈ TF (y).

Lemma 8 Suppose that (x, y) is good with respect to F with lF (x) ≥ k and lF (y) ≤ k. Let z ∈
Pyx(F ), and let R be a directed path in D ending at z such that ∀w ∈ V (R), we have lF (w) ≥ k.
Then, V (R) ⊆ TF (y).
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Let F be a k-minimal maximal outforest of D. Suppose that there exists a good arc (x, y) ∈ E(D)
with respect to F such that lF (y) = k; k ≥ 2. Set Pyx(F ) = vkvk+1 · · · vp where vk = y and vp = x.
Set Cx = (x, y) ∪ Pyx(F ). Suppose that there exists w ∈ Lk−1(F ) such that (w, vj) ∈ E(D) for
some k+ 1 ≤ j ≤ p. Set Fj = F ∗H where H = Pw(F )∪ (w, vj)∪Pvjx(F )∪ (x, y). Since SH ⊆ SF ,
then Fj ∈ F by Proposition 5 and is spanning.

Lemma 9 Fj is a k-minimal outforest.

El Sahili conjecture [3] states that any n-chromatic digraph D with n ≥ 4 contains a P (k, l);
k+ l = n−1. Without loss of generality, suppose that k ≤ l. Recall that the cases k = 0 and k = 1
were proved by Roy-Gallai [7],[5] and Bondy-El Sahili [3] respectively.
In what follows, consider a digraph D, and let F be a maximal outforest of D. Suppose that D
contains no P (k, l); 2 ≤ k ≤ l and k + l = n− 1. We will give some properties of D which will be
effective tools in establishing a proof of El Sahili conjecture.
Let Ui(F ) = Li(F ) ∀ 1 ≤ i ≤ k − 1 and Ui(F ) =

⋃
α≥0

Li+α(l+1)(F ) ∀ k ≤ i ≤ k + l.

Definition 2 An arc (x, y) ∈ E(D) is said to be a t-arc if and only if |lF (x)− lF (y)| ≥ t.

Definition 3 Let x ∈ V (D). We define Px,s(F ) to be a subpath of Px(F ) such that Px,s(F ) =
Px(F ) \ ⋃

i≤s
Li(F ), where s < lF (x).

Proposition 10 Let (x, y) ∈ E(D) be an (l + 1)-arc. If lF (x) ≥ k, then lF (y) ≤ k.

Proposition 11 If D contains no t-arc, then χ(D) ≤ t.

Corollary 3 If D contains no t-arc (x, y) such that lF (x) ≥ s and lF (y) ≥ s. Then χ(D) ≤ t+s−1.

Corollary 4 χ(D) ≤ n.

Let w ∈ V (D). Set Ni(w) = ND(w) ∩ Ui(F ) and N−i (w) = N−D (w) ∩ Ui(F ) ∀ 1 ≤ i ≤ k + l.

Proposition 12 Uk(F ) \ Lk(F ) and Ui(F ) are stables ∀ k + 1 ≤ i ≤ k + l.

Proposition 13 If Uk(F ) is stable, then χ(D) ≤ n− 1.

Proposition 14 Suppose that Uk(F ) is not stable, and let (x, y) ∈ E(Uk(F )). Then, (x, y) is a
good arc such that y ∈ Lk(F ) and N−k (y) = Nk(y).

In what follows, suppose that Uk(F ) is not stable, and let B = {v ∈ Lk(F ); ∃u ∈ Uk(F ) \
Lk(F ) such that (u, v) ∈ E(Uk(F ))}. From now on, consider a vertex v in B, and let u ∈ N−k (v).
Since F is a maximal outforest, then for every (u, v) ∈ E(Uk(F )), F contains a vu-directed path.
Set Pvu(F ) = vkvk+1 · · · vp where vk = v and vp = u.

Definition 4 Let w ∈ V (D) such that lF (w) ≥ k. w is said to be rich if and only if N(w)∩Li(F ) 6=
∅ ∀ 1 ≤ i ≤ k − 1.

Proposition 15 If v is not a rich vertex ∀ v ∈ B, then χ(D) ≤ n− 1.

Let v ∈ B and u ∈ N−k (v). Let α ∈ TF (v). Note that α is reachable by a directed path of length l
at least, and it is denoted by Qα such that: Qα = Pα,lF (v)(F ) if α ∈ TF (y), and Qα = Pu,lF (β)(F )∪
(u, v) ∪ Pvα(F ) if α ∈ TF (v) \ TF (y) where β ∈ Pvu(F ) ∩ Pvα(F ) and Pβu(F ) ∩ Pβα(F ) = {β}.

Lemma 10 Let v ∈ B. Suppose that there exists v′ ∈ Lk(F ) such that v′ 6= v. For all w ∈ TF (v)
and w′ ∈ TF (v′), we have ww′ /∈ E(G[D]).

Proposition 16 If N−k (v) contains no rich vertex for every rich vertex v ∈ B, then χ(D) ≤ n−1.

Proposition 17 Let v ∈ B, and suppose that N−k (v) contains a rich vertex u. Then N−k (v) = {u}.

Corollary 5 Suppose that |N−k (v)| ≥ 2 ∀ v ∈ B, then χ(D) 6 n− 1.
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Lemma 11 Let v ∈ B. Suppose that there exists a vertex w ∈ N(v) such that lF (w) ≥ k + 1 and
w /∈ Pvu(F ). Then:

(i) w ∈ TF (v).

(ii) If w is a rich vertex, then:

a) N−k−1(w) 6= ∅.
b) w is a rich outneighbor of v.

c) (v, w) is not an (l + 1)-arc of D.

d) w ∈ N+(v) ∩ Li(F ) for some k + 1 ≤ i ≤ k + l.

Lemma 12 Let v ∈ B. Suppose that v has a rich neighbor w such that w /∈ Pvu(F ). If xy ∈
E(G[D]) with x ∈ TF (w) and y ∈ TF (v) \ TF (w), then x = w and (y, x) ∈ E(D).

In what follows, we will prove a proposition concerning the proper coloring which will be used later
in the sequel.

Lemma 13 Let G1 and G2 be two graphs such that |V (G1)∩ V (G2)| ≤ 1 and χ(G1) = χ(G2) = t.
Let A ⊆ G2, and suppose that V (G1) ∩ V (G2) = {y} such that y ∈ A if any. Let G be the graph
obtained from G1 ∪ G2 after adding the following edges: {xz, ∀ z ∈ A} for some x ∈ G1 \ G2.
If c1 and c2 are two proper t-colorings of G1 and G2 respectively such that c1(y) = c2(y) and
|c2(A)| ≤ t− 1, then G1 ∪G2 admits a proper t-coloring.

Lemma 14 Let v ∈ B and u ∈ N−k (v). Suppose that w and w′ are two rich outneighbors of v such
that w, w′ /∈ Pvu(F ). Then, ∀ z ∈ TF (w) and z′ ∈ TF (w′), zz′ /∈ E(G[D]).

In Proposition 18 and Proposition 19, we suppose that Lk(F ) = {v} such that v is rich. Suppose
that N−k (v) = {u} such that u is rich. Recall that Pvu(F ) = vkvk+1 · · · vp where vk = v and vp = u.

Proposition 18 If vk+1 is not rich, then χ(D) ≤ n− 1.

Proposition 19 If vk+1 is rich, then N−k−1(vk+1) 6= ∅.

Let F be a k-minimal maximal outforest of D. Let AF ⊆ Lk(F ) be defined by AF = {v ∈
Lk(F ); v is rich and N−k (v) = {u} such that u is rich}. For all v ∈ AF , set hF (v) = lF (u). From
now on, let us suppose that F is chosen such that |AF | is minimal.
Let M = {F ; F is k-minimal maximal outforest such that |AF | is minimal}. In what follows,
consider F ∈ M such that

∑
v∈AF

h(v) is maximal. For every v ∈ B and u ∈ N−k (v), set Cv =

(u, v) ∪ Pvu(F ).

Proposition 20 Let v ∈ AF , and set Pvu(F ) = vkvk+1 · · · vp where vk = v and vp = u with
N−k (v) = {u}. If vk+1 is rich and N−k−1(vk+1) 6= φ, then there exists no bad arc (x, y) ∈ E(D) with
respect to F ′ such that y ∈ Cv, where F ′ = F ∗H with H = Pz(F ) ∪ (z, vk+1) ∪ Pvk+1u(F ) ∪ (u, v)

and z ∈ N−k−1(vk+1).

Proposition 21 Let v ∈ AF , and set Pvu(F ) = vkvk+1 · · · vp where vk = v and vp = u with
N−k (v) = {u}. If there exists i, k + 1 ≤ i ≤ p such that vi−1 and vi are rich, then there exists
no bad arc (x, y) ∈ E(D) with respect to F ′ such that y ∈ Cv, where F ′ = F ∗ H with H =
Pz(F ) ∪ (z, vi) ∪ Pviu(F ) ∪ (u, v) and z ∈ N−k−1(vi).

Corollary 6 Let v ∈ AF , and set Pvu(F ) = vkvk+1 · · · vp where vk = v and vp = u with N−k (v) =
{u}. Suppose that there exists i, k+ 1 ≤ i ≤ p such that vi−1 and vi are rich. Consider F ′ = F ∗H
with H = Pz(F )∪ (z, vi)∪Pviu(F )∪ (u, v) and z ∈ N−k−1(vi). Then, lF?(vj) = lF ′(vj) ∀ k ≤ j ≤ p,
where F ? is a closure of F ′.

In what follows, assume that F is a k-minimal maximal outforest such that Lk(F ) = {v} and
N−k (v) = {u} where both u and v are rich. Suppose that there exists a rich vertex vi ∈ Pvu(F )
and a vertex zi ∈ Lk−1(F ) such that zi ∈ N−k−1(vi); k + 1 ≤ i ≤ p. Set Pi = Pzi(F ) ∪ (zi, vi) ∪
Pviu(F ) ∪ (u, v). Since SPi

⊆ SF , then Fi = F ∗ Pi is a spanning outforest of D by Proposition 5.
Let F

′
i be a maximal outforest obtained from Fi by rectifications ∀ k + 1 ≤ i ≤ p. We say that F ′i

is a maximal outforest obtained from F by rotating Cv.
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Recall that Cv = (u, v) ∪ Pvu(F ) with Pvu(F ) = vkvk+1 · · · vp where vk = v and vp = u.
We will now suppose that if (x, y) ∈ E(D) is a bad arc with respect to Fi for some k + 1 ≤ i ≤ p,
then y /∈ Cv. Hence, lFi

(vj) = lF ′i (vj) ∀ k ≤ j ≤ p.

Proposition 22 Suppose that there exists i, k+ 1 ≤ i ≤ p− 1 such that vj is rich ∀ k+ 1 ≤ j ≤ i,
then N−k−1(vj) 6= φ. Moreover, if i = p, then N−k−1(v) 6= φ.

Proposition 23 If there exists vi ∈ Cv such that vi is not rich for some k ≤ i ≤ p − 1, then
χ(D) 6 n− 1.

Proposition 24 Suppose that l(Cv) = l + 2 and that x is rich ∀ x ∈ Cv. Then, χ(D) 6 n− 1.

Proposition 25 Suppose that l(Cv) > 2l + 3. If x is rich ∀x ∈ Cv, then χ(D[Cv]) 6 l + 1.

Proposition 26 Suppose that l(Cv) > 2l + 3 and that x is rich ∀x ∈ Cv. Set T ′i = TF (vi) \
TF (vi+1) ∀ k 6 i 6 p − 1 and T ′p = TF (vp). Let x ∈ T ′t and y ∈ T ′s for some k 6 s < t 6 p. If
xy ∈ E(G[D]) such that xy 6= vsvt, then s = k, t = p, y = v, (x, y) ∈ E(D) and l(Px,p−1) 6 l − 1.

Proposition 27 Suppose that l(Cv) > 2l + 3. If x is rich ∀ x ∈ Cv, then χ(D) 6 n− 1.

Corollary 7 If x is rich ∀x ∈ Cv, then, χ(D) ≤ n− 1.

Lemma 15 Let G be a a graph such that V (G) = A0∪A1∪· · ·∪As with Ai∩Aj = φ ∀ 0 ≤ i 6= j ≤ s
and satisfying that xy ∈ E(G) implies that x and y ∈ A0∪Ai ; 1 ≤ i ≤ s. Let Gi = G[A0∪Ai] ∀ 1 ≤
i ≤ s. Suppose that χ(Gi) ≤ t (t ≥ 2) ∀ 1 ≤ i ≤ s. If for each Gi, there exists a proper t-coloring ci
of Gi such that ci(x) = cj(x)∀x ∈ A0, ∀ 1 ≤ i 6= j ≤ s. Then, χ(G) ≤ t.

The approach of Addario et al. [1], to prove El Sahili Conjecture [3], is based on a generalization
of Bondy’s theorem concerning strong digraphs. Indeed, Bondy [2] proved that any strong digraph
D contains a circuit of length greater than or equal to χ(D). Addario et al. [1] generalized the
previous and proved that in a strong digraph D, ∀ k ∈ {3, · · · , χ(D)}, there is a circuit C such
that l(C) ≥ k and χ(D[V (C)]) ≤ k. They called such a circuit a k- good circuit. Based on this,
Addario et al.[1] considered an n-chromatic digraph D, having no circuits of length 2, such that D
contains no P (k, l) with k + l = n − 1, and supposing again that 2 ≤ k ≤ l. Using the notion of
a maximal outforest, they characterized D and proved that it contains (l + 1)-good circuits which
can be colored by at most (l + 1)-colors. Due to that, they were able to show that χ(D) ≤ n− 1;
which gives a contradiction.

Using the above properties about a digraph with no P (k, l), we were able to give an elementary
proof of El Sahili conjecture without the need of the elements used in the proof of Addario et al..
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Abstract

In this work we are interested in the problem Pm|G|εmax where G represents the conflict graph
and εmax the large gap between the schedule lengths of the machines, which is to be minimized.

Key words : Scheduling, Identical machines, Coloring, Load balancing

1 Introduction

The notion of equitable coloring was introduced by Meyer[1], who was motivated by an article
of Tucker [2]. Tucker in his article presented a coloring problem of a graph, where the vertices
represent the garbage collection routes, with two vertices (roads) are adjacent if and only if these
two roads can not be visited on the same day . This transport problem consists in finding a partition
of the roads so that they are all visited in 6 days. Meyer thought that it would be more interesting
if the number of roads visited each day is approximately the same throughout the week (so finding
a 6-equitable coloring). However, since these routes may not be identical, we propose to assign
weights to the vertices and to partition the graph so that the difference between the weights of the
independent sets is as small as possible. This difference is noted εmax.
Another problem with the same objective is the attribution of courses that may not have the same
duration to slots, so as to avoid simultaneously organizing pairs of incompatible courses and to
evenly distribute the courses between time intervals available.
We consider in this work a scheduling problem of n uninterruptible tasks, where some conflict tasks
can not be executed on a same machine, these constraints are given by a weighted conflict graph
G(V,E). In this graph, the vertices represent the tasks and two vertices are adjacent if and only if
the corresponding tasks are in conflict (the weight on the vertex pv represents the processing time
of the corespondant task v). We want to schedule tasks on m identical parallel machines (Mi),
while minimizing εmax which is the large gap between the completion dates on the machines.

2 Results

We have shown that this problem is NP-Hard, even in the case where the graph is a star or bipartite.

Theorem 1 P2 \G bipartite not connected \ εmax is NP-Hard.

Corollary 1 P2 \ G \ εmax is NP-Hard when G is not connected and G is a comparability graph
or an interval graph.

Theorem 2 Pm \ En+1 \ εmax with m > 3 and En+1 the star graph is NP-Hard.

Corollary 2 Pm \G \ εmax is NP-Hard when m > 3 and G is a connected graph with G is either
bipartite graph, or a tree, or a planar graph, or a triangulated graph, or a comparability graph, or
a complete multipartite graph, or a multipartite graph, or an interval graph.
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Proposition 1 P2 \G connected graph \ εmax is polynomial.

Proposition 2 Pm \ Chaine, pi = p \ εmax is polynomial.
Pm \ Cycle, pi = p \ εmax is polynomial.
Pm \Wheel, pi = p i 6= (universal vertex), pUniversalV ertex qlq \ εmax is polynomial.

3 Linear mathematical model

We also proposed two mathematical models in binary variables, and compared the execution times
of the latter two under Cplex.
Let M be the set of machines:

- ∀v ∈ V and c ∈M :

xvc =

{
1 if the task v is scheduled on the machine c
0 otherwise

The first mathematical model:





min εmax∑m
c=1 xvc = 1,∀v ∈ V

xvc + xuc 6 1,∀vu ∈ E,∀c ∈M
|∑n

v=1 pvxvc −
∑n

v=1 pvxvl| 6 εmax,∀c < l ∈M
xvc ∈ {0, 1},∀c ∈M,∀v ∈ V, εmax ∈ R

The linear mathematical model:





min εmax∑m
c=1 xvc = 1,∀v ∈ V

xvc + xuc 6 1,∀(v, u) ∈ E,∀c ∈ C∑n
v=1 pv(xvl − xvc) 6 εmax,∀c < l ∈ C∑n
v=1 pv(xvc − xvl) 6 εmax,∀c < l ∈ C

xvc ∈ {0, 1},∀c ∈ C, ∀v ∈ V, εmax ∈ R
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Abstract

In this talk we give a new combinatorial identity, this identity permit us to generalize the Dixon’s
Identity and given new proofs of Bizley Identity and some others identities .
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1 Introduction

Let N = {0, 1, 2, · · · } and let n, k ∈ N, the binomial coefficients
(
n
k

)
is define by

(
n

k

)
:=

n!

k! (n− k)!
, (1.1)

where k! =
∏k

i=1 i, for k ≥ 1 and we set 0! = 1, for all k > n and k < 0
(
n
k

)
= 0.

Let x be an arbitrary number, the general binomial coefficient is define by

(
x

k

)
:=





1 for k = 0,
x(x−1)···(x−k+1)

k! for k > 0 ,

0 for k < 0.

(1.2)

2 Main result

Our new combinatorial identity expressed in the next theorem as

Theorem 1 Let n,m, r, s ∈ N, and let x, y are arbitrary numbers then

∑

k

(
x

n+ k

)(
y

m− k

)(
r

k + s

)
(−1)k =

r+n−s∑

i=0

(
x

i

)(
x+ r − i

n+ r − s− i

)(
y + i

m+ n

)
(−1)i+n. (2.1)

Example 1 Let a, b, c ∈ N, we set x = a + b, n = a, y = b + c, m = c, r = c + a, s = c integers,
we have

a∑

i=−a

(−1)i
(
a+ b

a+ i

)(
b+ c

b+ i

)(
c+ a

c+ i

)
=

a∑

i=−a

(−1)i
(
b+ a

a+ i

)(
a+ b+ c− i

a− i

)(
c+ a+ b+ i

c+ a

)
, (2.2)

we called the symmetric Dixon identity [5].

Corollary 1 For r = s = 0 we find

n∑

i=0

(
x

i

)(
x− i
n− i

)(
y + i

m+ n

)
(−1)i+n =

(
x

n

)(
y

m

)
(2.3)

and for y = 0, we have

n+r−s∑

i=0

(
x

i

)(
x+ r − s− i
n+ r − i

)(
i

m+ n

)
(−1)i+n =

(
x

n+m

)(
r

m+ s

)
(−1)m. (2.4)
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We consider the next result as a generalization of Dixon identity[4],

Corollary 2 For y = m,n = s = 0, we find

∑

k≥0

(
n

k

)(
m

k

)(
x

k

)
(−1)k =

m∑

k=0

(
x

k

)(
n+ k

k

)(
x+m− k
m− k

)
(−1)k. (2.5)

Example 2 For x = r = m, we find

n∑

k=0

(
n

k

)3

(−1)
k

=

n∑

k=0

(
n

k

)(
n+ k

k

)(
2n− k
n

)
(−1)

k
, (2.6)

this identity established by Dixon [4].

Corollary 3 For y = −x− r − 1, we find

∑

k

(
x

n+ k

)(
r

k + s

)(
x+ r +m− k

m− k

)
=

(
x+ s+m

m+ n

)(
m+ r + n

r + n− s

)
. (2.7)

For s = n = 0, we find Suranyi identity [(6.19), 6]

∑

i

(
x

i

)(
r

i

)(
x+ r +m− i

m− i

)
=

(
x+m

m

)(
m+ r

r

)
. (2.8)

Corollary 4 Let i, e ∈ N, then

∑

k

(
r

s+ k

)(
e− r
m− k

)(
i+ k

e

)
=

(
i− s

m+ i− e

)(
m+ r + i− e

m+ s

)
. (2.9)

For s = 0, c = e− r, d = r +m− e, we find the Bizley identity [(6.43), 6]

∑

i

(
r

i

)(
c

i− d

)(
k + i

r + c

)
=

(
k

r − d

)(
k + d

c+ d

)
. (2.10)

For s = 0, r = n− µ+ v, and e = m+ n, k = µ, we find Nanjundiah identity [8],

∑

i

(
n− µ+ v

i

)(
m+ µ− v
m− i

)(
µ+ i

m+ n

)
=

(
µ

n

)(
v

m

)
. (2.11)
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Abstract

The aim of this study is to find the optimum of a linear fractional function over the efficient
set of a multi-objective linear fractional integer program (MOILFP) without generating all efficient
solutions. By its nature, it is a global optimization problem since the efficient set is discrete, hence
not convex. For this purpose, a branch and bound based method is described with a double mission
to search for an optimal solution for a given linear fractional function which is moreover, efficient
for a multi-objective linear fractional integer programming problem. Tests performed on instances
randomly generated up to 120 variables, 100 constraints and 6 criteria are successful.

Key words : Fractional programming Integer programming Multi-objective linear fractional op-
timization Global optimization Branch and bound.

1 Introduction

The problem of optimizing a linear fractional function over the efficient set of Multi-Objective
Integer Linear Fractional Programming (MOILFP) problem is known to be difficult, that is, not
only for the discrete aspect of the decision variables and the unknown structure of the feasible region
(the efficient set) but also to the nonlinear form of objective functions. In fact, a bibliographic search
for this topic would reveal that this field of optimization remains vacant, which was challenging to
us to investigate this field of research, through the present article. In addition, this field took its
importance from practice, where many real world situations can be modeled as MOILFP program
and for which we seek another fractional criterion to be optimized different from those considered in
the initial problem. For instance, the indicators which are used at evaluation of economic activities
are generally in fractional form, such as; output/worker, stock/selling, benefit/cost, etc. Also,
Anna Isabel Barros reported in [1] some interesting applications.

2 Definitions and notations

We consider now a problem in which k objective functions to be maximized. Each objective
function is the ratio of two linear functions and subject to linear constraints. Such problems are
called multiple objective linear fractional programming problems and can be stated as follows:

(P )

{
Max zi (x) =

pt
ix+αi

qt
ix+βi

; ∀i = 1, k

x ∈ D = X ∩ Zn

where X is a non-empty compact polyhedron defined by X = {x ∈ Rn|Ax = b, x = 0} ;, A is
an m × n matrix and b is a vector of Rm, pi and qi, ∀i = 1, k, are vectors of Rn, αi and βi are
scalars, qt

ix+ βi > 0, ∀i = 1, . . . , k, ∀x ∈ X .
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Definition 1 A point x ∈ D is called an efficient solution, or Pareto-optimal solution for (P ), if
and only if there does not exist another point y ∈ D such that zi (y) = zi(x) for all i ∈ {1, . . . , k}
and zi (y) > zi(x) for at least one index i ∈ {1, . . . , k}. Otherwise x is not efficient and the vector
z(y) dominates the vector z(x), where z = (z1, , . . . , zk).

The set of all integer efficient solutions of (P ) is denoted by XE.

The problem that we propose to solve consists in optimizing a new linear fractional function over
the efficient set XE of (P ). This last set being non convex, the considered problem belongs to
the class of global optimization problems. The corresponding mathematical program is written as
follows:

(PE)

{
Max ψ(x) = ctx+λ

dtx+µ

x ∈ XE

where c, d ∈ Rn and λ, µ ∈ R with a positive denominator dtx+ µ, ∀x ∈ X .
Let us denote by (PEl) the master program on which relies the method at each stage l:

(PEl)

{
Max ψ(x) = ctx+λ

dtx+µ

x ∈ Xl

1. X0 = X and Xl defined below;

2. x∗
l is the integer solution found during solving (PEl) using eventually branch and bound ;

3. xopt is the best efficient solution of (PEl) found till step l and ψopt its corresponding criterion
value ;

4. By Bl (respectively N l ), we mean the set index of basic (respectively non basic) variables
of x∗

l ;

5. γ̄i the reduced gradient vector of the ith objective. It is defined by: γ̄i = β̄ip̄i − ᾱiq̄i, where
β̄i, p̄i, ᾱi and q̄i are updated values obtained from the optimal simplex tableau of (PEl);

6. ∆l =
{
j ∈ Nl| ∃ i = 1, k, γ̄i > 0

}
∪

{
j ∈ Nl|γ̄i = 0 for all i = 1, k

}
describes the set of all

the improving directions for the criteria of the program (P );

7. Cut of type I
∑

j∈∆l
xj ≥ 1

to remove non efficient solutions without having to enumerate them and the corresponding

set X1
l+1 =

{
x ∈ Xl|

∑
j∈∆l

xj ≥ 1
}

;

8. Cut of type II is constructed according to the following inequality : ψ (x) ≥ ψopt to
allow removing uninteresting points regarding optimality and the corresponding set X2

l+1 =
{x ∈ Xl|ψ (x) ≥ ψopt} ;

9. The resulting set from X1
l+1 and X2

l+1 is given by : Xl+1 = X1
l+1 ∪X2

l+1;

10. The ideal point idl = (id1, . . . , idk) for the program (PEl) whose coordinate are given by
idi = max {zi(x)/x ∈ Xl} , i = 1, k .

Efficiency test
Characterization of Pareto optimal solutions: Given a point x∗

l ∈ D and let

(Q)





max ets
st : z (x) − s = z (x∗

l )
x ∈ D,
s ≥ 0

,





where e is a vector column of ones.

Theorem 1 [2] x∗
l is efficient if and only if (Q) has a maximum value of zero. Otherwise (the

maximum value of (Q) is finite nonzero), the obtained solution is efficient.
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3 Principal of the method

The proposed algorithm generates the optimal solution of (PE) without having to enumerate XE.
Based on branch and bound technique, the method is reinforced by efficient cuts and additional
saturating tests allowing a smart search for the optimal solution. We start by solving the program
(PEl ) using the simplex method at step l of the algorithm (eventually dual simplex method).
Then, to catch how the criteria vectors move from basis to basis, k lines are added to the basic sim-
plex tableau and reduced costs are calculated in respect of the corresponding basis. If the obtained
solution is non integer, then we still imposing integrity restrictions on the original variables of the
program till getting integer ones. Once an integer solution x∗

l is achieved, new cuts are established
and added to the current simplex tableau which allow reduce the search area considerably (con-
taining non efficient and non interesting solutions for (PE)). We consider henceforth two types of
nodes, those relative to branching process (type 1) and others to efficient cuts (type 2). So, a node
of type 2 is pruned if no improvement of the criteria can be done along the remaining domain or if
an efficient solution is reached at a stage l. A node of type 1 is fathomed if ψopt the best value of
ψ obtained till stage l is greater than or equal to value of ψ at that node, even the corresponding
solution is non integer or the domain becomes unfeasible.

4 Theoretical results

In order to justify the different steps of the proposed algorithm, the following results are established.
We denote by Dl the set Dl = Xl ∩ Zn.

Theorem 2 Suppose that ∆l 6= ∅ at the current integer solution x∗
l . If x 6= x∗

l is an optimal

solution of program (PEl) in domain Xl, then x ∈ Xl+1.

Theorem 3 Let x∗
l be the current integer solution of program (PEl), then if x∗

l is efficient for
program (P), then it is an optimal solution of program (PE) over Dl.

Proposition 1 If ∆l = ∅, then ∀x ∈ Dl+1, x is not efficient.

Proposition 2 If ∆l = ∅ at the current integer solution x∗
l , then Dl\x∗

l is an unexplored domain.

Theorem 4 If ψopt > ψ(x∗
l ), then ∄x ∈ Dl such that ψ(x) > ψopt.

Theorem 5 The algorithm terminates in a finite number of iterations and returns the optimal
solution of program (PE).

5 Experimental study

The proposed method has been coded using MATLAB R2013a and run on a personal computer
with 3.4 GHz Dell Pentium 4 and 4 GB of memory.

The data are uncorrelated integers uniformly distributed in the interval [1, 99] for the numerator
and denominator coefficients, [-10, 20] for the numerator constant, [1, 20] for the denominator
constant, and [1, 30] for constraints coefficients. For each constraint, the right-hand side value
was taken into [50,100]. For each instance (n,m,k) (n is the number of variables, m the number of
constraints, and k the number of objectives), a series of 10 problems were solved. Tables 1 and 2
summarize the obtained results where mean, min and maximum number of CPU (s), number of
efficient solutions (Eff Sol) are reported. Also the ratio of SN (staurated node)/ CN (created node)
is given for each triplet.

The results clearly show that the number of generated efficient solutions grows with the number
of criteria. However, the proposed method does not review all the efficient solution set of the
MOIFP problem to find the optimal solution of the problem (P), only a few of them are visited.
Indeed, in [3] the authors reported that, for example for instances with 25 variables, 10 constraints
and 4 criteria, up to 100 efficient solutions on average are found for the MOILFP problem. The
increase in the criteria number does not seem to have a negative effect, as well on the CPU time as
the generated nodes number in the search tree, these can even decrease. Note that the minimum
number of generated efficient solutions is generally equal to 1. We notice that on average, the
number of sterilized nodes is around 35% compared to those created in the search tree. This is
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Table 1: Medium size problems
n m r M-CPU(s) Mi-CPU(s) Ma-CPU(s) M-Eff Sol Mi-Eff Sol Ma-Eff Sol M-CN M-SN/CN %
30 10 2 30.88 0.19 127.44 3.80 1 7 2165,6 41.65
30 10 3 18,39 0.35 79.21 8.50 3 17 1921,6 31.29
30 10 4 28.68 0.28 125.85 12.40 3 35 2282,5 32.48
30 15 2 22.76 0.17 97.03 4.42 1 13 1971.00 38.12
30 15 3 13.40 0.15 51.91 7.58 1 17 1193.95 34.23
30 15 4 25.05 0.24 132.01 11.40 3 23 1951.00 31.07
30 25 2 31.08 0.33 152.00 4.40 2 9 1833.20 38.01
30 25 3 17.13 0.62 83.69 6.10 2 10 1276.20 36.99
30 25 4 13.46 0.54 50.95 9.70 3 19 804.90 32.77
30 55 2 19.87 0.26 116.60 4.32 2 11 760.11 37.49
40 60 3 38,28 0.82 176.71 7.32 2 21 806.05 34.02
50 10 2 48.33 1.04 127.63 4.00 1 10 4053.50 36.76
50 10 3 120.10 0.16 354,91 11.30 1 34 5753,8 31.07
50 10 4 127.61 0.17 539,2 9.10 1 28 4569,8 34.91
50 15 2 324.61 43.23 1116.76 6.60 3 14 12486.00 45.55
50 15 3 124.24 2.30 419.01 7.90 3 20 5481.00 37.46
50 15 4 44.93 0.78 147.84 11.50 5 25 2617.80 33.12
50 25 2 76.12 0.42 177.69 5.30 1 9 2974.90 38.70
50 25 3 105.58 0.14 893.42 8.89 1 20 2837.16 30.00
50 25 4 139.79 0.13 705.29 11.16 1 25 2150.84 36.82
50 25 5 75.51 0.10 396.18 15.47 1 34 1056.32 30.85
50 25 6 32.18 0.23 196.78 11.75 1 30 896.85 34.41
50 100 2 339.41 52.36 919.97 5.50 2 9 2871.50 44.66
60 80 3 300.23 0.97 1379.76 7.20 1 16 1783.35 37.13

Table 2: Big size problems
n m r M-CPU(s) Mi-CPU(s) Ma-CPU(s) M-Eff Sol Mi-Eff Sol Ma-Eff Sol M-CN M-SN/CN %

80 35 2 534.24 0.28 3117.52 4.37 1 13 9011.00 41.69
80 35 3 672.09 0.35 4717.27 9.95 1 25 6907.16 38.17
80 35 4 266.54 0.41 1013.70 13.28 1 41 2754.83 34.65
80 35 6 198.58 0.25 1161.67 15.58 1 46 1295.68 34.45
80 50 3 504.61 1.31 1836.49 8.85 1 23 5397.30 36.26
80 120 2 1960.21 14.18 7509.54 6.00 1 13 4172.10 43.44
100 80 3 1171.52 2.94 4490.26 8.05 3 18 5200.53 36.41
120 60 4 1338.38 3.32 6259.84 11.65 3 28 3562.95 35.75
200 100 3 35801.05 14

M: Mean; Mi: Minimum; Ma: Maximum

explained by the addition of cuts of type I and II, combined with the evaluation test using the local
ideal point.

6 Conclusion

In this paper, a new exact method is presented to solve the problem of optimizing a linear fractional
function over the set of integer efficient solutions of a MOILFP problem without generating all of
them. It is a branch and bound method coupled with cutting planes having the effect to delete
some regions of the feasible domain not containing efficient solutions for the MOILFP problem
nor optimal solutions for the fractional function to optimize over the efficient set. In addition
to the lower bound of the function to be optimized, two vector bounds are introduced to prune
considerably nodes in the tree search; the local ideal point of the sub domain of a node as an upper
bound and the set of potentially efficient solutions generated along the resolution process as a set of
lower bounds. The experimental results show that the number of criteria of the MOILFP problem
is not a handicap for the method which can take several linear fractional criteria simultaneously.
However, it is not the case for the number of variables which weighs heavy on the CPU time. Being
able to extend the method to optimize other types of functions on an integer efficient set seems like
a challenge.
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Abstract

In this work, we are interested in the just-in-time multicriteria two-machine flow shop scheduling
problem. Our aim is to highlight basic scheduling objective functions and the notion of just-in-time
in production management. First, we provide a brief literature review concerning the multicriteria
flow shop scheduling problem (FSP). For the resolution of the considered problem, we propose a
mixed integer linear programming (MILP) formulation and the fast and elitist multiobjective Ge-
netic Algorithm (NSGA-II) with empirical results.

Key words : Scheduling; flowshop; just-in-time; multicriteria.

1 Introduction

Flow shop scheduling problems (FSP) represent an important class of scheduling problems. For
decades, their importance and practical relevance to the industry have prompted researchers to
consider them from different angles. Indeed, there are several variants that take into account
different constraints and optimize one or multiple criteria at a time. This scheduling problem can
be defined generally as sequencing n jobs onmmachines according to a certain performance measure
or more. Each job has to visit all the machines of the workshop. The running order is the same
for all the jobs (unidirectional stream, i.e. jobs are sequenced in a linear way following a chain).
In the literature, generally, flow shop scheduling problems have been considered as mono-criterion.
However, multicriteria scheduling problems satisfy better the manager’s requirements since many
real-world scheduling problems are multicriteria by nature. Therefore, this type of applications
gets more and more interest from researchers.

Minimizing tardiness and earliness of jobs are the two most important objectives considered in
the just-in-time systems seeking to avoid over production, waiting time, defective products, trans-
portation . . . In just-in-time environment, jobs which are completed earlier can entail deterioration
of product and increase inventory cost. Also, tardiness can cause penalties, losing customer and
loss of reputation. An application of this objective function is the part feeding in an assembly line
by a machine. In other words, the assembly line needs jobs on their predefined due dates. If a
job has much earliness or tardiness, then other jobs will not be used due to the imbalance in the
assembly line. Thus, the objective is to minimize the total weighted earliness of the jobs and the
total weighted tardiness of the jobs.

2 Problem description and state of the art

In this work, we are interested in solving the just-in-time bi-criteria two-machine flow shop schedul-
ing problem. Given is a set O = {O1, O2, ..., On} of n independent jobs. Job Oi contains qi pieces
(note that, if a job Oi contains more than one piece, i.e : qi > 1, the pieces will be denoted by :
{Oi1 , Oi2 , . . . , Oiqi

}), that must be processed on two machines M1 and M2 in a flow shop environ-
ment. Each piece of a job Oi requires an execution time pij ≥ 0 on the machine Mj . Let us point
out that the pieces of the same order have the same processing time. We denote by :
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• di : the due date of the job Oi

• Bi : the tardiness cost of the job Oi

• ki : the earliness cost of the job Oi

• sii′j : the setup time representing the preparation time of machine Mj to receive the job Oi′

after the completion of the job Oi

Since just-in-time scheduling jobs consist of processing jobs without advances and delays. There-
fore, we seek a schedule that minimizes both the earliness and tardiness that can occur during the
processing of orders.

Just-in-time scheduling problems are an all-encompassing approach in order to make the finished
product without the defect of all the required operational activities. This is starting from the
engineering of conception to the delivery including all the stages of manufacturing.

We defined as objective, the minimization of two criteria, the total weighted earliness, repre-
senting the storage cost, denoted f1 =

∑n
i=1 ki ∗ Ei, and the total weighted tardiness denoted f2

=
∑n

i=1Bi ∗ Ti, of the jobs, representing the company reputation. Where Ei = max {0, di − Ci},
Ti = max {0, Ci − di} and Ci represents the completion time of the job Oi. A solution s is eval-
uated by the following linear combination of criteria f1 and f2 : Z(s) = α ∗ f1 + (1 − α) ∗ f2 =
α ∗∑n

i=1 ki ∗ Ei + (1− α) ∗∑n
i=1Bi ∗ Ti, α ∈ [0, 1].

Refering to the work of [5] the problem F2||∑Ti is NP-hard what makes the bi-criterion
studied problem F2|sii′j |Fl(

∑
Ti ∗Bi,

∑
Ei ∗ ki) also NP-hard. Hence, no polynomial or psœudo

polynomial algorithm exists for the resolution of this problem.
The studied problem has been handled for the first time by [4]. They proposed a simulated

annealing (SA) metaheuristic to solve the flow shop scheduling problem with early/tardy costs
(F |prmu, di, nmit|Fl(Ēw, T̄w)) problem. In [1], authors addressed a two machine flow shop schedul-
ing problem in which the objective function is to minimize the sum of maximum earliness and
tardiness (n/2/P/ETmax) and a branch and bound algorithm was proposed. They also introduced
some useful lemmas and policies to reduce computational time. The performance of the branch
and bound algorithm was evaluated over many problems of various randomly generated sizes and
the results were quite encouraging.

3 Resolution and experimental results

3.1 MILP model

While the problem studied is NP-hard, we propose an exact resolution using the MILP model where
we define the following decision variables :

• xii′ =

{
1 if i precedes i’,
0 otherwise.

• y1i : earliness of the job Oi

• y2i : tardiness of the job Oi

• tilj : start time of the piece l of the job Oi on the machine Mj

We also define, M as a large number.
If we want to minimize the weighted sum of the total weighted earliness of the jobs (

∑
Ei ∗ki) and

the total weighted tardiness of the jobs (
∑
Ti ∗Bi) then the proposed MILP model (P) will be as

follows :
min α ∗∑n

i=1 y1i ∗ ki + (1− α) ∗∑n
i=1 y2i ∗Bi (α ∈ [0, 1])

s.t tiqij + pij + sii′j ≤ ti′1j +M ∗ (1− xii′) i, i′ = 1, n; j = 1, 2; i < i′ (1)
ti′qi′ j + pi′j + si′ij ≤ ti1j + (M ∗ xii′) i, i′ = 1, n; j = 1, 2; i < i′ (2)

(P) tilj + pij ≤ til+1j i = 1, n; l = 1, qi; j = 1, 2 (3)
til2 ≥ til1 + pi1 i = 1, n; l = 1, qi (4)
di − (tiqi2 + pi2) ≤ y1i i = 1, n (5)
tiqi2 + pi2 − di ≤ y2i i = 1, n (6)
xii′ ∈ [0, 1] i, i′ = 1, n (7)
y1i, y2i ≥ 0. i = 1, n (8)
tilj ≥ 0 l = 1, qi, j = 1, 2 (9)
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3.2 NSGA-II

On what precedes, we developed an exact method (MILP model) to find the exact pareto front.
However, once a certain number of orders is reached, the complexity of the exact procedure becomes
much more important and needs a lot more computation time. This is why, we propose to tackle the
problem with an approximate approach (NSGA-II) that we have developed to find the approximate
pareto front.

Initially, an initial parent population P0, constituted by N individuals, is created using three
proposed heuristics H1, H2, and H3 to further the diversity. Each individual is identified by a
vector C determining a sequence of jobs, and assigned a rank equal to its non-domination level
(1 is the best level, 2 is the next-best level, and so on). After offspring (crossover and mutation
operators), population Q0 of size N is created. At a given generation t, we define Rt as the union
of the parents Pt and their offspring Qt. Thus, |Rt| = 2N. Non-dominated levels are computed
on Rt and individuals of Rt are sorted according to their level using the fast non-dominated sort
algorithm. The individuals in the parent population at generation t+1 are the solutions of frontiers
F1 to Fl, l such that

∑l
i=1 |Fi| ≤ N and

∑l+1
i=1 |Fi| > N plus the N−∑l

i=1 |Fi| first solutions of Fl+1

according to their non-increasing crowding distance. The remaining solutions are rejected. The
size of Pt+1 is N. Solutions from Pt+1 are used to make the new offspring Qt+1 with the crossover
and mutation operators. Two stopping criteria are fixed, the program ends when the number of
generations attains 1000 or when the maximum computation time attains 15 minutes, and the last
found generation is kept.

In this work, we have investigated a just-in-time two-machine flow shop scheduling problem with
two objectives to minimize : the total weighted earliness and the total weighted tardiness. We have
proposed a MILP model and NSGA-II algorithm to solve the problem, and three heuristics H1, H2

and H3 used to create the initial population of the NSGA-II. To design the experimental study, two
groups were considered regarding to the nature of the problems generated. The experimental study
showed that the MILP model was efficient most of time. Even for instances of type 4, representing
the hard type instances, the model was able to solve instances with up to 30 jobs. For an other
type, the model solved instances with several jobs that reached 120. Concerning the heuristics
proposed to generate the initial population of the NSGA-II, the results showed that H2 and H3

outperform H1. The experimental study also showed the efficiency of the proposed NSGA-II for
the four types and for small and medium size instances that we have been able to test. So, we can
trust results of the NSGA-II for large instances.
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Abstract

Tribonacci string of length n is a binary string b = b1 · · · bn with the product bi−1bibi+1 = 0, for
all i, 2 ≤ i ≤ n− 1. In other words, b does not contain more than two consecutive 1’s. Tribonacci

cube Γ
(3)
n is the graph whose vertices are the Tribonacci strings of length n and two vertices u, v

are adjacent if the Hamming distance between u and v is equal to 1. We give some enumerative

properties: we show that the number of vertices of weight w in Γ
(3)
n is

∑n−w+1
j=0

(
n−w+1

j

)(
j

w−j

)
, we

also express the number of edges of Γ
(3)
n in terms of convolved Tribonacci numbers. We investigate

the cube polynomial of the Tribonacci cube and determine a formula for computing the number of

induced hypercubes of dimension k in Γ
(3)
n .

Key words : Hypercube, cube polynomial, Tribonacci cubes, Tribonacci numbers, convolved
Tribonacci numbers.

1 Introduction

The hypercube or the n−cube Qn is the graph whose vertices are the binary strings of length n and
two vertices u and v are adjacent if the Hamming distance between u and v is equal to 1. Where the
Hamming distance between two binary strings is the number of bits where they differ. Fibonacci
cubes, denoted by Γn, were introduced by Hsu, [2], as a new interconnection topology and defined
from the hypercube by considering only the vertices that do not contain two consecutive 1’s.

In [3], Hsu and Liu defined the generalized Fibonacci cube Γ
(k)
n as a subgraph of Qn induced

by all binary strings that do not contain more than k consecutive 1’s. The Tribonacci cube Γ
(3)
n is

then an induced subgraph of Qn obtained by removing all the binary stings containing more than
two consecutive 1’s.

For a graph G, let V (G) and E (G) be respectively the vertex set and the edge set of G. The
cube polynomial of G, denoted C (G, x) was introduced in [1]. It is a counting polynomial in where
the coefficient of xk is the number ck (G) of induced k−dimensional hypercubes of G,

C (G, x) :=
∑

k≥0

ck (G)xk.

The cube polynomial of Fibonacci and Lucas cubes is studied in [4]. Saygı and Eğecioğlu [5, 6],
gave the q−analogue of these polynomials which counts the number of hypercubes of dimension
k and gives the information about their distance to the vertex 0̂ = 0 · · · 0. We investigate the
cube polynomial of Tribonacci cube motivated by these results and knowing the close relationship
between Fibonacci and Tribonacci numbers and we present some enumerative results on the number

of vertices and egdes in Γ
(3)
n .
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2 Main results

The sequence of Tribonacci numbers is given by

Tn = Tn−1 + Tn−2 + Tn−3, n ≥ 3, (2.1)

with T0 = 0, T1 = T2 = 1. The number of vertices of Γ
(3)
n is Tn+2 and the number of edges is the

convolution product of Tribonacci numbers.

Theorem 1 Let n ≥ 0 be an integer. The number of edges in Γ
(3)
n is given by

∣∣∣E
(

Γ(3)
n

)∣∣∣ =

n∑

k=0

Tk (Tn−k+1 + 2Tn−k) .

Let Sw
n be the set of all vertices of Γ

(3)
n having weight w.

Theorem 2 The number of vertices of weight w in Γ
(3)
n is

|Sw
n | =

n−w+1∑

j=0

(
n− w + 1

j

)(
j

w − j

)
. (2.2)

For n ≤ 5, the cube polynomials of Tribonacci cube are:

C
(

Γ
(3)
0 , x

)
= 1.

C
(

Γ
(3)
1 , x

)
= 2 + x.

C
(

Γ
(3)
2 , x

)
= 4 + 4x+ x2.

C
(

Γ
(3)
3 , x

)
= 7 + 9x+ 3x2.

C
(

Γ
(3)
4 , x

)
= 13 + 22x+ 12x2 + 2x3.

C
(

Γ
(3)
5 , x

)
= 24 + 50x+ 37x2 + 11x3 + x4.

Theorem 3 For any n ≥ 0, C
(

Γ
(3)
n , x

)
is a polynomial of degree

⌊
2(n+1)

3

⌋
expressed by

C
(

Γ(3)
n , x

)
=

b 2(n+1)
3 c∑

i=0

b 2(n+1)
3 c∑

k=0

n−k+1∑

j=0

(
n− k + 1

j

)(
j

k − j

)(
k

i

)
xi.

Corollary 1 For all non-negative integers n and k, the number of induced k−dimensional hyper-

cubes of Γ
(3)
n is

ck

(
Γ(3)
n

)
=

b 2(n+1)
3 c∑

w=k

n−w+1∑

j=0

(
n− w + 1

j

)(
j

w − j

)(
w

k

)
.
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Abstract

This work deals with some generalizations of the Cahn–Hilliard equation with mass source en-
dowed with Neumann Boundary conditions. This equation has applications in biology and image
inpainting. It discusses the stationary problem of the Cahn–Hilliard equation with mass source.
We were able to prove the existence of a unique solution of the associated stationary problem. At
last, we perform the numerical simulations that confirm the theoretical results and demonstrate
the performance of our scheme for cancerous tumor growth, likewise for image inpainting, for a
number of choices of the source term.

Key words :Cahn–Hilliard equation, image inpainting, cancerous tumor growth, well-posedness,
simulations.

1 Introduction

The Cahn–Hilliard equation,
∂u

∂t
+ ∆2u−∆f(u) = 0, (1.1)

plays an essential role in materials sciences as it describes the phase separation of binary systems in
physics and chemistry. It was presented in the form of a free energy in 1958 by J.W. Cahn and J.E.
Hilliard [1]. Later, on the basis of the thermal dynamical principle, the Cahn–Hilliard equation
was derived in the form of a partial differential equation

When a binary solution is cooled down sufficiently, phase separation may occur and then proceed
in two ways: either by nucleation in which case nuclei of the second phase appear randomly
and grow, or the whole solution appears to nucleate at once and then periodic or semiperiodic
structures appear in the so-called spinodal decomposition. The pattern formation resulting from
phase separation has been observed in alloys, glasses, and polymer solutions.

Equation (1.1) is usually endowed with Neumann boundary conditions,

∂u

∂ν
=
∂∆u

∂ν
= 0 on ∂Ω.

In particular, this yields the conservation of mass, i.e. of the spatial average of the order parameter
u.

The Cahn–Hilliard equation with mass source can be written as:

∂u

∂t
+ ∆2u−∆f(u) + g(x, u) = 0, (1.2)

The equation has many applications. First, when h(x)L(u) = εu (ε is a positive constant), (1.2)
is called the Cahn-Hilliard-Oono equation, and it is introduced for the long interaction phase
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separation and to simplify the numerical simulations. The Second form is the quadratic form i.e
h(x)L(u) = αu(u− 1), where α > 0 represents the growth coefficient, in which it has application in
biology and specially tumor growth and wound healing. Moreover, the third case, is the function
h(x)L(u) = α

2 (u+1)−β(1−u2)(1+u2)+κ(x, t), where it has applications in biology and precisely in
growth of cancerous cells. It is important to note that α is the death coefficient and β is the growth
one. Finally, when h(x)L(u) = λ0χΩ/D(x)(u − h(x)), the model is applied for image inpainting.
The function h(x) is the harmed image, the inpainting domain is D, and λ0 is a constant.
The mathematical study of this problem has been done in [3]. In particular, the author proved the
existence of a unique global solution of (1.2).

In [5] the author considered the problem (1.2) with Dirichlet boundary conditions, he was able
to prove the existence of a unique solution. Then in [6], the author considered the problem with
logarithmic non-linearities and here the well posedness is established. Finally the authors of [2] and
[4] have considered some particular cases where L(u) is an even degree polynomial. In this case,
the problem has application in biology.

1.1 Well-Posedness of the Associated Stationary Problem

We consider the stationary problem associated to (1.15), that can be written as:

∆2u−∆f(u) + g(x, u) = 0, in Ω, (1.3)

∂u

∂v
=
∂∆u

∂v
= 0, on ∂Ω. (1.4)

In the study of the well-posedness of the problem, we use the subsequent strategy. Then, we
prove the existence of a weak solution to the stationary problem by proving that the functional
has a minimizer in H1(Ω). We start by proving that the functional energy is coercive in H1(Ω).
After that, we consider a minimizing sequence un ∈ H1(Ω) of the functional and we prove strong
convergence in L2(Ω).
Moreover, we show that the functional is weakly lower semi-continuous in H1(Ω), and we show that
u∗ is a weak solution of the problem, and its uniqueness is attained under certain assumptions.
We were also able to prove that the operator T has a fixed point by applying Schauder’s Theorem.
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Abstract

On using the partitions of a multiset, we give in this paper a combinatorial interpretation of a class
of combinatorial numbers generalizing the Stirling, r-Stirling, p-Stirling, Jacobi Stirling and r-Jacobi
Stirling numbers of the second kind.

Key words: multiset partitions; combinatorial interpretations; recurrence relations.

1 Introduction

For a = (a0, a1, a3, . . .) be an infinite sequence of real numbers, the generalized Stirling numbers of the
second kind S (n, k; a) are defined by

xn =

n∑

k=0

S (n, k; a) (x | a)k (1)

where (x | a)n = (x− a0) (x− a1) · · · (x− an−1) if n ≥ 1 and (x | a)0 = 1.
If the numbers ak (k = 0, . . . , n) are independent of n, these numbers have ordinary generating function
to be

∑

n≥0

S (n+ k, k; a) tn =

k∏

j=0

(1− ajt)−1 . (2)

Many properties of these numbers have been discussed in combinatorics [9]. Some particular cases of
the numbers S (n, k; a) have combinatorial interpretations related to the partitions of a set or a multiset.
Between these numbers, we find the binomial coefficients [1], the Stirling, r-Stirling [2], Jacobi-Stirling
[3, Sec. 1.4], r-Jacobi-Stirling [4, Sec. 1.4], two classes of p-Stirling numbers of the second kind [8] and
other numbers studied in [7]. More generally, let n, s1, ..., sn be positive integers and

{11, ..., 1s1 , ..., n1, ..., nsn} := {1s1 , ..., nsn}

be a multiset. For a positive integer i ∈ {1, . . . , n} , the copies i1, . . . , isi of i can be considered as si
colors of i and are all of value equal to i. In this paper, we study combinatorial interpretations on the
multiset {1s1 , ..., nsn} generalized the above cases. In this study we give combinatorial interpretations
of some numbers counting multiset partitions and generalized the above generalized Stirling numbers for
which the sequence (ak) takes the form

a (n, k; γ) =

(
d

dt

)sn

t=0

[
expv1 (t) · · · expvk (t) expun

(γt)
]
, n ≥ 1, k ≥ 0, (3)

or equivalently

a (n, k; γ) =

un∑

i=0

(
sn
i

)
γi

∑

i1+···+ik=sn−i, i1≤v1,...,ik≤vk

(sn − i)!
i1! · · · ik!

,

1
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where γ is a non-negative integer, u = (u1, u2, . . .) , v = (v1, v2, . . .) and s = (s1, s2, . . .) are three se-
quences of non-negative integers with sn ≥ 1 for all n and

expn (t) := 1 + t+ · · ·+ tn

n!
.

The organization of this paper is as follows. In section 2, we give definitions to the multiset partitions.
The section 3 shows that other numbers such as, r-Stirling, p-Stirling and r-Jacobi Stirling numbers of
the second kind can be seen as particular cases of the number of the multiset partitions.

2 The multiset partitions

Definitions of the number of the partitions to be studied are given as follows.

Definition 2.1. The (s,u,v)-set partition, with cardinality, denoted by P (s,u,v) (n, k; γ) , is a partition
of the multiset {1s1 , ..., nsn} into γ zero blocs A1, ..., Aγ and k nonzero blocs B1, ..., Bk for which the
following conditions hold:
(1) the blocs A1, . . . , Aγ are distinguishable, but the blocs B1, . . . , Bk are indistinguishable,
(2) the zero blocs may be empty, but all other blocs are nonempty,
(3) the set A1 ∪ · · · ∪Aγ contains at most ui copies of i, ∀i ∈ {1, ..., n},
(4) if i 6= minBj , then Bj contains at most vi copies of i, ∀i ∈ {1, ..., n},
(5) if i = minBj , then {i1, ..., isi} ⊂ Bj , ∀i ∈ {1, ..., n}, ∀j ∈ {1, ..., k}.
Definition 2.2. Let n, k, r be non-negative numbers with n ≥ k ≥ r. The r-(s,u,v)-set partition, with

cardinality denoted by P
(s,u,v)
r (n, k; γ) , is defined as a (s,u,v)-set partition such that j = minBj for 1 ≤

j ≤ r.
The ordinary generating function of the numbers P

(s,u,v)
r (n, k; γ) can be expressed as follows.

Theorem 2.1. Let k, n, r be non-negative integers with n ≥ k ≥ r. Then, we obtain

P (s,u,v)
r (n, k; γ) =

∑

r=mr<mr+1<···<mk<mk+1=n+1

k∏

j=r



mj+1−1∏

l=mj+1

a (l, j; γ)


 (4)

with the convention
mj+1−1∏
l=mj+1

a (l, j; γ) = 1 when mj+1 = mj + 1, r ≤ j ≤ k − 1.

3 Case when un = u, vn = v and sn = s for all n

Let

ak (s, u, v; γ) := a (n, k; γ) =

(
d

dt

)s

t=0

[
(expv (t))k expu (γt)

]
, n ≥ 1, k ≥ 0

and
P (s,u,v)
r (n, k; γ) := P (s,u,v)

r (n, k; γ) .

3.1 The r-Stirling numbers of the second kind

The r-Stirling numbers of the second kind Sr (n, k) are studied by Broder [2]. They are defined by their
generating functions to be

∑

n>0

Sr (n+ k, k) tn =
k∏

j=r

(1− jt)−1 and
∑

n>k
S (n+ r, k + r)

tn

n!
=

exp (rt)

k!
(exp (t)− 1)k .

By fixing s, u and v we obtain

∑

n>0

P (1,0,1)
r (n+ k, k; γ) tn =

∑

n>0

P
(1,1,1)
r+1 (n+ k + 1, k + 1; 1) tn =

(
k∏

j=r

(1− jt)
)−1

which shows that Sr (n, k) = P
(1,0,1)
r (n, k; γ) = P

(1,1,1)
r+1 (n+ 1, k + 1; 1) . In other words, Sr (n, k) are a

special case of P
(s,u,v)
r (n, k; γ).

2
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3.2 The p-Stirling numbers of the second kind

The p-Stirling numbers of the second kind S1 (n, k; p) and S2 (n, k; p) are introduced by Sun [8] and
interpreted by k-matrix partitions. They are defined by their generating functions to be

∑

n>0

S1 (n+ k, k; p) tn =

k∏

j=0

(1− jpt)−1 and
∑

n>k
S2 (n+ k, k; p) tn =

k+p−1∏

j=p−1

(
1−

(
j

p

)
t

)−1

.

S1 and S2 are special cases of P
(s,u,v)
r (n, k; γ) by replacing (s, u, v, r) by (p, 0, p, 0) and (p, 0, 1, 0) respec-

tively as follows
S1 (n, k; p) = P

(p,0,p)
0 (n, k; γ) = P

(p,p,p)
0 (n+ k, k; 1)

and

S2 (n, k; p) =
1

(p!)n
P

(p,0,1)
0 (n+ p− 1, k + p− 1; γ).

3.3 The r-Jacobi-Stirling numbers of the second kind

These numbers have been studied similarly to this work by Mihoubi et al. [6].
Let s = 2, v = u = 1. Here, we obtain aj = j (2γ + j − 1) and

∑

n>0

P (2,1,1)
r (n+ k, k; γ)tn =

k∏

j=r

(1− j (2γ + j − 1) t)−1

which gives JSr (n, k; 2γ − 1) = P
(2,1,1)
r (n, k; γ).

Proposition 3.1. There holds

∑

n>r
JSr (n+ k, n; 2γ − 1)xn =

(
1

(1− x)x2(γ−1)

d

dx

(
x2γ

d

dx

))k
xr

1− x .

Proposition 3.2. Let

B(2,1,1)
n,r (x; γ) =

n∑

k=0

JSr (n+ r, k + r; γ)xk.

Then

B
(2,1,1)
n+1,r (x; γ) =

(
x+ 2γr + r (r − 1) + 2 (r + γ)x

d

dx
+ x2

(
d

dx

)2
)
B(2,1,1)
n,r (x; γ) ,

B(2,1,1)
n,r (x; γ) =

(
x+ 2γr + r (r − 1) + 2 (r + γ)x

d

dx
+ x2

(
d

dx

)2
)n

1.
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Abstract

We present a variation of the hyperbolic Pascal triangles, where the two leg-sequences (the
constant 1 sequence) were replaced by the sequences {αn}n≥0 and {βn}n≥0, and we studied certain
quantitative properties such as the sum, and the alternating sum of the elements of a row.

Key words: Pascal triangle, hyperbolic Pascal triangle, alternating sum.

1 Introduction

In the hyperbolic plane there are infinite types of regular mosaics, they are denoted by Schläfli’s
symbol {p, q} where the positive integers p and q has the property (p − 2)(q − 2) > 4 (see [4]).
The two parameters p and q mean that in one node of the mosaic exactly q pieces of p-gons meet.
Each regular mosaic induces a so-called hyperbolic Pascal triangle, following and generalizing the
connection between the classical Pascal’s triangle and the Euclidean regular square mosaic {4, 4}.
For more details see [1]. There are several approaches to generalize the Pascal’s arithmetic triangle.
The hyperbolic Pascal triangle based on the mosaic {p, q} can be figured as a digraph, where the
vertices and the edges are the vertices and the edges of a well defined part of the lattice {p, q},
respectively.

Generally, for {4, q} the base vertex has two edges, the leftmost and the rightmost vertices
have three, the others have q edges. The square shaped cells surrounded by appropriate edges
are corresponding to the regular squares in the mosaic. Apart from the winger elements, certain
vertices (called ”Type A” for convenience) have two ascendants and q − 2 descendants, the others
(”Type B”) have one ascendant and q − 1 descendants. In the figures we denote the vertices type
A by red circles and the vertices type B by cyan diamonds, further the wingers by white diamonds.
The vertices which are n-edge-long far from the base vertex are in row n.

The general method of drawing is the following. Going along the vertices of the jth row, according
to type of the elements (winger, A, B), we draw the appropriate number of edges downwards (2,
q − 2, q − 1, respectively). Neighbour edges of two neighbour vertices of the jth row meet in the

(j + 1)
th

row, constructing a vertex type A. The other descendants of row j in row (j + 1) have
type B. In the sequel, )nk( denotes the kth element in row n, which is either the sum of the values
of its two ascendants or the value of its unique ascendant. We note, that the hyperbolic Pascal
triangle has the property of vertical symmetry.

2 GHPT

Now we build up a sort of Generalized Hyperbolic Pascal Triangles which are structurally identical
with the hyperbolic Pascal triangles, but we vary the sequences located on the legs of the triangles.
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Definition 1 Let )nk({αn,βn} denote the kth element in row n of the Generalized Hyperbolic Pascal

Triangles (in short GHPT) generated by {αn} and {βn} the sequences located on the left and right
leg respectively.

)nk({αn,βn} =

{
αn, if k = 0,
βn, if k = sn − 1,

where sn denotes the number of the vertices in row n.

The sequence {sn} can be given (see [1]) by the ternary homogenous recurrence relations

sn = (q − 1)sn−1 − (q − 1)sn−2 + sn−3 (n ≥ 4), (2.1)

the initial values are
s1 = 2, s2 = 3, s3 = q.

There is no importance if α0 = β0, in this case we replace both terms by Ω as an indeterminate
object almost similar to what was done by Belbachir and Szalay in [2] and [3] on the original
Pascal’s triangle. For example, the GHPT for α = {2n} and β = {3n} is shown in figure 1.

Figure 1: Rows 0 through 4 of a GHPT linked to {4, 5}{2n,3n}.

Let ân{αn,βn} , b̂n{αn,βn} and ŝn{αn,βn} denote the sum of type A, type B and all elements of the

nth row, respectively.

Theorem 1 The sequence {ân} can be described by the following recurrence relation

ân = (q − 1)ân−1 − 2ân−2 + (αn−1 + βn−1)− (q − 3)(αn−2 + βn−2) (n ≥ 3),

the initial values are
â1 = 0, â2 = α1 + β1.

Theorem 2 The sequence {b̂n} can be described by the following recurrence relation

b̂n = (q − 1)̂bn−1 − 2b̂n−2 + (q − 4)(αn−2 + βn−2) (n ≥ 3),

the initial values are
b̂1 = 0, b̂2 = 0.
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Theorem 3 The sequence {ŝn} can be described by the following recurrence relation

ŝn = (q − 1)ŝn−1 − 2ŝn−2 + (αn + βn)− (q − 2) (αn−1 + βn−1) + (αn−2 + βn−2) (n ≥ 3),

where

ŝ1 = α1 + β1, ŝ2 =

2∑

i=1

(αi + βi).

Let s̃n{αn,βn} be the alternating sum of elements of the GHPT in row n.

Theorem 4 Given {αn} and {βn}. Let q be even. Then for n ≥ 5 we have

s̃n =





(5− q)s̃n−2 + (αn−3 − βn−3)− (5− q)(αn−2 − βn−2)

−(αn−1 − βn−1) + (αn − βn),
if n = 2t+ 1,

(5− q)s̃n−2 + (αn−3 + βn−3)− (5− q)(αn−2 + βn−2)

−(αn−1 + βn−1) + (αn + βn),
otherwise,

where s̃1 = α1− β1, s̃2 = α2− (α1 + β1) + β2, s̃3 = α3− (α2− β2)− β3, s̃4 = (α1 + β1)(q− 4).

Theorem 5 Given {αn} and {βn}. Let q be odd. Then for all n ≥ 7 we have

s̃n =





2(5− q)s̃n−3 + (αn − βn)− (αn−1 − βn−1)− (αn−2 − βn−2)

−2(5− q)(αn−3 − βn−3) + 2(αn−4 − βn−4),
if n = 3t+ 1,

2(5− q)s̃n−3 + (αn + βn)− (αn−1 + βn−1)− (αn−2 + βn−2)

−2(5− q)(αn−3 + βn−3) + 2(αn−4 + βn−4),
otherwise,

where s̃1 = α1 − β1, s̃2 = α2 − (α1 + β1) + β2, s̃3 = α3 − (α1 + β1) − (α2 + β2) + β3,
s̃4 = (α4−β4)− (α3−β3)− (α2−β2), s̃5 = 2(q− 4)(α1 +β1)− (α3 +β3)− (α4 +β4) + (α5 +β5),
s̃6 = 2(q − 5)(α1 + β1) + 2(q − 4)(α2 + β2)− (α4 + β4)− (α5 + β5) + (α6 + β6).

References

[1] Belbachir, H., Németh, L., and Szalay, L., Hyperbolic Pascal triangles, Appl. Math. Comp., 273
(2016), 453–464.

[2] Belbachir, H. and Szalay, L., On the arithmetic triangles, Siauliai Math. Sem., 9 (17) (2014),
15–26.

[3] Belbachir, H. and Szalay, L., Fibonacci, and Lucas Pascal triangles, Hacet J Math Stat, 45
(2016), 1343–1354.

[4] Coxeter, H. S. M., Regular honeycombs in hyperbolic space, In Proceedings of the International
Congress of Mathematicians (Vol. 3, pp. 155–169) (1954). Amsterdam.

[5] Németh, L. and Szalay, L., Alternating sums in hyperbolic Pascal triangles, Miskolc Math.
Notes, 17 (2) (2017), 989–998.

258



DIMACOS2019, Hammamet, Tunisia. October 26-29

Some combinatorial properties of bi-periodic and k-periodic bivariate

Fibonacci polynomials

RECIOUI Asma1

1USTHB, Faculty of Mathematics, RECITS Laboratory, BP 32, El-Alia, 16111 Bab-Ezzouar,
Algiers, Algeria, asmamathro@gmail.com

Abstract

We give a bivariate polynomial formulation of the bi-periodic and k-periodic Fibonacci sequences
.
Key words : bi-periodic generalized Fibonacci sequence, bi-periodic generalized Lucas sequence,
k-periodic generalized Fibonacci sequence.

1 Introduction

The bi-periodic generalized Fibonacci sequence is defined as:

Fn =





axFn−1 + yFn−2 if n is even
n ≥ 2

bxFn−1 + yFn−2 if n is odd

with initial values F0 = 0 F1 = 1 and a, b are nozero numbers.
For x = y = 1 we get Edson and Yayenie definition in [4].

In a similar way the bi-periodic generalized Lucas sequence is defined as:

Ln =





bxLn−1 + yLn−2 if n is even
n ≥ 2

axLn−1 + yLn−2 if n is odd

with initial values L0 = 2 L1 = ax and a, b are nozero numbers.
For x = y = 1 we get G.Bilgici definition in [2].
Also, {Fn} and {Ln} both satisfy the linear recurrence relation :

Un = (abx2 + 2y)Un−2 − y2Un−4, n ≥ 4.

The generating fuction of {Fn} is:

F (Z) =
Z + axZ2 − yZ3

1− (abx2 + 2y)Z2 + y2Z4
.

Based on the work of G.Bilgici in [2] and Tan in [3], we obtain some identities.

Property 1 For every integer n, the bi-periodic generalized Fibonacci sequence and the bi-periodic
generalized Lucas sequence satisfy the equations

Ln =yFn−1 + Fn+1,

(abx2 + 4y)Fn =yLn−1 + Ln+1.
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Property 2 For all integers m and r, we have:

(
b

a

)ξ(n+r)
Ln−rLn+r −

(
b

a

)ξ(n)
L2
n =

(−y)n−r

(ab)r
(αr − βr)2 ,where ξ(n) = n− 2bn

2
c.

For r = 1 we get Cassini’s identity for generalized Lucas sequence.

Property 3 For a nonnegative integer n, we have :

n∑

i=0

(
n

i

)
aξ(i+1)(ab)b

i+1
2 cxiyn−iLi = aL2n,

n∑

i=0

(
n

i

)
aξ(i)(ab)b

i+2
2 c−1xiyn−iLi−1 = aL2n+1.

Property 4 For n ≥ 0, we have:

2n∑

k=1

(
b

a

)ξ(k)ξ(r+1)
1

yk
LkLk+r =

1

xaξ(r+1)bξ(r)

[
1

y2n
L2nL2n+r+1 − 2Lr+1

]
,

2n∑

k=1

(
b

a

)ξ(k)ξ(r+1)
1

yk
LkLk+r =

1

xaξ(r+1)bξ(r)

[
1

y2n
L2nL2n+r+1 − 2Lr+1

]
,

2n∑

k=1

1

yk
Fk+r =

1

bx

[
1

yn
F2(n+b r2 c)+1 − F2b r2 c+1

]
+

1

ax

[
1

yn
F2(n+b r+1

2 c) − F2b r+1
2 c

]
,

2n∑

k=1

1

yk
Lk+r =

1

ax

[
1

yn
L2(n+b r2 c)+1 − L2b r2 c+1

]
+

1

bx

[
1

yn
L2(n+b r+1

2 c) − L2b r+1
2 c

]
.

2 The k-periodic generalized Fibonacci sequence

We give extension to the work of M. Edson, S. Lewis and O. Yayenie in [5] to the bivariate
polynomial case.

Definition 1 For all (a1, a2 . . . , ak−1, ak) ∈ Zk the k-periodic bivariate Fibonacci polynomial is
given by:

Qn =





a1xQn−1 + yQn−2 for n ≡ 2 mod k
a2xQn−1 + yQn−2 for n ≡ 3 mod k

...
ak−1xQn−1 + yQn−2 for n ≡ 0 mod k
akxQn−1 + yQn−2 for n ≡ 1 mod k

with initial conditions Q0 = 0, Q1 = 1.

Before we introduce the linear recurrence relation of {Qn}, we need the following definition.

Definition 2 For 0 ≤ j ≤ k− 1 , n = km+ r where 0 ≤ r ≤ k− 1 we define the sequence {Qjn}
as: Qjn = aj−r+1xQ

j
n−1 + yQjn−2, where aj−r+1 = ai for 0 ≤ i ≤ k , if (j − r + 1) ≡ i mod k ,

with initial conditions Qj0 = 0, Qj1 = 1 .

Theorem 1 The linear recurrence relation of {Qn} is: for 0 ≤ j ≤ k − 1 , m ≥ 2

Qkm+j = AQk(m−1)+j − (−y)kQk(m−2)+j

where A = Q0
k+1 + yQk−1.
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Theorem 2 The generating fuction of k-periodic bivariate Fibonacci polynomial is given by :

G(z) =

∑k−1
r=0 Qrz

r +
∑k−1
r=0(Qk+r −AQr)zk+r

1−Azk + (−y)kz2k
. (2.1)

Theorem 3 The Binet formula of k-periodic bivariate Fibonacci polynomial is given by :

Qn = Qkm+r = (−1)k(m+1)

[
αm + βm

α− β Qk+r − (−y)k
αm−1 + βm−1

α− β Qr

]
, (2.2)

where α and β are the roots of the polynomial z2 − (−y)kAz + (−y)k = 0.
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Abstract

We establish the infinite log-convexity and Stieltjes moments of some combinatorial sequences
associated with generalized Catalan-like numbers. As applications, we verify that the peer se-
quences of central trinomial coefficients form a Stieltjes moment sequence and therefore infinitely
log-convex sequence.

Key words : Log-convexity, infinitely log-convex, Stieltjes moment sequences, Hamburger moment
sequences.

1 Introduction

Let α = (an)n≥0 be a sequence of nonnegative numbers. The sequence is called log-convex (log-
concave, resp.) if anan+2 ≥ a2n+1 (anan+2 ≤ a2n+1, resp.) for all n ≥ 0. The log-convex and
log-concave sequences arise often in combinatorics and have been extensively investigated. We
refer the reader to [?, ?, ?] for the log-concavity and [?, ?] for the log-convexity. A basic approach
to such problems comes from the theory of total positivity [?, ?].

Let α = (an)n≥0 be an infinite sequence of positive numbers. Define a new sequence L(an) =
(bn)n≥0 (resp. L(a) = (cn)n≥0) by bn = anan+2 − a2n+1 (resp. cn = an + an+2 − 2an+1). Then
is log-convex (resp. convex) if and only if L(α) (resp. L(α)) is nonnegative. Call m-log-convex
(resp. m-convex) if Li(α) (resp. L(α)) is nonnegative for all 1 ≤ i ≤ m and infinitely log-convex
(resp. infinitely convex) if Li(α) (resp. L(α)) is nonnegative for all i ≥ 1. Chen and Xia [?] showed
that some combinatorial sequences, including the Apéry numbers and the Schröder numbers are
2-log-convex via analytic methods.

We say that α = (a0, a1, a2,...) is a moment sequence if it admits a representation of the form

an =

∫

I

xndµ(x) (n = 0, 1, 2, . . .), (1.1)

where I is some interval of the real line and dµ(x) is a finite nonnegative Borel measure supported
on I. Of special interest are the moment sequences associated with the names of Hamburger (HM
for short): I = (−∞,+∞), Stieltjes (SM for short): I = [0,+∞).

Let α = (an)n≥0 be an infinite sequence of nonnegative numbers. Define the Hankel matrix
H(α) of the sequence by

H(α) = [ai+j ]i,j≥0 =




a0 a1 a2 a3 · · ·
a1 a2 a3 a4 · · ·
a2 a3 a4 a5 · · ·
a3 a4 a5 a6 · · ·
...

...
...

...
. . .



.
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Then α is a HM if and only if H(α) is positive semi-definite:
∑

i,j≥0

ai+jxixj ≥ 0 (1.2)

for an arbitrary sequence(xn)n≥0 of real numbers with finite support (i.e. xn = 0 except for finitely
many values of n), or equivalently, all Hankel determinants

hn(α) = det [ai+j ]0≤i,j≤n

are nonnegative and hN = 0 implies hn = 0 for n ≥ N (see [11, Theorem 1.2] for instance). As
example, the sequence of Fibonacci number F = (Fn)n≥0, defined by F0 = F1 = 1 and Fn =
Fn−1 + Fn−2, is HM.

We say that a matrix is totally positive (TP for short) if all its minors are nonnegative. It is
well known that a sequence α is SM if and only if its Hankel matrix H(α) is TP, or equivalently,
both α = (an)n≥0 and its shift α = (an+1)n≥0 are HM (see [?, Theorem 1.3 ] for instance). It
is well known that many counting coefficients form Stieltjes moment sequences, including the Bell
numbers, the Catalan numbers, the central binomial coefficients, the central Delannoy numbers,
the factorial numbers, the Schröder numbers. See [?] for details.

2 Main result

Let P = (pk)k≥0, γ = (rk)k≥0, σ = (sk)k≥1 and τ = (tk)k≥2 be three sequences of nonnegative
numbers, and define an infinite generalized triangluar matrix A := AP,γ,σ,τ = [an,k]n,k≥0 by the
recurrence

a0,0 = 1, an+1,k = an,k−2 + pk−1an,k−1 + rkan,k + sk+1an,k+1 + tk+2an,k+2, (2.1)

where an,k = 0 unless 2n ≥ k ≥ 0.

The coefficient matrix of (??) is

J := JP,γ,σ,τ =




r0 p0 1
s1 r1 p1 1
t2 s2 r2 p2 1

t3 s3 r3 p3 1
. . .

. . .
. . .

. . .
. . .




Definition 1 We define the generalized recursive matrix associated with the generalized tri-
anglar matrix A by the recurrence

a0,0 = 1, an+1,0 = r0an,0 + s1an,1 + t2an,2, (2.2)

and we call an := an,0 by the generalized-like numbers corresponding to (P, γ, σ, τ).

Example 1 The generalized-like numbers unify two well-known counting coefficients, which are

1. The peers sequence of central trinomial coefficients
(
2n
2n

)
2

if p = (2, 2, 2, . . . ), r = (3, 4, 3, . . .),
s = (4, 2, 2, . . .) and t = (2, 1, 1, . . .).

2. The central pentanomial coefficients
(
n
2n

)
4

if p = (1, 1, 1, . . . ), r = (1, 2, 1, . . .), s = (2, 1, 1, . . .)
and t = (2, 1, 1, . . .).

Lemma 1 If pk−1pk = sksk+1

tk+1
, for k ≥ 1, then the Hankel Matrix H(a) = [ai+j ]i,j≥0 of the

generalized-like numbers an satisfies that

H = AUAt, where U = diag(U0, U1, . . .)

with U0 = 1, U1 = s1
p0

and

Ui =

{ ∏ i
2
j=1 t2j , if i even,

p1t2
s2

∏ i−1
2
j=1 t2j+1, else.
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Remark 1 The sequences of Example ?? verify Lemma ??.

Now, assum that the generalized-like numbers satisfy all conditions of Lemma ??, then we are
able to give the following interested result.

Theorem 1 The generalized-like numbers corresponding to (P, γ, σ, τ) form a Humberger moment
sequence if only if all Ui are nonnegative.

Thus the statement follows.

Corollary 1 All sequences of the generalized-like numbers in Example ?? are Humberger moment
sequence.

Theorem 2 The generalized-like numbers corrreponding to (P, γ, σ, τ) form a Stieltjes moment
sequence if and only if all Ui and all determinants of Jacobi matrix Jn are nonnegative.

Proposition 1 The peers sequence of central trinomial coefficient
(
2n
2n

)
2

form a Stieltjes moment
sequence.

Lemma 2 [?, Proposition 3.2] If a0, a1, a2, . . .is HM, then the subsequence a0, a2, a4, . . . is SM.

Hence, by Lemma ?? and the previous corollary, we obtain the following result.

Corollary 2 The peers sequence of central pentanomial coefficients
(
2n
4n

)
4

is Stieltjes moment
sequence and therefore infinitely log-convex.
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Abstract

In this paper, we propose a generalisation of the KMOV cryptosystem based on an RSA over
Gaussian integers modulus N = P rQs where P and Q are Gaussian primes. It uses the points of
an elliptic curve with equation y2 ≡ x3 + b (mod n). We give a detailed study of the security of
our system.

Key words :Elliptic Curves, KMOV cryptosystem, Cryptosystem RSA, Gaussian Integers.

1 Introduction

Cryptography has a rich and wonderful researches, it has many applications in number theory and
computer science, also it has an active area of research. Cryptography is an art and science of
secret writing. It is of two types: symmetric- key/ private-key cryptography and asymmetric- key/
public-key cryptography. The public key cryptosystem RSA was introduced by Rivest, Shamir
and Adleman in 1978. Let p and q be two large primes. The product N = pq is called the RSA
modulus; and Φ(N) = (p − 1)(q − 1) is the Euler totient function. In 2002, Elkamchouchi, et al.
[7] modified the RSA to the ring of Gaussian integers. The set of all Gaussian integers is denoted
by Z[i] = {a + ib; a, b ∈ Z, i2 = −1}. In this paper, we propose a gereralization of the KMOV
cryptosystem by considering a prime power RSA modulus N = P rQs and the elliptic curve with
equation y2 ≡ x3 + b ( mod n) over the Gaussian integers and gcd(b, PQ) = 1. Let P = a+ ib and
Q = a′ + ib′ be two Gaussian primes; let N = PQ and the Euler totient function is
Φ(N) = (|P | − 1)(|Q| − 1) = (a2 + b2 − 1)(a′2 + b′2 − 1), N = prqs is an RSA modulus a prime
power to the field of Gaussian integers Zp[i] we use a modulus N = P rQs where P and Q are
Gaussian primes. We give a detailed study of the security of our generalization of cryptosystem.
The security of the RSA cryptosystem is based on the difficulty of factoring large integers of the
shape N = PQ.
This paper is organized as follow: firstly, we recall the basic definitions and we provide overview
fundamental of elliptic curves over Gaussian integers, next we define the cryptosystem RSA over
Gaussian integers, we present our generalization of cryptosystem as a prime power RSA modulus
N = P rQs, we studied the security of our system. Finally we conclude this paper in Sect.

Lemma 1 [3] Let p be a prime number, then Zp[i] is field if p ≡ 3 ( mod 4). An element α + iβ
is invertible in Zp[i] if only if α2 + β2 6= 0 (mod p).

Theorem 2 [3] let p be a prime number with p ≡ 2 ( mod 3) and b be an integer with gcd(p, b) = 1.
Then the number of non singular points on the curve
y2z ≡ x3 + bz3 ( mod pr) is:

#{(x : y : z) ∈ Ppr/y2z ≡ x3 + bz3 ( mod pr)} = pr−1(p+ 1).

Corollary 1 [3] Let pr and qs be two prime powers such that gcd(p, q) = 1.
With p ≡ q ≡ 2 ( mod 3). Then the number of points on the elliptic curve with equation y2 ≡
x3 + b ( mod prqs) is:

#{(x, y) ∈ (
Z

prqsZ
)2; y2 ≡ x3 + b ( mod prqs)} ∪ {0} = prqs + 1.
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1.1 The generalization of the RSA cryptosystem of the power Gaussian
primes

Our scheme is the generalization of the RSA cryptosystem of the power Gaussian primes.
Let P = p + ib and Q = q + ib′ be the Gaussian integer; now we study the case P = (p, 0) and
Q = (q, 0); so |P | = p2 and |Q| = q2. Let N = P rQs be a Gaussian integers power RSA modulus
and the Euler totient function is
Φ(N) = |P r−1|(|P | − 1)|Qs−1|(|Q| − 1)

Φ(N) = p2(r−1)(p2 − 1)q2(s−1)(q2 − 1)

• Key generation

• Choose two large power Gaussian primes P r and Qs.

• Compute the RSA modulus N = P rQs.

• Choose an integer e such that gcd(e, |P r−1|(|P | − 1)|Qs−1|(|Q| − 1)) = 1, the pair (N, e)
represents the public key.

• Compute d ≡ e−1 ( mod (|P r−1|(|P |−1)|Qs−1|(|Q|−1))). The pair (P r, Qs, d) represents
the private key.

• Encryption

• Represent the message as M = (xM , yM ) ∈ ZN [i].

• Compute C ≡Me (mod N).

• Decryption

• Compute M ≡ Cd (mod N).

1.2 Security of the New Cryptosystem

In this section, we discuss the security of the proposed scheme.

1.3 Factoring the modulus

In this cryptosystem, the modulus is of the form N = prqs where p and q are two Gaussian primes
integers. When p and q are large power Gaussian primes integers the exponents r and s, the
factoring of the N = prqs is believed hard [2]. This one is better and stronger security of data,
nowadays some devices are playing an important role in the digital world. Let E be an elliptic
curve the equation
y2 ≡ x3 + b (mod N) the N is known to be computationally equivalent to factoring the N = pq
in the classical case. In this case Gaussian integers its stronger than the classical algorithm, it is
needs double the time needed to attack the classical one[10].
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Abstract

The self-exciting threshold integer-valued autoregressive (SETINAR) processes have been in-
troduced to model non-negative integer-valued piecewise phenomena that evolve over time. In
the literature, parametric models are considered where the innovation distribution is assumed
to bolng to a parametric family. Our work instead considers a more realistic semiparametric
SETINAR(2, 1) model where there are virtually no restrictions on the innovation distribution. We
provide an (semiparametrically) efficient estimation of both the auto-regression and the innovation
distribution. Moreover, an intensive simulation study and numerical application are proposed.

Key words : Integer-valued time series, infinite dimensional Z−estimator, semiparametric maxi-
mum likelihood, semiparametric efficiency.

1 Introduction and notation

The self-exciting threshold integer-valued autoregressive of first order with two regimes SETINAR(2, 1),
process has been introduced by Monteiro et al 2012 to model phenomena with non-negative integer
values that evolve over time, including in their structure a sudden burst of large value, volatil-
ity changes in time, and high threshold exceedances appearing in clusters. The SETINAR(2, 1)
process is defined by the piecewise stochastic recurences equation:

yt = ϕ1 ◦ yt−1I (yt−1 ≤ c) + ϕ2 ◦ yt−1I (yt−1 > c) + εt, t ∈ Z (1.1a)

where the innovation process, {εt, t ∈ Z}, is a sequence of independent non-negative integer-
valued random variables, with certain probability mass function g(.) which is supposed unspecified
but satisfies only some mild technical assumptions, and where ” ◦ ” stands, as usual, for the
thinning Steutel-Van Harn operator, Steutel-van Harn (1979), which is defined, for the integer
stochastic process yt−1 and two counting sequences of independent nonnegative integer-valued
random variables {Yi,t,j , i ∈ N, t ∈ Z, j = 1, 2} corresponding to both regimes where P (Yi,t,j = 1) =
1− P (Yi,t,j = 0) = ϕj ∈ [0, 1] by :

ϕj ◦ yt−1 =

{ ∑yt−1

i=1 Yi,t,j ,
0,

if yt−1 > 0,
if yt−1 = 0.

(1.1b)

for j ∈ {1, 2}, which for each t, {Yi,t,j}i∈N,t∈Z,j=1,2 are independant of yt−1. Moreover, the inno-

vation process {εt, t ∈ Z} is supposed to be independent of yt−1 and ϕj ◦ yt−1. In this work, the
autoregressive parameters ϕ1, ϕ2 and the innovation distribution G = (g (k))k∈N are positive and
unknown, but the threshold parameter c is assumed to be known and positive, so we can, without
loss of generality, rewrite the model in the form :

yt = ϕ1It−1,1 ◦ yt−1 + ϕ2It−1,2 ◦ yt−1 + εt, t ∈ Z (1.2)

where It−1,2 = 1− It−1,1 which is defined by :

It−1,1 =

{
1
0

if yt−1 ≤ c,
if yt−1 > c

.
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Letting G = (g (k))k∈N = (g (0) , ..., g (k) , . . .)
′

be the infinite dimensional−column vector of the
point mass functions of the innovation law and defining the infinite dimensional column vector

parameters θ = (ϕ1; ϕ2; G′)′ =
(
ϕ1; ϕ2; (g (k))

′
k∈N
)′ ∈ [0, 1]

2 × G. G indicate here the set

of all probability measures on Z. Denoting H
(n)
g (θ) a sequence of null hypotheses under which{

y
(n)
t , t ∈ Z

}
be a sequence of realizations of an integer-valued process satisfying the model (1.1a) ,

with a infinite dimensional vector parameters θ. Let y(n) =
(
y
(n)
1 , . . . , y

(n)
n

)
be a realization of a

finite size n of a integer-valued autoregressive process {yt, t ∈ Z} satisfying the stationary integer-

valued autoregressive model (2.1) and denote by y
(n)
0 the initial value which has a law and the point

mass functions υ
(n)
0 (θ) , f

(n)
0

(
y
(n)
0 ; θ

)
under H

(n)
g (θ). Furthermore, we suppose that υ

(n)
0 (θ) sta-

tistically negligible. Denote by Ln
(
θ|y0, y(n)

)
, the calculated conditional likelihood under H

(n)
g (θ),

in order to determine polynomial optimization problem form at log-likelihood. Then we have

Ln

(
θ|y0, y(n)

)
= f

(n)
0

(
y
(n)
0 ; θ

) n∏
t=1

P
θ
(yt−1),yt

,

where,P
θ
(yt−1),yt

denotes the conditional distribution of yt given Ft−1, then it follows, from equation

(2.2a), that

P
υ
(n)
0 ,θ

(yt = y∗t |Ft−1) = P
υ
(n)
0 ,θ

(yt = y∗t |yt−1) = P
θ
(yt−1),y∗t

,

where Ft is the natural filtration generated by y0, . . . , yt, i.,e., Ft = σ (y0, . . . , yt) and where for

y∗t−1, y
∗
t ∈ Z+, the transition probability, P

θ

(y∗t−1),y∗t
, is given by :

P
θ

(y∗t−1),y∗t
= Pυ0,θ

(
ϕ1It−1,1 ◦ yt−1 + ϕ2It−2,2 ◦ yt−1 + εt = y∗t |yt−1 = y∗t−1

)
,

=
∑u
k=0

(
by∗t−1,ϕ1

(k) It−1,1 + by∗t−1,ϕ2
(k) It−1,2

)
g (y∗t − k) ,

with the usual notation Biny∗t−i,ϕj
for j = 1, 2 which stands for the binomial distribution with pa-

rameters ϕj ∈ (0, 1) and y∗t−1 ∈ Z+ and also with the point mass function by∗t−i,ϕj,i , .the convolution

of Biny∗t−1,ϕj
and G denotes by, Biny∗t−1,ϕj

~G and finally u = min (yt−1, yt). Now, it is clear that

the transition probability P
θ

(y∗t−1),y∗t
under H

(n)
g (θ), is given by

P
θ

(y∗t−1),y∗t
=
((
Biny∗t−1,ϕ1

It−1,1 +Biny∗t−1,ϕ2
It−1,2

)
~G

)
(y∗t ) .

However, the conditional likelihood function under H
(n)
g (θ) is given by

Ln (θ|y0, . . . , yn) = f
(n)
0

(
y
(n)
0 ; θ

) n∏
t=1

((
Biny∗t−1,ϕ1It−1,1 +Biny∗t−1,ϕ2It−1,2

)
~G

)
(yt) ,

Formally, we are interested in the experiments ξ(n) =
(
Zn+1
+ ; 2Z

n+1
+ ;

(
P(n)
υ,(ϕ1,ϕ2),G/ (ϕ1, ϕ2) ∈ [0, 1]

2
,G ∈ G

))
,

where P(n)
υ,(ϕ1,ϕ2),G represents the law of (y0, . . . , yn), under Pυ,(ϕ1,ϕ2),G on the measurable space(

Zn+1
+ ; 2Z

n+1
+

)
, with υ as the stationary initial distribution.

This paper contributes a semiparametric efficient estimator of θ = ((ϕ1, ϕ2) ,G) , and we stress
that even inefficient estimation of G has not been considered before regarding the SETINAR
model. Our estimator can be viewed as a semi-parametric maximum likelihood estimator SPMLE.
Semiparametric efficiency considerations in time series were originated by Kreiss (1987) for ARMA
type models, Wefelmeyer (1996) considered model with general Markov-type transitions, Bentarzi
et al (2009) and (2014) considered group of periodic models for adaptive estimation and test.
However, the semiparametric integer models cannot be analysed by either of these approaches,
since it seems to be impossible to derive closed form formulae for the efficient influence operator.
Drost et al (2009) were able to obtain an efficient parameter estimator for the INAR(p) model
case based on the Van der Vaart (1995) methodology, who provided, for IID paterns, high level
conditions to prove efficiency of infinite dimensional Z−estimator without having to calculate the
efficient influence operator. The set-up of the this paper is as follows, we introduce the SPMLE
and discusse its consistency. Next, we show that SPMLE is a Z−estimator, i.e. it can be viewed
as a solution to an infinite system of moment conditions, and exploit this to obtain the limiting
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distribution of our estimator. Finaly, we proves that SPMLE is efficient using the regularity and
the special representation of the limiting distribution. As a numerical conclusion, we provide some
discussion using a small Monte Carlo simulation study anf emprical application to analyse the finite
sample behaviour of the estimator proposed.

2 Estimator, Consistency and Efficiency

We call an estimator
(
θ̂n

)
n∈Z+

of θ an SPMLE of θ if θ̂n maximizes the conditional likelihood

Ln (θ|y0, . . . , yn), i.e. θ̂n maximizes the likelihood if only if the following conditions hold
a) ĝn (e) = 0 for e < umin and e > umax,
b) ((ϕ̂1,n, ϕ̂2,n) , ĝn (umin) , . . . , ĝn (umax)) is a solution to the (constrained) polynomial opti-

mization problem

max
x1,x2

zumin
,...,zumax





n∏

t=1




yt∑

e=e0

ze




2∑

j=1

(
yt−1
k

)

k=yt−e
xkj (1− xj)yt−1−kIt−1,j









where e0 = 0 ∨ (yt − (ϕ1It−1,1yt−1 + ϕ2It−1,2yt−1))
subject to

0 ≤ xj ≤ 1 for j = 1, 2,
zr ≥ 0 ∀r ∈ {umin, . . . , umax} with

∑umax

r=umin
zr = 1.

Note that the support, A, of the discrete law, G, is compacted into A = {umin, . . . , umax}.
The next proposition 2.1, which follows by standard arguments, states that any conditional maxi-
mum likelihood estimator is consistent.
Proposition 2.1.Let θ0 = ((ϕ1,0, ϕ2,0) ,Gs,0) ∈ [0, 1]

2×G a ”truth” parameter, and all initial proba-

bility measures υ0 on Z+, any SPMLE
(

(ϕ̂1,n, ϕ̂2,n) , Ĝn
)

= ((ϕ̂1,n, ϕ̂2,n) , ĝn (umin) , . . . , ĝn (umax))

of ((ϕ1, ϕ2) ,G) is consistent in the following sense :

ϕ̂1,n
p−→ ϕ1,0, ϕ̂2,n

p−→ ϕ2,0 and
∑∞
e=0 |ĝn (e)− g0 (e)| p−→ 0 under H(n)

g (θ0)

The following proposition is on the one hand an immediate consequence of an infinite dimensional
analogue of the famous Hájek-Le Cam convolution theorem (1972) (see, for example, Bickel et al

(1998) , theorem 5.2.1), and the other hand establishes the regularity of our SPMLE θ̂n estimator.

Proposition 2.2. Assuming that assumptions A.1−A.5 hold, then we have,
i) Infinite dimensional Hájek-Le Cam convolution theorem

Let θ = ((ϕ1, ϕ2) ,G) ∈ [0, 1]
2 × G and let {Zn} be an estimator of θ which is regular under

H
(n)
g (θ), In particular :

L
(√

n (Zn − ((ϕ1, ϕ2) ,G)) |H(n)
g (θ)

)
w→ Z = Z(ϕ1,ϕ2),G,(Zn)n∈N ,

then there are independent random elements Lθ, which is a centred Gaussian process only depending
on the model, and Nθ,(Zn)n∈N , which generally depends on both the model and the estimator, such
that :

Z(ϕ1,ϕ2),G,(Zn)n∈N = L
(
Lθ + Nθ,(Zn)n∈N

)
.

ii) Regularity of SPMLE

Let θ = ((ϕ1, ϕ2) ,G) ∈ [0, 1]
2×G. Any SPMLE θ̂n =

(
(ϕ̂1,n, ϕ̂2,n) , Ĝn

)
n∈Z+

is regular estimator

of ((ϕ1, ϕ2) ,G) under H
(n)
g (θ).

Proposition 2.3. Assuming that assumptions A.1 − A.5 hold, then we have, Any SPMLE θ̂n =(
(ϕ̂1,n, ϕ̂2,n) , Ĝn

)
n∈Z+

is an efficient estimator of ((ϕ1, ϕ2) ,G) under H
(n)
g (θ0). So we have (see

proposition 2.2), for all θ0 = ((ϕ1,0, ϕ2,0) ,Gs,0) ∈ [0, 1]
2 × G,

L
(
Lθ0
)

= L
(
−
.

Ψ
−1
θ0

∆θ0

)
.
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3 Numerical Results

For the simulation study, we have assessed the Conditional Least-Squares (CLS), Conditional
Maximum Likelihood (CML) estimations and our proposed Efficient Estimation SPMLE, on four
time series, of small, moderate and relatively large sizes (n = 50, 100, 200, 500), generated from two
different SETINAR (2, 1) models. A Poisson innovation distribution, P (α), and a Geometric in-
novation process G (e−α) are considered in Model I and Model II, respectively. The true parameter
values of these models and their trajectories are given as follows :

Model I.1 : θ = [(ϕ1, ϕ2;α; c)]
′

= [(0.3, 0.7; 6; 13)]
′
,

Model I.2 : θ = [(ϕ1, ϕ2;α; c)]
′

= [(0.2, 0.1; 3; 7)]
′
,

Model II.1 : θ = [(ϕ1, ϕ2; e−α; c)]
′

= [(0.3, 0.7; exp (−2) ; 13)] ,

Model II.2 : θ = [(ϕ1, ϕ2; e−α; c)]
′

= [(0.2, 0.1; exp (−2.5) ; 7)] .

Our main goal is, on one side, to show empirically the consistency property of the established effi-
cient estimation, and on the other side, to show empirically its performance, while using Root Mean
Square Error RMSE criterion, over the CLS and CML estimations. For each data-generating pro-
cess, we consider 1000 Monte-Carlo replications and report the SPMLE efficient estimations and
their standard deviations, while comparing to those obtained by the CLS and CML estimations.
The simulation programs are written in Matlab 8.5 environment, and the SPMLE was calculated
using the fmincon optimization routine, as initial values for the optimization routine we use the
CLS conditional least squares estimator for autoregressive parameters ϕ1 and ϕ2, while for the

initial values of innovation distributions G we use a uniform distribution on
(

0, . . . , max
t=1...n

yt

)
. The

simulation results are presented in tables and figures and for brevity we report only the results for
ĝn (k) with k ≤ 5, since ĝn (k) are not significantly 6= 0 for all k ≥ 6.
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Abstract

A partition π = {V1, V2, ..., Vk} of the vertex set V of a graph G into k color classes Vi, with
i ∈ {1, ..., k} is called a quorum coloring if for every vertex v ∈ V, at least half of the vertices in
the closed neighborhood N [v] of v have the same color as v. The maximum order of a quorum
coloring of G is called the quorum coloring number of G and is denoted ψq(G). In 2018, Sahbi
and Chellali [6] showed that the decision problem associated with ψq(G) is NP -complete, thus
answering to an open problem stated in 2013 by Hedetniemi, Hedetniemi, Laskar and Mulder [5].
In this paper, we give answers to two other complexity open problems raised in [5]. In fact, we
prove that the NP -completeness of the previous decision problem persists even when the input
graph is a 4-regular graph. We also show that the decision problem asks whether a given graph G
has a quorum coloring of order at least 2 is NP -complete too.

Keywords : Defensive alliance, Quorum colorings, Satisfactory partition, Cost-effective partition,
Complexity.

1 Introduction

Let G = (V,E) be a simple graph with order n = |V |. For every vertex v ∈ V , the open neighborhood
NG(v) is the set {u ∈ V (G) : uv ∈ E(G)} and the closed neighborhood of v is the set NG[v] =
NG(v) ∪ {v}. The degree of a vertex v in G is dG(v) = |NG(v)|, while the degree of v in the
complement graph of G (G) is denoted by dG(v). More generally, if A is a subset of V , the degree
of a vertex v in G[A] (the graph induced in G by A) is denoted by dA(v), while the degree of v in
G[A] is denoted by dA(v).

A partition π = {V1, V2, ..., Vk} of the vertex set V of a graph G into k color classes Vi, with
i ∈ {1, ..., k} is called a quorum coloring if for every vertex v ∈ V, at least half of the vertices in
the closed neighborhood NG[v] have the same color as v. The color classes Vi, with i ∈ {1, ..., k}
are called quorum classes. The maximum order of a quorum coloring of G is called the quorum
coloring number of G and is denoted ψq(G). A quorum coloring of order ψq(G) is called a ψq-
coloring. Quorum colorings was introduced by Hedetniemi, Hedetniemi, Laskar and Mulder [5].
The concept of Quorum colorings is closely related to the concept of defensive alliances in graphs
introduced by Kristiansen, Hedetniemi and Hedetniemi [4]. Indeed, a defensive alliance in G is a
subset S of V such that for every vertex v ∈ S, |NG[v]∩ S| ≥ |NG(v)∩ (V \ S)|. Hence every color
class of a ψq-coloring is a defensive alliance. Note that Haynes and Lachniet in [3] were the first to
introduce the problem of partitioning the vertex set V into defensive alliances. This problem was
also studied later by Eroh and Gera [2]. However, we will adopt in this paper the definitions and
notations given in [5].

A matching in a graph G = (V,E) is a set of edges M ⊆ E having the property that no two
edges in M have a vertex in common. We say that the edges in a matching form an independant
set of edges. The matching number β1(G) equals the maximum cardinality of a matching in G.

In [5], Hedetniemi et al. raised the following problems.

1. What is the complexity of the following decision problem:
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QUORUM-K
Instance: Graph G = (V,E), positive integer K ≤ |V |.
Question: Does G have a quorum coloring of order at least K?

2. It is easy to see that for 1-regular graphs G of order n, ψq(G) = n. It is also easy to determine
the value of ψq(G) for any 2-regular graph G. In addition, since ψq(G) = β1(G) for 3-regular
graphs G, it is easy to determine, in polynomial time, the value of ψq(G) for 3-regular graphs.
This leads us to the following decision problem:

4-REGULAR QUORUM
Instance: A 4-regular graph G = (V,E), positive integer K ≤ |V |.
Question: Does G have a quorum coloring of order at least K?

3. What is the complexity of the following decision problem:

QUORUM-ONE
Instance: Graph G = (V,E).
Question: Is ψq(G) > 1?

In 2018, Sahbi and Chellali [6] showed that the problem QUORUM-K is NP-complete and
thus answered Question 1. However, Questions 2 and 3 remain open. In this paper, we first
show that the problem 4-REGULAR QUORUM is NP-complete by reducing the PARTITION
INTO TRIANGLES problem in 4-regular graphs, to which we refer as 4-REGULAR PARTITION
INTO TRIANGLES, to the problem 4-REGULAR QUORUM. The NP-hardness of the problem
4-REGULAR PARTITION INTO TRIANGLES was proven in 2011 by van Rooij et al. [7].

4-REGULAR PARTITION INTO TRIANGLES
Instance: A 4-regular graph G = (V,E).
Question: Can V be partitionned into 3-element sets S1, S2, . . . , S|V |/3 such that each Si

forms a triangle in G?

Then, we prove that the problem QUORUM-ONE is NP-complete by firstly showing that its
balanced version, to which we refer as BALANCED QUORUM, is NP-complete and secondly by
reducing the problem BALANCED QUORUM to the problem QUORUM-ONE. The problem BAL-
ANCED QUORUM was inspired from the BALANCED SATISFACTORY PARTITION problem
introduced by Bazgan et al. [1] and the polynomial reduction from the problem BALANCED
QUORUM to the problem QUORUM-ONE is an adaptation of the proof of Proposition 1 in [1].

BALANCED QUORUM
Instance: Graph G = (V,E) of even order.
Question: Is there a partition {V1, V2} of V such that |V1| = |V2| and for every v ∈ V, if
v ∈ Vi then dVi

(v) + 1 ≥ dV3−i
(v)?

For a graph G = (V,E) of even order, a bipartition {V1, V2} of the vertex set V is a balanced
quorum coloring if |V1| = |V2| and each Vi, with i ∈ {1, 2} is a quorum class, that is, for every
v ∈ V , if v ∈ Vi then dVi(v) + 1 ≥ d3−i(v).

BALANCED SATISFACTORY PARTITION
Instance: Graph G = (V,E) of even order.
Question: Is there a partition {V1, V2} of V such that |V1| = |V2| and for every v ∈ V, if
v ∈ Vi then dVi(v) ≥ dV3−i(v)?

In fact, we prove the NP-completeness of the problem BALANCED QUORUM by reducing it
to the BALANCED CO-SATISFACTORY PARTITION problem, to which we refer in this paper
as BALANCED COST EFFECTIVE PARITITON. The NP-completeness of the problem BAL-
ANCED COST EFFECTIVE PARTITION was proven in 2005 by Bazgan et al. [1].
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BALANCED COST EFFECTIVE PARTITION
Instance: Graph G = (V,E) of even order.
Question: Is there a partition {V1, V2} of V such that |V1| = |V2| and for every v ∈ V, if
v ∈ Vi then dVi

(v) ≤ dV3−i
(v)?

2 Answer to Problem 2

Theorem 1 Problem 4-REGULAR QUORUM is NP-complete.

Proof. 4-REGULAR QUORUM is a member of NP, since we can check in polynomial time that
any partition of the vertices of a 4-regular graph G into at least K color classes is a quorum coloring.
Let G be a 4-regular graph of order 3q, instance of both problems 4-REGULAR PARTITION INTO
TRIANGLES and 4-REGULAR QUORUM, and set K = q. We will show that the instance G has
a solution with respect to the first problem if and only if the same instance has a solution with
respect to the second problem, that is, we will show that G has a partition into triangles if and
only if ψq(G) ≥ K.

Suppose that G has a partition into triangles and let π = {V1, . . . , Vq} be such a partition.
Then, one can easily see that each Vi is a quorum-class. Hence, π is a quorum coloring of order
q = K.

Conversely, suppose that G has a quorum coloring of order at least K = q and let π′ =
{V ′1 , . . . , V ′q} be such a coloring. Clearly, |V ′i | ≥ d 4+1

2 e = 3, for every i ∈ {1, . . . , q}. Therefore,
|V ′i | = 3, for every i ∈ {1, . . . , q} for otherwise, |V (G)| > 3q. Since each class of π′ is a quorum class,
all vertices of each V ′i are necessarily pairwise adjacent, that is, each V ′i is a triangle. Consequently,
π′ is a patition of G into triangles. �

3 Answer to Problem 3

In [1], Bazgan et al. proved that problem BALANCED SATISFACTORY PARTITION is polynomial-
time reducible to problem SATISFACTORY PARTITION, where SATISFACTORY PARTITION
was defined as follows :

SATISFACTORY PARTITION
Instance: Graph G = (V,E).
Question: Is there a partition {V1, V2} of V such that for every v ∈ V, if
v ∈ Vi then dVi(v) ≥ dV3−i(v)?

Proposition 1 [1] BALANCED SATISFACTORY PARTITION is polynomial-time reducible to
SATISFACTORY PARTITION.

In the following proposition, we prove similarly that problem BALANCED QUORUM is poly-
nomial time reducible to problem QUORUM ONE by using the reduction of Proposition 1 and
adapting its proof.

Proposition 2 Problem BALANCED QUORUM is polynomial time reducible to problem QUO-
RUM ONE.

Proof. Let G = (V,E) be a graph, instance of BALANCED QUORUM on n vertices. The
graph G′ = (V ′, E′), instance of QUORUM ONE, is obtained from G by adding two cliques of size
n
2 , A = {a1, . . . , an

2
} and B = {b1, . . . ,

¯
n
2 }. In G′, in addition to the edges of G, all vertices of V

are adjacent to all vertices of A and B. Also, each vertex ai ∈ A is linked to all vertices of B except
bi, i ∈ {1, . . . , n}.

Let {V1, V2} be a balanced quorum coloring of G. Then, {V ′1 , V ′2} = {V1∪A, V2∪B} is a quorum
coloring of G′. Indeed, we have

for every v ∈ A, dV ′1 (v) + 1 = dA(v) + dV1(v) + 1 = |A| − 1 + |V1|+ 1 = |A|+ |V1| = |B|+

|V2| = dV ′2 (v) + 1 > dV ′2 (v), and

for every v ∈ V1, dV ′1 (v) + 1 = dA(v) + dV1(v) + 1 = |A|+ dV1(v) + 1 = |B|+ dV1(v) + 1 ≥
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|B|+ dV2
(v) = dV ′2 (v).

By symmetry, we obtain analogously :

for every v ∈ B, dV ′2 (v) + 1 > dV ′1 (v), and

for every v ∈ V2, dV ′2 (v) + 1 ≥ dV ′1 (v).

Conversely, let {V ′1 , V ′2} be a quorum coloring of G′. Set V ′1 = V1∪A1∪B1 and V ′2 = V2∪A2∪B2

where Vi ⊆ V , Ai ⊆ A and Bi ⊆ B, with i ∈ {1, 2}. We claim that {V1, V2} is a balanced quorum
coloring of G. We consider the following two cases.
Case 1. Either A1 ∪B1 = ∅ or A2 ∪B2 = ∅.
Suppose without lost of generality that A2∪B2 = ∅. Therefore, A1∪B1 = A∪B (i.e.: A1 = A and
B1 = B). Since {V ′1 , V ′2} is a quorum coloring of G′, then we have by definition for every v ∈ V2,
dV ′2 (v) + 1 ≥ dV ′1 (v). Hence, dV2

(v) + 1 ≥ dV1
(v) +n, or equivalently dV2

(v) ≥ dV1
(v) +n−1. Thus,

G = Kn (n even) and any clique of even order has a balanced quorum coloring.
Case 2. Now assume that neither A1 ∪ B1 nor A2 ∪ B2 is empty. We consider the following two
subcases.
Subcase 2.1. A1 ∪B1 = A and A2 ∪B2 = B (i.e.: B1 = ∅ and A2 = ∅).
Since {V ′1 , V ′2} is a quorum-coloring of G′, we have

for every v ∈ A, dV ′1 (v) + 1 = dA(v) + dV1(v) + 1 = |A| − 1 + |V1|+ 1 = |A|+ |V1| ≥ dV ′2 (v)

dB(v) + dV2
(v) = |B| − 1 + |V2| = |A| − 1 + |V2| (since |A| = |B|).

Consequently,
|V1| ≥ |V2| − 1. (1)

By symmetry, we obtain
for every v ∈ B, |V2| ≥ |V1| − 1. (2)

Inequalities (1) et (2) imply that |V1| ∈ {|V2| − 1, |V2|, |V2|+ 1}. Since n is even, we get |V1| = |V2|.
Then, by removing the vertices of A ∪ B, we remove for each vertex of V1 and each vertex of V2,
n
2 neighbours in its class and n

2 neighbors in the other class. Thus, {V1, V2} is a balanced quorum
coloring of G.
Subcase 2.2. Either A or B is cut by the partition, with one part in V ′1 and the second part in
V ′2 .
We now show that if ai ∈ A1 for some i, then also bi ∈ B2 for the same i. Assume by contradiction
that bi ∈ B1. We have,

dV ′1 (ai) + 1 ≥ dV ′2 (ai)⇔ dA1(ai) + dB1(ai) + dV1(ai) + 1 ≥ dA2(ai) + dB2(ai) + dV2(ai)

⇔ |A1| − 1 + |B1| − 1 + |V1|+ 1 ≥ |A2|+ |B2|+ |V2| ⇔ |V ′1 | ≥ |V ′2 |+ 1 (3)

Now, let aj ∈ A2. Then, either bj ∈ B1 or bj ∈ B2.
If bj ∈ B2, by analogy with the previous case we obtain,

|V ′2 | ≥ |V ′1 |+ 1 (4)

However, inequality (4) contradicts inequality (3). Hence, bj ∈ B1.
Since {V ′1 , V ′2} is a quorum coloring of G′,

dV ′2 (aj) + 1 ≥ dV ′1 (aj)⇔ dA2(aj) + dB2(aj) + dV2(aj) + 1 ≥ dA1(aj) + dB1(aj) + dV1(aj)

⇔ |A2| − 1 + |B2|+ |V2|+ 1 ≥ |A1|+ |B1| − 1 + |V1| ⇔ |V ′1 | ≤ |V ′2 |+ 1 (5)

(3) and (5) imply that |V ′1 | = |V ′2 |+ 1, which is impossible since |V (G′)| = 2n.
In conclusion, |A1| = |B2| and |A2| = |B1|. So, |A1 ∪B1| = |A2 ∪B2| = n

2 .
Morover, we have

for every v ∈ A1 : dV ′1 (v) + 1 ≥ dV ′2 (v)⇔ dA1
(v) + dB1

(v) + dV1
(v) ≥ dA2

(v)+

dB2
(v) + dV2

(v)

⇔ |A1| − 1 + |B1|+ |V1|+ 1 ≥ |A2|+ |B2| − 1 + |V2| ⇔ |V1| ≥ |V2| − 1, (6)
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and by symmetry for every v ∈ A2,

|V1| ≤ |V2|+ 1 (7).

Inequalities (6) and (7) imply that |V1| ∈ {|V2| − 1, |V2|, |V2|+ 1}. However, n = |V1|+ |V2| is even
and hence, |V1| = |V2|. Thus, {V1, V2} is a balanced quorum coloring of G. �

We state now our NP -completeness result.

Theorem 2 Problem QUORUM-ONE is NP-complete.

Proof. Clearly, QUORUM-ONE is in NP. We reduce BALANCED COST EFFECTIVE PARI-
TION to BALANCED QUORUM which shows the NP -completeness of BALANCED QUORUM.
Proposition 2 implies the NP -completeness of QUORUM-ONE. The reduction is as follows.

Let G be a graph of even order, instance of BALANCED COST EFFECTIVE PARTITION,
and consider G as instance of BALANCED QUORUM. We will show that the instance G has a
solution if and only if the instance G has a solution.

Suppose that the instance G of BALANCED COST EFFECTIVE PARTITION has a solution
{V1, V2}. This is equivalent to,

for every i ∈ {1, 2}, dVi(v) ≤ dV3−i(v)⇔ |Vi|−1−dVi(v) ≥ |Vi|−1−dV3−i(v)⇔ dVi
(v)+1 ≥ |V3−i|−

dV3−i
(v)⇔ dVi

(v) + 1 ≥ dV3−i
(v) (8)

Inequality (8) means that {V1, V2} is a balanced quorum coloring of G. �
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Abstract

A conditional Fibonacci sequence (Fn) is defined by the initial values F0 = 0, F1 = 1, and the
relations Fn = aFn−1 + cFn−2 if n is even and Fn = bFn−1 + cFn−2 if n is odd, where a, b, c are real
numbers. When a = b this is the well known (a, c)-Fibonacci sequence. Here we consider a, b, c,m
to be integers with m positive, a 6≡ b (mod m) and gcd(c,m) = 1, and investigate the period of
the sequence (Fn) modulo m.

Key words : conditional Fibonacci sequence, period.

1 Introduction

In this work we are investigating modular properties of conditional Fibonacci sequences, that is
sequences defined by the initial values F0 = 0, F1 = 1, and the relation

Fn =

{
aFn−1 + cFn−2 if n is even
bFn−1 + cFn−2 if n is odd

(n ≥ 2),

where a, b, c are nonzero real numbers that are assumed here to be integers. These sequences have
been introduced for c = 1 in [1], and more generally in [4, 7]. Many identities have been established.
In this work we will need the following Binet’s formula for (Fn) (see [4])

F2n = a
αn − βn
α− β (1.1)

and

F2n+1 =
αn+1 − βn+1

α− β − c α
n − βn
α− β , (1.2)

where α, β = A±
√

∆
2 , with A = ab + 2c, B = c2, and ∆ = A2 − 4B is the discriminant of the

characteristic polynomial c(x) = x2 −Ax+B (α, β are the roots of c(x)).
Let m be an integer such that gcd(c,m) = 1. We will see that the sequence (Fn) is periodic

modulo m, i.e. there exists a positive integer r such that

Fn+r ≡ Fn (mod m) for all n ≥ 0, (1.3)

and we will establish some results about the period when a 6≡ b mod m, the period being the least
positive integer r satisfying (1.3). For analogous results in the case a ≡ b (mod m), see [6] for
a ≡ b ≡ 1 (mod m) and [2, 3] in general. Finally, we would like to mention the paper [5] about
a study of the periods of the conditional sequences (Fn) modulo a prime power in the particular
case c = 1, however, in that paper the authors define the period of (Fn (mod m)) to be the least
positive integer r such that Fr ≡ 0 (mod m) and Fr+1 ≡ 1 (mod m), and unlike in the case a ≡ b
(mod m), this integer r is not necessary the least positive one satisfying (1.3) above. Also, among
other things mention for instance that Theorem 4 in [loc.cit], which says that if p is an odd prime
and if ∆ is a nonzero quadratic residue modulo p then the period of (Fn) modulo p divides p− 1,
is true only if we add the condition that ab is also a quadratic residue modulo p, see our Theorem
4 and Example 5(1).
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2 The period of conditional Fibonacci sequences modulo m

We always assume that m is such that gcd(c,m) = 1 to guarantee that (Fn) is periodic modulo m.

Theorem 1 The sequence (Fn) is periodic modulo m and the period k(m) verifies k(m) ≤ 2m2.

Theorem 2 Assume m is such that a 6≡ b (mod m). Let r be a positive integer. The following
assertions are equivalent

(i) Fn+r ≡ Fn (mod m) for all n ≥ 0.

(ii) (Fr, Fr+1, Fr+2) ≡ (F0, F1, F2) (mod m).

(iii) (Fr, Fr+1) ≡ (F0, F1) (mod m) and the integer r is even.

In particular the period k(m) is an even number.

So, when a 6≡ b (mod m), the period k(m) of the sequence Fn (mod m) is the smallest integer
r satisfying one of the three properties of the theroem above. Since any positive integer r that
satisfies (1.3) is a multiple of the period k(m), we see from this theorem that

{
Fr ≡ 0 (mod m)
Fr+1 ≡ 1 (mod m)

⇐⇒ k(m) | r. (2.1)

for any r ∈ 2N.
The following result proves that the problem of computing k(m) reduces to the problem of

computing k(pe) for all prime power factors pe of m. The proof is similar to the proof of Theorem
2 in [6].

Theorem 3 If m = pe11 p
e2
2 · · · pess is the prime decomposition of m then :

k(m) = lcm(k(pe11 ), k(pe22 ), . . . , k(pess )).

3 The period of conditional Fibonacci sequences modulo a
prime power

In this section, we assume that p is a prime such that p - c and a 6≡ b (mod p) and we investigate
the conditional Fibonacci sequences modulo p and a power of p. The notation

(
r
p

)
stands for the

Legendre symbol :

(
r

p

)
=

{
1 If r is a nonzero quadratic residue modulo p
−1 If r is a quadratic nonresidue modulo p,

and the notation ordp(r) for the multiplicative order of r in Fp.

Theorem 4 Let p be an odd prime. If ∆ := (ab)2 + 4abc is a nonzero quadratic residue modulo p,
then k(p) | 2(p− 1). Furthermore, k(p) | p− 1 if and only if

(
α
p

)
= 1.

Example 5 Let p = 11.

1. Take (a, b, c) = (1, 2, 1). We have ∆ ≡ 1 (mod 11), α
p−1
2 ≡ 75 (mod 11) ≡ −1 (mod 11) and

k(p) = 20 = 2(p− 1) - p− 1.

2. Take (a, b, c) = (3, 4, 1). We have ∆ ≡ 5 (mod 11), and then
(

∆
p

)
= (5)

p−1
2 ≡ 1 (mod 11).

We have k(11) = 10, and so k(p) | p− 1 or equivalently
(
α
p

)
= 1.

Let p be an odd prime, if ∆ is a quadratic nonresidue (mod p), the characteristic polynomial
c(x) is irreducible in Fp. Therefore we work in Fp2 = Fp[

√
∆], the splitting field of the polynomial

c(x) over Fp.

Theorem 6 Let p be an odd prime. If ∆ is a quadratic nonresidue modulo p, then k(p) | 2ordp(c
2)(p+

1).
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Example 7 Consider (a, b, c) = (1, 2, 1) and p = 7. We have
(

∆
p

)
≡ −1 (mod 7) and k(7) = 16,

so an equality k(p) = 2ordp(c
2)(p+ 1).

Theorem 8 Assume ∆ ≡ 0 (mod p). Then

(i) if p | a, we have k(p) = 2ordp(c) and in particular k(p) | 2(p− 1).

(ii) if p | b, we have k(p) = 2p ordp(c) and in particular k(p) | 2p(p− 1).

(iii) if p | ab+ 4c, we have k(p) = 2p ordp(−c) and in particular k(p) | 2p(p− 1).

To finish, we have the following theorem that gives a divisibility relation between the period of
(Fn) modulo an odd prime p and its period modulo a powers of p.

Theorem 9 Let p be an odd prime and e be a positive integer. We have k(pe) | pe−1k(p).

Example 10 Take (a, b, c) = (1, 2, 1). We have k(52) = 30 divides 5k(5) (even equal).
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Abstract

This paper addresses the chain-reentrant flow shop scheduling problem with two machines and
n non-preemptive jobs in the presence of the no-wait constraint. Each job starts its processing on
the first machine, then goes to the second machine and finally returns back to the first machine.
The objective is to minimize the makespan. For the resolution of this problem, we propose a linear
mathematical model and a heuristic with computational experiments.

Key words: Flow shop, chain-reentrant, heuristic, linear programming.

1 Introduction

In the classical permutation flowshop scheduling problem, n jobs have to be processed on m ma-
chines in the same predetermined order. At any time, each machine can process at most one job and
each job can be processed on at most one machine. In this problem, it is assumed that no job can
be interrupted while operating and all machines perform jobs according to the same permutation.
The objective is minimizing the makespan. S. M. Johnson, 1954 [5] proved that the two machines
case is polynomially solvable. Furthermore, the problem becomes strongly NP-hard for m ≥ 3.
The reentrant flowshop scheduling problems are variants of the classic flowshop problem. Indeed,
in these problems jobs can visit certain machines more than once, see S.C. Graves et al., 1983 [4].

A particular class of the reentrant flowshop problems is chain-reentrant shop problem with exact
time-lag. Introduced for the first time by Amrouche and Boudhar, 2016 [1] this problem consists
in scheduling without preemption a set J of jobs on two machines (M1, M2). Each job Jj is first
processed on M1, then on M2 and returns back to M1 after an exact time-lag lj to complete its
last operation. The time-lag in this problem is the time elapsed between the two operations on the
first machine. The aim is to minimize the makespan. The authors proved the NP-hardness of this
problem when lj = L and provided some polynomial sub-problems. However, when the durations of
the second operation are equal to the time-lag (bj = lj), the time-lag constraint becomes equivalent
to the no-wait constraint. In what follows we consider this case i.e. when the operations of a given
job are scheduled without any interruption.

Motivated by a robotic cell, the chain-reentrant shop problem with the no-wait constraint had
already been tackled by Amrouche et al., 2017 [2], and by Amrouche et al. 2018 [3]. The authors
proved the NP-hardness of this problem proposed heuristics, metaheuristics and some polynomial
cases. In Sami et al., 2019 [7], the authors considered the same problem and proved the NP-hardness
of a new sub-problem, proposed an improved lower bound and a branch and bound algorithm. In
this paper, in order to solve the considered problem a new linear mathematical model and an
efficient heuristic are presented with numerical experiments.

2 Background and notations

The considered problem is denoted F2|ChR, no − wait|Cmax. Jobs follow the same route starting
from the first machine M1 also called the primary machine, continue to the second machine M2
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then return back to M1, each job is available at time zero, the processing times of the jobs are
denoted as follows:

aj Duration of the first operation of job Jj on the first machine.

bj Duration of the second operation of job Jj on the second machine.

cj Duration of the last operation of job Jj on the first machine.

0

M2

M1

Time

Jj

Jj

Jj

ai

bi

ci

3 Mathematical model

In this section, we present a linear model for the considered problem. Let M = max
i,j=1,...,n

{ai + cj}.
Let xij be the decision variables which define the position of the job Ji, ej the decision variables

defining the starting time of the job scheduled at position j. The interlacing constraints are specified
with the two following variables types: the fj variables define whether the job can be interlaced
with its predecessor or not. While the qj variables define the amount of time before the job in
position j can start its execution.

xij =





1 If the job Ji is scheduled at position j;

0 Otherwise.

ej = Starting time of the job at position j.

fj =





1 If the job at the j-th position is not interlaced with the job in position j − 1;

0 Otherwise.

qj = The amount of time before the job in position j can start its execution.

The constraints are given as follows:





n∑
i=1

xij = 1 ∀j = 1, . . . , n

n∑
j=1

xij = 1 ∀i = 1, . . . , n

M × fj ≥
n∑

i=1

xijai −
n∑

i=1

xij−1bi ∀j = 2, . . . , n

M × fj ≥
n∑

i=1

xij−1ci −
n∑

i=1

xijbi ∀j = 2, . . . , n

M × fj ≥
n∑

i=1

xij−2ci +
n∑

i=1

xijai −
n∑

i=1

xij−1bi −M × fj−1 ∀j = 3, . . . , n

qj ≥
n∑

i=1

xijai +
n∑

i=1

xij−1ci −M × (1− fj) ∀j = 2, . . . , n

ej ≥ ej−1 + qj +
n∑

i=1

xij−1(ai + bi)−
n∑

i=1

xijai ∀j = 1, . . . , n

xij , fj ∈ {0, 1}, qj , ej ∈ N
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Minimizing the makespen is equivalent to minimizing the finishing time of the job scheduled at
the last position.

min(Z) = en +

n∑

i=1

xin(ai + bi + ci)

4 Heuristic

Given a priority list L = (li)1≤i≤n, the proposed heuristic produces a permutation σ by making
incremental changes to the current solution. At each iteration, the most priority job is selected and
then scheduled at its best position in the permutation σ. This heuristic is described in the algorithm
below, and uses at each iteration theorem 1 to evaluate the value of the objective function.

Theorem 1 ([3]) The problem F2|ChR, perm − fixe, no − wait|Cmax is solvable in polynomial
time using an O(n) dynamic algorithm.

Require: Priority list L
Ensure: Permutation σ
1: i← 1
2: σ ← {li}
3: i← i+ 1
4: while i ≤ n do
5: σ′ ← {li} ∪ σ
6: for all j = 2 : i do
7: σ′′ ← σ
8: insert li at position j in σ′′

9: if Cσ
′′

max < Cσ
′

max then
10: σ′ ← σ′′

11: end if
12: end for
13: σ ← σ′

14: i← i+ 1
15: end while

5 Numerical experiments

For the mathematical model, we have considered two classes of instances. In the first class (type 1),
processing times are generated randomly according to the uniform distribution: aj , bj , cj ∈ [1, 20]
and the number of jobs in this class is n = {10, 12, 14}. The processing times for the second
class (type 2) are generated randomly according to the uniform distribution and verifying some
properties: bj = b = 20, aj , cj ∈ [1, 20], the jobs are generated using a specific algorithm that
guaranteed a unique interlacing chain for the optimal solution, see [3] the number of jobs in this class
is {20, 21, 22, 23, 24, 30, 40}. In total, we conducted experiments on 170 instances. For instances of
type 1, we have generated 10 different instances for each size and 20 for each size of instances of
type 2.
The Figure 1 shows the execution time for the mathematical model in seconds for instances of type
1, we have not shown the deviation of the heuristic for this class because the optimal solution is
reached for all the tested instances. The Figure 2 shows the execution time for the mathematical
model in seconds for the second class, and the deviation of the heuristic which is calculated using

the following formula D = Cmax(H)−opt
opt , where Cmax(H) represents the makespen found by the

heuristic and opt is the optimal makespen obtained by the mathematical model.
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Figure 1: Execution times for instances of type 1
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Figure 2: Execution times and deviation for instances of type 2

6 Conclusion

In this paper, we focus on the two machines chain-reentrant shop scheduling problem with the
no-wait constrain. This problem is known to be NP-hard in the strong sense. We present a linear
program and develop a heuristic based on a polynomial sub-problem. As perspectives, developing
more efficient metaheuristics is desirable.
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Abstract

In this paper, we consider a multi-objective assignment problem (MOAP ) with more than one
assignment weight on each edge of the complete bipartite graph modeling this problem, and find
all non-dominated points using two methods. The first method break down the initial problem into
independent sub-problems of small sizes, each of which can be solved by a general method dedicated
to multi-objective linear integer problem (MOILP ), while the general method is applied to solve
in one run the (MOAP ) problem in the second method. The computational results are shown by
testing a number of instances, which indicates that our method performs better compared to the
general method.

Key words : Assignment problem ; multi-objective integer linear programming ; branch and
bound method ; non-dominated vector ; efficient solution.

1 Introduction

The assignment problem (AP) is a classical combinatorial optimization problem, which deals with
the allocation of the various resources to the various activities on one to one basis. It belongs to
the class of combinatorial optimization problems that can be solved in polynomial time [1].

However, the multi-objective version (MOAP ) is NP-hard [2] when the number of considered
criteria in (AP ) is greater than or equal to 2. To our knowledge, this problem has not received
enough attention from researchers and very little works exist. In [3], a generalization of the two
phase method is applied to the assignment problem with three objectives. In [4], only the bi-
objective case of MOAP problem is treated. In [5], the authors propose a general method for the
multi-objective integer linear problem (MOILP ). However, the experiment focused on the MOAP
problem just for the tri-objective case. Moreover, approximate methods have been proposed to solve
the MOAP problem ([6], [7]).

2 Principle of the method

First of all, the mathematical model of the MOAP problem can be written as follow: Given the
complete bipartite graph G(V1 ∪ V2, E) where sets V1 and V2 design respectively resources and
activities, n =| V1 |=| V2 |.

(P )





Max Z(x) = (Zk(x) =
∑n

i=1

∑n
j=1 c

k
ijxij)k=1,p∑n

i=1 xij = 1 j = 1, n∑n
j=1 xij = 1 i = 1, n

xij ∈ {0, 1} i, j = 1, n

ckij ∈ R : kth weight of the edge (ij) ∈ E, k = 1, p, p ≥ 2.
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xij =

{
1 if the ith resource is assigned to the jth activity

0 otherwise, i, j = 1, n

A vector Z(x) ∈ Rp dominates another vector Z(y) ∈ Rp if Zk(x) ≥ Zk(y), ∀ k = 1, p and
Za(x) > Za(y) for at least one a ∈ {1, ..., p}. If so, the solution y is said to be non-efficient for (P ).
The ideal point I for (P ) is a point from the criteria space and has (Z∗

1 , ..., Z
∗
p ) for coordinates,

where Z∗
k is the weight of a maximum assignment problem for criterion k, k = 1, p. In general, the

ideal point I is not a feasible solution [8]. However, for criterion k, k = 1, p, the computation of
Z∗
k is an easy problem [1].

The use of the principle of branch and bound is mentioned in the following steps:

A. Principle

We propose an hybrid method where the main contribution is in the ”branch and bound” part adap-
tation.Indeed, the ”branch and bound” process is applied with the branching and vector bounding
steps at each node of the tree search following the principle depth first strategy, with the assump-
tion that the number of levels measuring the depth of the tree search is fixed to a value h, h ≤ 10
beforehand to avoid the combinatorial explosion.

In the worst case, to reduce the matrix of constraints to a null matrix using the branching steps,
we will have 2n

2

leaves in the tree search when the density of the graph becomes zero (in this case
the graph is a set of isolated vertices). Therefore, fixing the depth of the tree search has the effect

of avoiding the exploration of 2n
2

leaves.

Thus, each leaf of the tree search is associated to a sub graph of G of non-zero density, corre-
sponding to a program of reduced size compared to the initial program (P ). In this case we used
the method described in [9] to solve the small size corresponding MOILP program.

B. Branching step

The branching process is made with respect to the edges such that; xij = 1 or xij = 0. Main-
taining the edge (ij) in a solution (xij = 1) has a constraint propagation effect on adjacent edges
that is all adjacent edges are automatically removed from the current graph and many constraints
of the program (P ) become saturated. All this leads to a significant decrease in the size of (P ).

In the other hand, rejecting the edge (ij) (xij = 0) has the effect to delete it from the current
graph and in this case too, the size of (P ) decreases.

An heuristic can be adapted to select an edge for the branching step.

C. Vector bounds step

At each node l of the search tree, two bounds are calculated. The upper bound corresponds to
the vector ideal point Il in the sub domain of (P ) corresponding to the node l, which is easy to
calculate. Indeed, for each criterion k, k = 1, p the polynomial algorithm described in [1] for an
assignment problem is used to calculate the optimal value Z∗l

k .

The lower bound consists of the set NDl of all the non-dominated vectors of the solutions
previously generated up to node l.

Thus, the node l is fathomed if the vector ideal point Il is dominated by at least one vector of
the set NDl.
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3 Computational results

The proposed method BBMOAP dedicated to the problem of the multi-objective assignment
problem is compared to the MC method described in [9]. The both methods are implemented
under the Python 3.3 programming language on a Dual Core PC, 2.0 GHz processor, 2 GB RAM
on randomly generated instances. The coefficients are uncorrelated integers uniformly distributed
in the interval [0, 20] for objective functions. The number of vertices : n ∈ {5, 10, 15}. The number
of objective functions is p ∈ {2, 3, 5} and 10 instances are generated for each fixed size (n, p). A
simulation study allowed us to fix the depth of the tree search at h = 8.

In Table 1, we recorded the average, the minimum and the maximum number of efficient solutions
nbEFF , as well as the CPU time in seconds of the BBMOAP and MC method. The obtained
results are shown in the following:

n p nbEFF Cpu(S) BBMOAP Cpu(S) MC
Avg Min Max Avg Min Max Avg Min Max

2 5.1 3 5 0.1 0.05 0.3 0.5 0.3 0.7
5 3 10.8 8 13 2.2 1.1 5.4 12.9 4.7 23.1

5 24.9 16 32 7.4 5.2 13.6 35.7 29.9 46.6

2 14.7 9 20 171.2 45.4 317.9 687.8 271.6 1143.7
10 3 46.8 28 72 1285.4 845.2 1837.6 6159.8 5036.3 7669.1

5 72.9 46 96 4217.5 4025.6 4531.3 × × ×
2 28.8 19 39 2839.4 1842.6 3998.9 × × ×

15 3 104.2 74 136 4359.6 4002.9 4852.3 × × ×
5 175.2 133 218 5730.3 5011.8 6583.7 × × ×

Table 1: Experiment results. (×: interrupted after 3 hours of computing)

Recall that the complete bipartite graph Kn,n contains n2 edges which correspond to n2 variable
in the mathematical model. So, for n = 15, the number of variables is 225.

The obtained results show that the method is five time faster compared to a general method
dedicated to the MOILP problem when applied directly to the solve the MOAP problem.

4 Conclusion

A branch and bound based method is developed for the multi-objective assignment problem. It
makes it possible to generate all the efficient solutions by adopting a decomposition strategy of
the initial problem into disjoint problems of reduced sizes, each of them being solved by a general
method reported in the literature and dedicated to the MOILP problem. This strategy based on
the principle of divide and conquer is better compared to a general method MOILP and can be
adapted to solve over multi-objective combinatorial optimization problems.
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Abstract

In this work we first establish some existence results followed by boundedness behavior and
asymptotic behavior of solutions for systems of difference equations with infinite delay. our ap-
proach is based on a Perov fixed point theorem in vector metric space. We apply our results to a
system of volterra difference equations.

Key words :Three to five key words.

1 Introduction

In this work, we are concerned with the existence and uniqueness of bounded solutions in some
state space of sequences for a system of semilinear functional difference equations with infinite de-
lay. Several aspects of the theory of functional difference equations can be understood as a proper
generalization of the theory of ordinary difference equations. However, the fact that the state space
for functional difference equations is infinite dimensional requires the development of methods and
techniques coming from functional analysis (e.g., theory of semigroups of operators on Banach
spaces, spectral theory, fixed point theory, etc.).
Abstract retarded functional difference equations in phase space has great importance in applica-
tions. Consequently, the theory of difference equations with infinite delay has drawn the attention
of several authors. Qualitative analysis, discrete maximal regularity, exponential dichotomy, and
periodicity have received much attention;
In this paper, we are concerned with the following homogeneous retarded linear functional equations

{
x(n+ 1) = A1(n, xn, yn), n ≥ 0,
y(n+ 1) = A2(n, xn, yn), n ≥ 0,

(1.1)

and its perturbation





x(n+ 1) = A1(n, xn, yn) + f1(n, xn, yn), n ≥ 0,
y(n+ 1) = A2(n, xn, yn) + f2(n, xn, yn), n ≥ 0,
x(0) = ϕ ∈ B,
y(0) = ψ ∈ B,

(1.2)

where A1, A2 : Z+×B×B → Cr are a bounded linear maps with respect to the variables xn and yn;
f1, f2 are a Cr−valued functions defined on the product space Z+×B×B under suitable condition;
B denotes an abstract phase space that we will explain briefly later, X is an appropriate Banach
space. x. denotes the B−valued function defined by n → xn, where xn is the history function,
which is defined by xn(m) = x(n+m) for all m ∈ Z−.
Next, We are concerned with the following homogeneous retarded linear functional equations

{
x(n+ 1) = L1(xn, yn), n ≥ 0,
y(n+ 1) = L2(xn, yn), n ≥ 0,

(1.3)
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and its perturbation with the initial value problem defined by the semilinear difference equation
with infinite delay 




x(n+ 1) = L1(xn, yn) + g1(n, xn, yn), n ≥ 0,
y(n+ 1) = L2(xn, yn) + g2(n, xn, yn), n ≥ 0,
x(0) = ϕ ∈ B,
y(0) = ψ ∈ B,

(1.4)

where L1, L2 : B×B → Cr are a bounded operator and g1, g2 : Z+×B×B → Cr are given functions.
the phase space B = B(Z−,Cr) is a Banach space with norm denoted by ‖.‖B which is a subfamily
of functions from Z− into Cr and it is assumed to satisfy the following axioms.
Axiom (A): There are a positive constant J and nonnegative functions N(.) and M(.) on Z+ with
the property that if x : Z+ → Cr is if a function such that x0 ∈ B, then for all n ∈ Z+

(i) xn ∈ B;

(ii) J |xn| ≤ ‖xn‖B ≤ N(n) sup0≤s≤n |x(s)|+M(n)‖x0‖B.

Denote by B(Z−,Cr) the set of bounded functions from Z− to Cr.
Axiom (B): The inclusion map i : (B(Z−,Cr), ‖.‖∞) → (B, ‖.‖B) is continuous, i.e, there is a
constant d > 0 such that ‖ϕ‖B ≤ d‖ϕ‖∞ for all ϕ ∈ B(Z−,Cr).
From now on B will denote a phase space satisfying the Axioms (A) and (B). For any n ≥ τ we
define the bounded linear operator U(n, τ) : B → B by U(n, τ)ϕ = xn(τ, ϕ, 0) for ϕ ∈ B, where
x(., τ, ϕ, 0) denotes the solution of the homogeneous linear system 1.1. The operator U(n, τ) is
called the solution operator of the homogeneous linear system 1.1.

2 Boundedness

In this section, we are concerned with the study of the existence of bounded solutions for the semi-
linear difference equation with infinite delay via discrete maximal regularity.

Theorem 1 Assume that system (1.1) has exponential dichotomy on B, and in addition to condi-
tions (H1) and (H2), Suppose that the following conditions holds:

(H3) The functions fi(n, ., .) : lp(Z+,B) × lp(Z+,B) → Cr, i = 1, 2 satisfies, for all x, y, x, y ∈
lp(Z+,B) and n ∈ Z+ we have

|f1(n, x, y)− f1(n, x, y)| ≤ a1(n)‖x− x‖p + b1(n)‖y − y‖p
and

|f2(n, x, y)− f2(n, x, y)| ≤ a2(n)‖x− x‖p + b2(n)‖y − y‖p
where ai, bi ∈ lp(Z+), i = 1, 2;

(H4) f1(., 0, 0), f2(., 0, 0) ∈ lp(Z+,Cr).

(H5) The matrix M ∈M2×2(R2
+)

M = 2dK(1− e−α)−1 supn∈Z+(1 + ‖P (n)‖B)

(
‖a1‖p ‖b1‖p
‖a2‖p ‖b2‖p

)

converge to zero.

Then, for each ϕ,ψ ∈ P (0)B there is a unique bounded solution (x, y) of system (1.2) with P (0)x0 =
ϕ, P (0)y0 = ψ, such that (x., y.) ∈ lp(Z+,B)× lp(Z+,B).

3 Weighted boundness and asymptotic behavior

We have the following result about weighted bounded solutions.

Theorem 2 Assume that conditions (H1) − (H2) holds. Let λ and δ be the constants of theorem
??. In addition, Suppose that the following conditions holds:
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(C1) The functions fi(n, ., .) : B × B → Cr, i = 1, 2 satisfies, for all x, y, x, y ∈ B and n ∈ Z+ we
have

|f1(n, x, y)− f1(n, x, y)| ≤ a1(n)‖x− x‖B + b1(n)‖y − y‖B
and

|f2(n, x, y)− f2(n, x, y)| ≤ a2(n)‖x− x‖B + b2(n)‖y − y‖B
where ai, bi ∈ l1(Z+), i = 1, 2;

(C2) f1(., 0, 0), f2(., 0, 0) ∈ l1δ(Z+,Cr);

(C3) The matrix M̂ ∈M2×2(R2
+)

M̂ = λde−δ
(
‖a1‖1 ‖b1‖1
‖a2‖1 ‖b2‖1

)

converge to zero.

Then, there is an unique weighted bounded solution (x, y) of system (1.2) with x0 = 0, y0 = 0.

4 Asymptotic periodicity

The next result ensures the existence and uniqueness of a discrete S-asymptotically ω-periodic
solution for the problem (1.4).

Theorem 3 Assume that the solution operator of (1.3) is strongly S-asymptotically ω-periodic semi
group. Let g1, g2 : Z+ × B × B → Cr be a function such that g1(., 0, 0), g2(., 0, 0) are summable in
Z+ and there exists a summable functions ai, bi ∈ l1(Z+), i = 1, 2;

|g1(n, x, y)− g1(n, x, y)| ≤ a1(n)‖x− x‖B + b1(n)‖y − y‖B,
and

|g2(n, x, y)− g2(n, x, y)| ≤ a2(n)‖x− x‖B + b2(n)‖y − y‖B,
for all x, y, x, y ∈ B and n ∈ Z+. Then there is a unique discrete S-asymptotically ω-periodic

solution of the problem (1.4) for every ϕ,ψ ∈ B.

5 Volterra Difference System with Infinite Delay

We apply our previous result to Volterra difference systems with infinite delay. Volterra difference
equations can be considered as natural generalization of difference equations. During the last few
years Volterra difference equations have emerged vigorously in several applied fields and nowadays
there is a wide interest in developing the qualitative theory for such equations.
Let γ be a positive real number and let A(n) and K(n) be r×r matrices defined for n ∈ Z+, s ∈ Z+

such that ∞∑

n=0

|K(n)|eγn < +∞

and
‖A‖∞ = sup

n≥0
|A(n)| <∞.

We consider the following Volterra difference system with infinite delay:

x(n+ 1) =

n∑

s=−∞
A(n)K(n− s)x(s), n ≥ 0 (5.1)

this equation is viewed as a functional difference equation on the phase space Bγ , where Bγ is
defined as follows:

Bγ = Bγ(Z−,Cr) = {ϕ : Z− → Cr : sup
n∈Z+

ϕ(−n)

eγn
< +∞} (5.2)
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with the norm:

‖ϕ‖Bγ
= sup
n∈Z+

ϕ(−n)

eγn
, ϕ ∈ Bγ . (5.3)

Next, we consider the following Volterra difference system with infinite delay:





x(n+ 1) =
∑n
s=−∞A(n)K(n− s)x(s) + a1(n)xn + a2(n)yn, n ≥ 0,

y(n+ 1) =
∑n
s=−∞A(n)K(n− s)y(s) + b1(n)xn + b2(n)yn, n ≥ 0,

P (0)x0 = ϕ,
P (0)y0 = ψ,

(5.4)

We recall that the Volterra system (5.4) is viewed as retarded functional difference equations on
the phase space Bγ .
As consequence of theorem 1 we have the following result:

Theorem 4 Assume that System (5.1) has an exponential dichotomy, and ai, bi ∈ lp(Z+), i = 1, 2;
Then for each ϕ,ψ ∈ P (0)Bγ there is a unique bounded solution (x, y) of the system (5.4) such that
(x., y.) ∈ lp(Z+,Bγ)× lp(Z+,Bγ), in particular (x, y) ∈ lp(Z+,Cr)× lp(Z+,Cr).

Here

f1(n, xn, yn) = a1(n)x(n) + a2(n)y(n);

f2(n, xn, yn) = b1(n)x(n) + b2(n)y(n)

and

A1(n, xn, yn) =

n∑

s=−∞
A(n)K(n− s)x(s);

A2(n, xn, yn) =

n∑

s=−∞
A(n)K(n− s)y(s).
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Abstract

A connected dominating set in a graph G = (V (G) , E (G)) is a subset D of V (G) such that
every vertex in V (G)\D has a neighbor in D and the subgraph induced by D is connected. The
connected domination number γc(G) is the minimum cardinality of a connected domination set
of G. Let e be any edge of G and Ge be the graph obtained from G by contracting the edge e
in a new vertex ve. The dot criticality index of connected domination of an edge e ∈ E(G) is
γcdci(e) = γc(G)− γc(Ge), and the dot criticality index of a connected domination of a graph G is

γcdci(G) = 1
|E(G)|

∑
e∈E(G)

γcdci(e).

In this paper, we determine the dot criticality index of cacti graphs and as consequence we
characterize trees T having γcdci(T ) = 1.

Key words :Connected domination, cactus graph, dot criticality index of a graph .

1 Main results

We begin this section by presenting the following observation proved by Chellali, Maffray and
Tablennehas [1].

Observation 1 [1] Let G = (V,E) be a connected graph and let e be any edge of G. Then

γc(G)− 1 ≤ γc(Ge) ≤ γc(G).

The following corollary is a direct consequence of (??), (??) and Observation 1.

Corollary 2 Let G = (V,E) be a connected graph and let e be any edge of G. Then

(i) γcdci(e) ∈ {0, 1}
(ii) 0 ≤ γcdci(G) ≤ 1

Observation 3 Let G = (V,E) be a connected graph. Then

(i) γcdci(G) = 0 if and only if G has a universal vertex.

(ii) γcdci(G) = 1 if and only if G is a connected domination dot-critical.

1.1 The dot criticality index of a cactus graph

Before stating our main results, we need some notations and observations. For this, let G = (V,E)
be a cactus graph with p ≥ 1 cycles and let S be the set of all support vertices of G. For i ∈ {1, ..., p},
let Ci

ki
be the ith cycle of order ki and let V (Ci

ki
) =

4∪
j=0

Xi
j be the vertex-set of Ci

ki
where Xi

j is

defined as follows:
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• Xi
0 =

{
u ∈ V (Ci

ki
) : dG(u) = 2

}
,

• Xi
1 =

{
u ∈ S ∩ V (Ci

ki
) : dG(u) = 3 and u has an neighbor in Xi

0

}
,

• Xi
2 =

{
u ∈ S ∩ V (Ci

ki
) : dG(u) = 3 and u has no neighbor in Xi

0

}
,

• Xi
3 =

{
u ∈ S ∩ V (Ci

ki
) : dG(u) ≥ 4

}
,

• Xi
4 = V (Ci

ki
)�(

3∪
j=0

Xj
i ).

Let C =
p
∪
i=1
Ci

ki
and V (C) =

p
∪
i=1
V (Ci

ki
). Let Y1, Y2 be two sets of support vertices that are not

in V (C).

• Y1 = {u ∈ S�V (C) : dG(u) = 2} ,
• Y2 = {u ∈ S�V (C) : dG(u) ≥ 3} .
Let Aj

i and Ej be sets of edges defined as follows:

• Ai
0 =

{
uv ∈ E(Ci

ki
) : u, v ∈ Xi

0

}
,

• Ai
j = {uv ∈ E(G) : uv is pendant edge incident to a support vertex of Xi

j}, where j = 1, 2, 3.

• Ej = {uv ∈ E(G) : uv is pendant edge incident to a support vertex of Yj}, where j = 1, 2.

• E3 is the cut-edge set of G that contains no pendant edge.

In order to determine the dot critical index of cactus graphs, we need to determine the value of
µi for each i ∈ {1, .., p}, where

µi =
∑

e∈Ai
1∪Ai

2

γcdci(e) +
∑

e∈E(Ci
ki

)

γcdci(e).

Lemma 4 Let G = (V,E) be a cactus graph with n vertices and p cycles C1
k1
, C2

k2
, ..., Cp

kp
, where

ki ≥ 3. Then for each i ∈ {1, .., p}, we have

µi =





∣∣Ai
2

∣∣+ ki if
∣∣Xi

0

∣∣ = 0.∣∣Ai
1

∣∣+ ki − 2 if
∣∣Xi

0

∣∣ = 1.∣∣Ai
1

∣∣+ ki if
∣∣Ai

0

∣∣ = 0,
∣∣Xi

0

∣∣ ≥ 2

ki − 3 if
∣∣Ai

0

∣∣ = 1.

ki if
∣∣Ai

0

∣∣ ≥ 2.

The dot critical index of cactus graphs is given by the following Theorem.

Theorem 5 Let G = (V,E) be a cactus graph with n vertices and p cycles C1
k1
, C2

k2
, ..., Cp

kp
, where

ki ≥ 3 ∗ ∗ for each 1 ≤ i ≤ p ∈ {1, .., p}. ∗ ∗ Then

γcdci(G) = 1− 1

n+ p− 1

[
|E2|+

p∑

i=1

(
ki − µi +

3∑

1=1

∣∣Ai
j

∣∣
)]

,

Corollary 6 Let T be a tree of order n ≥ 4, then

γcdci(T ) = 1− 1

n− 1
|E2| = 1− 1

n− 1
(|L(T )| − |E1|)

Observe that γcdci(T ) = 1 if and only if |L(T )| = |E1| . For example, γcdci(Pn) = 1. In [1], it
was shown that a tree is connected domination dot critical if and only if every support vertex of T
has degree two. So, the following results is immediate.

Corollary 7 Let T be a tree of order n ≥ 4. The following assertions are equivalent.

(i) γcdci(T ) = 1

(ii) Every support vertex of T has degree two.

(iii) T is connected domination dot critical.
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Abstract

In this study, we consider a generalization of the tribonacci polynomials. Then we constuct
the generalized tribonacci triangle to derive an explicit formula for these polynomials. Finally we
introduce the incomplete generalized tribonacci polynomials and obtain several properties of them.

Key words: Tribonacci polynomials, incomplete tribonaci numbers, combinatorial identity.

1 Introduction

The tribonacci numbers are defined by the recurrence relation

Tn = Tn−1 + Tn−2 + Tn−3, n ≥ 3,

with initial conditions T0 = 0 and T1 = T2 = 1. In their famous book, Proofs that Really Count:
The Art of Combinatorial Proof, Benjamin and Quinn [4] gave a combinatorial interpretation for
the tribonacci numbers. In particular, the tribonacci number Tn+1 counts the number of tilings of
a (1× n)-board using squares (1× 1), dominoes (1× 2) and triominoes (1× 3).

Similar to the Pascal triangle, Alladi and Hoggatt [1] defined the tribonacci triangle to obtain
several properties of tribonacci numbers. The sum of the elements along a rising diagonal of this
triangle is given by the tribonacci number, that is,

Tn+1 =

bn
2 c∑

i=0

B (n− i, i) ,

where B (n, i) is the n-th row and i-th column entry of the tribonacci triangle. Also, Barry [3] gave
an explicit expression of the tribonacci numbers as

Tn =

bn−1
2 c∑

i=0

i∑

j=0

(
i

j

)(
n− 1− i− j

i

)
.

Similar identity can also be obtained for the tribonacci polynomials Tn (x) which is defined by the
recurrence relation

Tn (x) = x2Tn−1 (x) + xTn−2 (x) + Tn−3 (x) , n ≥ 3,

with initial conditions T0 (x) = 0, T1 (x) = 1 and T2 (x) = x2 [5]. Ramı́rez and Sirvent [6] found an
explicit formula for the tribonacci polynomials by constructing the tribonacci polynomial triangle.
Then they introduced the incomplete tribonacci polynomials as

T (s)
n (x) =

s∑

i=0

i∑

j=0

(
i

j

)(
n− 1− j − i

i

)
x2n−2−3(i+j), 0 ≤ s ≤

⌊
n− 1

2

⌋
,
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and established several properties of these polynomials. But it remains an open problem to find
the generating function of the incomplete tribonacci polynomials. In 2015, Shattuck [7] provided a

combinatorial interpretation for T
(s)
n (x), and solved this problem.

In this study, we consider a further generalization of tribonacci polynomials, named as, the
generalized (p, q, r)-tribonacci polynomials [8]. For fixed integer m ≥ 3, the generalized (p, q, r)-
tribonacci polynomials Tn,m(x) is defined by

Tn,m(x) = p (x)Tn−1,m(x) + q (x)Tn−2,m(x) + r (x)Tn−m,m(x), n ≥ m,

with initial conditions T0,m (x) = 0 and Ti,m (x) = Fp,q,i (x) for i = 1, . . . ,m − 1, where Fp,q,n (x)
is the (p, q)-Fibonacci polynomial [2] defined by

Fp,q,n (x) = p (x)Fp,q,n−1 (x) + q (x)Fp,q,n−2 (x) , n ≥ 2,

with Fp,q,0 (x) = 0 and Fp,q,1 (x) = 1. We construct the corresponding generalized tribonacci
polynomial triangle to find an explicit formula for the generalized (p, q, r)-tribonacci polynomials.
By means of this formula, we introduce the incomplete version of these polynomials. Finally, we
provide a combinatorial interpretation for them.
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Abstract

In this work, we establish the unimodality in some arithmetical triangles.

Key words :Arithmetical triangles; Recurrence relations; Log-concavity; Unimodality.

A real sequence (ak)nk=0 is unimodal, if it rises to a maximum k0 and then decreases, the entire
k0 is called the mode of the sequence (ak). Many combinatorial sequences are unimodal and the
well known example is the sequence of Newton’s binomial

{(
n
k

)}
k
. The simplicity of its explicit

formula make easy the proof of its unimodality and the detection of the mode. The concept of
unimodality is simple and obviously assimilated, but its elaboration is not always easy, since that
sequences are not as explicit as the Newton’s sequence. The question of unimodality has been the
object of diverse articles under different aspects: proof of unimodality [10, 8], detection of modes
[5], or the enumeration of the methods to prove unimodality [9, 6, 1].

We are interested in our work on the study of sequences linked to different arithmetical trian-
gles. Principally, we are inspired by the works that have been already done on the most known
triangle, which is: the Pascal triangle. The first result of unimodality in Pascal’s triangle other
than the binomial coefficient is due to Tanny and Zuker [10]. Many other works treat the question
of unimodality of sequences linked to different directions of this triangle. And then comes the work
of Belbachir and Szalay [2], where they showed that any sequences lying over any finite direction
in Pascal’s triangle is unimodal. By analogy to these works, we propose to study the unimodality
of sequences linked to arithmetical triangles other than Pascal’s triangle, and this using different
methods.

We deal in this work with many arithmetical triangles such: Stirling triangle of second kind
[3, 4], Lah triangle [11], associated Stirling triangle and the Eulerian triangle.
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Abstract

In this talk, we propose an extention of the work of GIOVANNI Lucca [1].

Key words : Hyperboloid; Sphere; Integer sequences.

1 Introduction

Giovanni Lucca, in his work [1] derive a formula for inscribing inside a branch of a generic
hyperbola, a chain of mutually tangent circles; he established the following system





x2

a2
− y2

b2
= 1, x > 0

(x−Xn)2 + y2 = r2n

(1.1)

and he get a recursive formula of Xn and rn





Xn = (2
b2

a2
+ 1)Xn−1 + 2(

b2

a2
+ 1)rn−1,

rn = 2
b2

a2
Xn−1 + (2

b2

a2
+ 1)rn−1.

(1.2)

moreover, he established conditions to relate the chain of circles to certain integer sequences (given
by theorem 1).

The objective of this paper is to extend his work to the hyperboloid of revolution, such that we
inscribe inside a hyperboloid of revolution a spheres tangent to it and mutually tangent (see the
figure).
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We recall the equation of a hyperboloid of revolution

x2

a2
+
y2

a2
− z2

c2
= 1, z > 0.

Where a and c are arbitrary positive real numbers.
The generic n−th sphere of the chain satisfies the following equation

x2 + y2 + (z − zn)2 = r2n. (1.3)

In order to impose the tangency condition, we establish the following system:




x2

a2
+
y2

a2
− z2

c2
= 1

x2 + y2 + (z − zn)2 = r2n

(1.4)

After some algebraical steps, we find that zn and rn satisfy the same recursive relation as in [1]





zn = (2
a2

c2
+ 1)zn−1 + 2(1 +

a2

c2
)rn−1

rn = 2
c2

a2
zn−1 + (2

c2

a2
+ 1)rn−1

(1.5)

Then we establish the same conditions to relate the chain of spheres to certain integer sequences.

We define {Zn} and {Rn} as follow Zn =
zn
z1

and Rn =
rn
r1

. and we get the same theorem as in [1]

Theorem 1 [1] If the ratio
a

c
is given by :

1.
a

c
= k, k = 0, 1, . . .

2.
a

c
=

2k + 1

2
, k = 0, 1, . . .

then {Zn} and {Rn} are integer sequences.

If the previous theorem holds, then the sequences {Zn} and {Rn} are composed of integer

sequences, by varying the value of the parameter
a

c
one can generate an infinite number of integer

sequences. A certain number of them are classified in OEIS (On-Line Encyclopedia of integer
sequences)[2].
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We will also extend our previous result to the case of hyperboloid, where we inscribed inside it
a chain of mutually tangent ellipsoids, and we look to establish conditions to relate the chain of
ellipsoids to certain integer sequences.
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Abstract

We give a generating function, combinatorial interpretations and recurrences relations of a new
class of Stirling numbers. Then, we express the values at non-negative integers of the generalized
Bernoulli polynomials on using this numbers class .

Key words :The quasi-associated r-Stirling numbers; the generalized Bernoulli polynomials.

The r-Stirling number of the second kind,
{
n
k

}
r
, counts the number of partitions of the set

[n] := {1, 2, . . . , n} into k non-empty subsets such that the elements of the set [r] are in different
subsets [?]. These numbers are determined by their generating function to be:

∑

n≥k

{
n+ r

k + r

}

r

tn

n!
=

1

k!
(exp (t)− 1)

k
exp (rt) ,

where
{
n
k

}
1

=
{
n
k

}
0

:=
{
n
k

}
are the Stirling numbers of the second kind.

In [?], the authors expressed B
(α)
n (±r) in terms of the r-Stirling numbers of both kinds. In [?], they

expressed B
(α)
n

(
± r
m

)
in terms of the r-Witney numbers of both kinds, where B

(α)
n (x) is the n-th

high order Bernoulli polynomial (see for example [?, ?]) defined by their exponential generating
function to be: ∑

n≥0

B(α)
n (x)

tn

n!
=

(
t

exp (t)− 1

)α
exp (xt) ,

where B
(1)
n (x) = Bn (x) are the classical Bernoulli polynomials.

The generalized Bernoulli polynomials B
[s−1,α]
n (x) extend the polynomials introduced by Natalini

and Bernardini [?] (see also [?, ?]), and are defined by Kurt [?] (see also [?]) as follows

∑

n≥0

B[s−1,α]
n (x)

tn

n!
=




ts

s!

exp (t)−
s−1∑
j=0

tj

j!




α

exp (xt) , s ≥ 1. (1)

In this work,we study the s-quasi-associated r-Stirling numbers of the second kind, denoted by{
n
k

}s
r
, defined by the number of partitions of an n-set into k blocks such that the r first elements are

in different blocks, a block of the remaining (k−r)-blocks must be of cardinality ≥ s. We give their
generating function and a combinatorial prove of their recurrences relations, in order to give an
explicit formulas at non-negative integers for the generalized Bernoulli polynomials defined above.
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Abstract

Our main is to introduce like Bernstein polynomials according to polynomial sequences of bi-
nomial type.

Key words : Bernstein polynomials, Polynomial sequences of binomial type.

1 Introduction

Initially, Bernstein polynomials were introduced by the Russian mathematician S. N. Bernstein in
1912 to give a lite proof to the Weierestrass approximation theorem [3], with the arrival of digital
computers and after identification of the basic fundamental properties of Bernstein polynomials
[4], several applications of these polynomials in different domains appeared, nowadays, we find
them in statistics, approximation theory, numerical analysis, combinatorics and in Computer Aided
Geometric Design ([8], [9], [10], [11]).

For n ∈ N ∪ {0}, the Bernstein polynomials of degree n are defined by

Bk,n(x) =

(
n

k

)
xk(1− x)n−k, (1.1)

where x ∈ [0, 1], k = 0, . . . , n, and

(
n

k

)
=





n!

k!(n− k)!
, for 0 ≤ k ≤ n,

0, otherwise.

These polynomials have numerous fundamental properties [5]: they are all non-negative, they
form a partition of unity, and they verify the following recurrence relation:

Bk,n(x) = (1− x)Bk,n−1(x) + xBk−1,n−1(x). (1.2)

Their ordinary and exponential [7] generating functions are given respectively by

n∑

k=0

Bk,n(x)tk = (1− x+ tx)n (1.3)

and ∞∑

n=k

Bk,n(x)
tn

n!
=

(tx)ket

k!etx
. (1.4)
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A polynomial sequence {fn(x)} is of binomial type [2] if it satisfies the generalized binomial
identity

fn(x+ y) =

n∑

k=0

(
n

k

)
fk(x)fn−k(y) with f0(x) = 1. (1.5)

if more f ′1(0) 6= 0, then fn(x) has exactly the degree n.
Let {fn(x)} a polynomial sequence of binomial type, and a ∈ R, then the polynomial sequences
fn(x; a) defined by

fn(x; a) =

{ x

an+ x
fn(an+ x), for n ≥ 1;

1, for n = 0.
(1.6)

are of a binomial type, see [12] for instance.

2 Degenerate Bernstein polynomials

Recently, T. Kim and D. S. Kim have introduced the degenerate Bernstein polynomials and gave
their different properties.

For λ ∈ R, x ∈ [0, 1] and k, n ∈ N ∪ {0}, where k ≤ n, degenerate Bernstein polynomials are
defined by

Bk,n(x|λ) =

(
n

k

)
(x)k,λ(1− x)n−k,λ, (2.1)

where

(x)n,λ =

{
x(x− λ)(x− 2λ) · · · (x− (n− 1)λ), for n ≥ 1;
1, n = 0.

They verify the recurrence relation

Bk,n(x|λ) = (1− x− (n− k − 1)λ)Bk,n−1(x|λ) + (x− (k − 1)λ)Bk−1,n−1(x|λ) (2.2)

and their generation function is given by

∞∑

n=k

Bk,n(x|λ)
tn

n!
=

1

k!
(x)k,λt

k(1 + λt)
1−x
λ . (2.3)

For more details about degenerate Bernstein polynomials and their properties we refer to [1] and
[6].

3 Bernstein polynomials of binomial type

The Bernstein polynomials of binomial type Bfk,n(x) are defined by

Bfk,n(x) =

(
n

k

)
fk(x)fn−k(1− x), (3.1)

where {fn(x)} is a polynomial sequences of binomial type.

For fn(x) = xn, we get the classical Bernstein polynomials

Bk,n(x) =

(
n

k

)
xk(1− x)n−k;

For fn(x) = (x)n,λ, we get the degenerate Bernstein polynomials

Bk,n(x|λ) =

(
n

k

)
(x)k,λ(1− x)n−k,λ;
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For fn(x) = (x)
n,λ

, where

(x)
n,λ

=

{
x(x+ λ)(x+ 2λ) · · · (x+ (n− 1)λ), for n ≥ 1;
1, n = 0.

we get the following

Bk,n(x|λ) =

(
n

k

)
(x)

k,λ
(1− x)

n−k,λ
.

Using (1.6) and (3.1), we get the polynomial sequence
ˆ

Bfk,n(x; a) given by

ˆ
Bfk,n(x; a) =

(
n

k

)
x

ak + x
fk(ak + x)

1− x
a(n− k) + 1− xfn−k(a(n− k) + 1− x), (3.2)

which are also Bernstein polynomials of binomial type.
After introducing and defining those new polynomials, our aim is to study their properties.
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Abstract

Let G = (V,E) be a simple graph. A non-empty set D ⊆ V is called a global defensive alliance if
D is a dominating set and for every vertex v in D, v has at most one more neighbor in V −D than it
has in D and D is a global offensive alliance if for every v ∈ V -D, v has at least one more neighbor
in D tan in V −D. A global powerful alliance is both global defensive alliance and global offensive
alliance. The global defensive (offensive, powerful) alliance number is the minimum cardinality of
a global defensive (offensive, powerful) alliance in G and is denoted by γa (G) ( γo (G) , γap (G)) .
In this work, the difference between γo (G) and γo (G− e) and between γap (G) and γap (G− e) are
investigated respectively.

Key words :domination, global defensive alliance, global offensive alliance, global powerful al-
liance.

1 Introduction

We consider simple graphs G = (V (G), E(G)) with vertex set V = V (G) and edge set E = E(G).
The order |V | of G is denoted by n = n(G). For every vertex v ∈ V , the open neighborhood N(v)
is the set {u ∈ V (G)|uv ∈ E(G)} and the closed neighborhood of v is the set N [v] = N(v) ∪ {v}.
The degree of a vertex v ∈ V is d(v) = |N(v)|.

A dominating set of a graph G is a set D of vertices such that every vertex in V −D is adjacent
to some vertex in D. The domination number of G, denoted by γ (G) , is the minimum cardinality
of a dominating set of G.

The concept of alliances in graphs were first studied by P.Kristiansen et al. [4]. A dominating
set D with the property that for every vertex v in D,

|NG [v] ∩D| ≥ |NG [v]−D| (1)

is called global defensive alliance set of G. The global defensive alliance number of G, denoted by
γa (G) , is the minimum cardinality of a global defensive alliance of G. A global defensive alliance
set of G of cardinality γa (G) is called γa (G)-set. Several works have been carried out on global
defensive alliances in graphs (see, for example [2], [3]). A set D ⊆ V (G) with the property that for
every vertex v in V -D,

|NG [v] ∩D| ≥ |NG [v]−D| (2)

is called global offensive alliance set of G. The global offensive alliance number of G, denoted by
γo (G) , is the minimum cardinality of a global offensive alliance of G. A global offensive alliance set
of G of cardinality γo (G) is called γo (G)-set. In [1] Brigham et al.introduced a new type of alliance
called powerful alliance .A non-empty set D ⊆ V (G) that is both global offensive alliance and global
defensive alliance is called a global powerful alliance set of G. This concept can be expressed by
the single condition that for every v∈ V − D if |NG [v] ∩D| ≥ |NG [v]−D| . The global powerful
alliance number of G, denoted by γap (G) , is the minimum cardinality of a global powerful alliance
of G. A global powerful alliance set of G of cardinality γap (G) is called γap (G)-set.
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2 Comparisons between γo (G− e) and γo (G)

Theorem 1 Let G be a graph with V (G) ≥ 2. Then for any edge e ∈ E (G) , γo (G) − 1 ≤
γo (G− e) ≤ γo (G) + 1.

Definition 2 A graph G is called γ+o -critique if and only if γo (G− e) > γo (G) for all e ∈ E (G) .

Theorem 3 A graph G is γ+o -critique if and only if for every γo (G)-set D the following conditions
hold:
i) D is an independent set.
ii) V −D is an independent set.
iii) For each v ∈ V −D, |N [v] ∩D| = |N [v]−D| .

Corollary 4 A graph G is γ+o -critique if and only if G is the union of stars

3 Comparisons between γap (G− e) and γap (G)

Theorem 5 Let G be a graph with V (G) ≥ 2. Then for any edge e ∈ E (G) , γap (G) − 2 ≤
γap (G− e) ≤ γap (G) + 2.

Definition 6 A graph G is called γ+ap-critique if and only if γo (G− e) > γo (G) for all e ∈ E (G) .

Theorem 7 If G is γ+ap-critique, then for every γap (G)-set D and for every edge uv ∈ E (G), one
of the following conditions holds:
i) u, v ∈ D and |N [u] ∩D| = |N [u]−D| or |N [v] ∩D| = |N [v]−D| , or
ii) One of u, v, say u ∈ D and v /∈ D, and |N [v] ∩D| = |N [v]−D|.
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Abstract

The exponential probability inequalities have been important tools in probability and statis-
tics. In this paper, we establish conditional exponential inequalities for the distributions of sums
of conditionally negatively associated (F-NA, in short) random variables, and obtain a result deal-
ing with conditionally complete convergence of first-order autoregressive processes with identically
distributed (F-NA) innovations.

conditionally negatively associated, conditionally complete convergence, Autoregres-
sive process, Weighted sums

1 Introduction

The random variables in many statistical applications are assumed to be independent. However,
that is often not a very realistic assumption. Therefor, many staticians extended this condition to
various dependence structure. One of the important dependence structure is the negative associated
structure, which was introduced by [4] and [2]. From the ordinary notion of negative association for
a sequence of random variables, a new concept called conditional negative association is introduced.
The relation between negative association and conditional negative association is answered, that
is, the negative association does not imply the conditional negative association, and vice versa. Let
(ω,A,P) be a probability space, and all random variables in this paper are defined on it unless
otherwise mentioned. Let F be a sub-algebra of A, then we say that by definition, r.v.s {ζi, i ≥ 1},
are said to be conditional negatively associated given F (F-NA, in short) if for every pair of disjoint
subsets A1 and A2of {1,2,. . . ,n},

Cov(f(ζi : i ∈ A1), g(ζj : j ∈ A2)) ≤ 0, (1.1)

whenever f and g are coordinatewise nondecreasing and the F-covariance exists. An infinite family
is F-NA if every finite subfamily is F-NA.
On the other hand, the concept of complet convergence of a sequence of random variables was
introduced by [3]. Note that complete convergence implies almost sure convergence in view of the
Borel-Cantelli lemma. Now we extend this concept a conditionally converge completely given F to

a constant a if

∞∑

i=1

P(|Xi − a| > ε/F) < ∞ for every ε > 0, and we whrite Xn → a conditionally

completely given F .

2 Some auxiliary results

With the preliminary lemmas, we now state and prove our main result.
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2.1 Lemma

see [1]

Let α > 0 and 0 < β <
α2

eα − 1− α .Then

exp(x) ≤ 1 + x+
x2

β
(2.1)

for all 0 ≤ x ≤ α.

2.2 Lemma

Let {Xni, 1 ≤ n, n ≥ n} be an array of rowwise F-NA random variables with EFXni = 0 and
{an, n ≥ 1} a sequence of positive constants. Suppose that

(i)

∞∑

n=1

exp{− βε
2

4an
} <∞ for some 0 < β ≥ α2

eα−1−α and |Xni| ≤ α.

(ii)

∞∑

n=1

EF (X2
ni) = O(an),

Then

n∑

i=1

Xni → 0 conditionally completely given F .

3 Main Results

3.1 Theorem

Let {Xni, 1 ≤ i ≤ n, n ≥ 1} be an array of rowwise identically distributed F-NA random variables
such that EFXni = 0 satisfying EF |X11|γ+1 <∞ for some γ > 0.
Assume that {bni, 1 ≤ i ≤ n, n ≥ 1} is an array of constants satisfying

max
1≤i≤n

|bni| = O(c−δn ), 0 < cn ↑ ∞, for all any δ > 0 and anc
−δ
n ≤ 1, (3.1)

n∑

i=1

b2ni = O

(
1

log n

)
. (3.2)

Then

n∑

i=1

bniXni → 0 conditionally completely given F .

4 Application results in the first-order autoregressive AR(1)
model

The basic object of this section is applying the results to first-order autoregressive precesses AR(1)
model.

4.1 The AR(1) model

We consider an autoregressive time series of first order AR(1) defined by

Xn+1 = θXn + ζn+1, n = 1, 2, . . . , (4.1)

where {ζn, n ≥ 0} is a sequence of identically distributed F-NA random variables with ζ0 = X0 = 0,
0 < EFζ4k < ∞, k = 1, 2, . . . and where θ is a parameter with |θ| < 1. Here, we can rewrite Xn+1

in (4.1) as follows:
Xn+1 = θn+1X0 + θnζ1 + θn−1ζ2 + . . .+ ζn+1. (4.2)
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The coefficient θ is fitted least squares, giving the estimator

θ̂n =

n∑

j=1

XjXj−1

n∑

j=1

X2
j−1

(4.3)

It immediately follows from (4.1) and (4.3) that

θ̂n − θ =

n∑

j=1

ζjXj−1

n∑

j=1

X2
j−1

(4.4)

We start with the following basic lemma.

4.2 Lemma

If {ζn, n ≥ 1} is a sequence of identically distributed F-NA random variables such that |ζ1|4 < α,

then for any R > 0 real, ε̃ >
EFζ21
R2

and 0 < β <
α

eα − α− 1

PF (
∣∣∣
n∑

j=1

(ζ2j − EFζ2j )
∣∣∣ ≥ (R2ε̃− EFζ21 )n) ≤ 2 exp{−β (R2ε̃− EFζ21 )2n

36
}+ 2

Φ̃(ε̃, τ, a)

na/2+1
. (4.5)

Where

Φ̃(ε̃, τ, a) = 9
2a+1aae−aDD

′
Aτ

µa+2Ka
1 (EFζ41 )a/2(R2ε̃− EFζ21 )2

4.3 Theorem

Let the conditions of Lemma 4.2 be satisfied then for any
(EFζ21 )1/2

R2
< ε̃ positive, we have

PF (
√
n|θ̂n − θ| > R) ≤ 2 exp{−β (R2ε̃2 − EFζ21 )2n

36
}+ 2

Φ̃(ε̃2, τ, a)

na/2+1

+ exp{−1

2
n

(T1 − nε̃2)2

T2
} (4.6)

where T1 = EF (X2
i ) <∞, T2 = EF (X4

i ) <∞.
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Abstract
In this work, we study the bit-width optimization problem for the parallel form filters. Although

the stability of the parallel form is relatively better controlled than that of the direct form, its op-
timization of the bit width remains untreated. This optimization is carried out with respect of an
heterogeneous required error between the different filter blocks using the Estimation Distribution
algorithm, which is part of the evolutionary optimization approaches family. The performance of
the proposed approach is discussed and compared to chosen benchmarks. The related hardware
implementations reduce the resulted circuits’ evaluation cost up to 36%.

Key words : IIR filter, bit-width optimization, estimation distribution algorithm, IC design.

1 Introduction
Many digital systems use filters to eliminate noise, provide spectral shaping or detect the signal.
Two types of common filters that provide these functions are finite impulse response (FIR) and infi-
nite impulse response (IIR) filters. IIR filters are used in systems that can tolerate phase distortion.
FIR filters are used in systems that require a linear phase and have an intrinsically stable structure.

Over the last several years, the study of infinite impulse response filters IIR has taken an im-
portant place in the field of research [1]. Often the direct form has been favored compared to its
simplicity of implementation and configuration [2]. However, the stability problem remains a dis-
advantage for the direct form. To address this stability issue, several alternative implementations,
including cascading, parallel and networked forms, have been considered [3].

The choice of realization influences the rate of convergence and stability monitoring [4]. The
parallel shape is an interesting achievement for the implementation of the IIR adaptive filters be-
cause the stability can be easily controlled [5, 6].

In 1989, Shynk [7] described several parallel-form IIR filters that overcome the complexity prob-
lem of stability [5]. Several works followed one another, to improve the stability [6], and the speed of
convergence. These structures provide simple monitoring of stability without the great complexity
required by the direct form. However, these advances also pose several new design problems in the
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choice of bit widths used in the representation of variables and calculated coefficients.

2 Problem definition
In this work, the fixed-point implementation of parallel digital filters is considered. The Bit-Width
Optimization (BWO) problem for fixed-point designs aims in one hand to minimize the number of
bits of the integer part (IB) in order to avoid any overflow and, in the other hand, to minimize bit
width for the fractional part (FB) to reach the accuracy requirements through rang analysis and
precision analysis, respectively.

The precision analysis is a problem of higher complexity compared with the rang analysis. It
consists of determining the FBs of the circuit under some requirement on the overall calculation
error Ereq. By examining the literature, we can classify the problem-solving approaches of precision
analysis into two categories: Dynamic analysis [8], and static analysis [9].

The precision analysis is considered in order to calculate the necessary bit-widths of the frac-
tional part for the realization of the filter according to the required error (Ereq) set beforehand.

Direct form approaches in references [10], [11], [12] and [13] can be adapted to different structures
such as parallel structure. Sarbishei et al. [10] suggest a revision of the approach to make it
applicable to other forms of IIR filters. For a parallel form, which is the summation of some direct
form IIR filters, it is sufficient to apply the algorithm to all direct form IIR filters. The parallel
filter output error is given by:

e =
N∑

j=1
ej =

N∑

j=1
(yfixed(j)[n] − y(j)[n]). (2.1)

where N is the number of direct form parallel filters, yfixed(j) is the fixed-point representation of the
jth direct form IIR filter and y its reference model. Lamini et al.[13] also proposed the application
of the Bit-Width Optimization method for each of the blocks independently.

After calculating all bit-widths direct IIR filter’s blocks, the parallel filter’s output error can be
expressed by the summation of the direct filter’s output errors (Fig. 1).

Figure 1: The parallel filter’s output error.

The output error expressed by Eq. 2.1 represents the maximum mismatch and it does not
exceed the required error Ereq.

e ≤ Ereq. (2.2)
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Herein, we aim to find the best-required error allocation to provide a good balance between all
direct filters’ output errors such that :

n∑

j=1
Ereqj

= Ereq, (2.3)

and
max(ej) ≤ Ereqj . (2.4)

Once the best error allocation is found, we use one of the Bit-Width Optimization methods
proposed in the literature, [10], [11], [12] and [13], in order to determine the best set of Integer bit
(IB) and fractional bit (FB) for all interconnections and coefficients in each block (direct filter).
Note that our approach consists of determining the best error allocation which allows bit-width
reduction, resulting in area optimization independently of the bit-width allocation process.

Given the previous description, we are challenged to find the best distribution of the required
error over direct IIR filter’s blocks in order to minimize bit-widths of all interconnections of the
latter ones.

To deal with this problem, we propose a method of resolution based on the Estimation of Dis-
tribution Algorithm (EDA), introduced by Mühlenbein and Paab in 1996 [14].

The advantage of this method relies on the use of the machine learning techniques to solve op-
timization problems by trying to find the locations of the most promising regions of the search space.

The ultimate objective of our work is to optimize hardware implementation of the parallel form
of IIR filters in term of the area while respecting the tolerated error bound.

3 Resolution and experimental results
We present the results of our approach and we compare them with recent work to show its effi-
ciency. The comparison is done using the benchmarks proposed in [10], also in [11], [12] and [13].
All proposed algorithms and benchmarks have been implemented with MATLAB.

To demonstrate the effectiveness of our approach, we used two types of precision analysis heuris-
tics, a first heuristic that provides an appropriate UFB (Uniform Fractional Bit-witdh) for all input
and intermediate signals of the IIR filter, and a second heuristic that provides an improved solution
compared to the first by providing an MFB (Multiple Fractional Bit-witdth).

The simulation results show an improvement for all the studied cases. The justification for this
improvement is due to the EDA process. In fact, the EDA partition favors the most expensive
blocks in terms of bit width.

From the algorithm complexity point of view, the improvment of the implementation’s cost is
achieved in reasonable duration, since, the number of populations of almost steps of our approch
are polynomial functions of their inputs.
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Abstract

Let (G,+, 0) be a finite abelian group. We denote by g(G) the Harborth constant. It is defined
as the smallest integer k that each subset of cardinality at least k contains a zero-sum subset of
cardinality exponent of the group. In a similar way we define the Erdős-Ginzburg-Ziv constant
denoted by s(G) with the difference that we consider sequences instead of sets. As our main
results for the Harborth constant we determined that g(C3 ⊕ C3n) = 3n + 3 for prime n 6= 3 and
g(C3 ⊕ C9) = 13. For the Erdős-Ginzburg-Ziv constant we developed an algorithm that allows to
compute the constant for groups of small order. In particular we obtained s(C2⊕C2⊕C2⊕C4) = 13,
a value that was until now not known.
Key words : zero-sum sequence, finite abelian group, Harborth constant, Erdős-Ginzburg-Ziv
constant.

1 Introduction

Let (G,+, 0) be a finite abelian group. A zero-sum constant of G is often defined as the smallest
integer k such that each set (or sequence, resp.) of elements of G of cardinality, at least k has
a subset (or sequence, resp.) whose elements sum to 0 and that possibly fulfills some additional
condition.

A classical condition is that the the subsequence has length exponent of the group; this is the
Erdős-Ginzburg-Ziv constant. The analogous constant for sets is the Harborth constant, that is,
the Harborth constant denoted by g(G) and defined as the smallest integer k such that each each
subset of G of cardinality at least k has a subset of length exp(G) whose terms sum to 0. This
constant was introduced by Harborth [4].

Its value is so far only known for a few types of groups. We focus on groups of the form C3⊕C3n.
As the main result of [3] we determined the exact value in case n is a prime number; concretely we
showed that g(G) = 3n + 3 for prime n 6= 3 and g(C3 ⊕ C9) = 13. The choice of C3 ⊕ C3n is due
to the fact that the value for C2 ⊕ C2n and Cn was already known; we refer to the just mentioned
paper for further details.

As recalled above, the Erdős-Ginzburg-Ziv constant denoted by s(G) is defined as the smallest
integer k such that each sequence over G of length at least k has a subsequence of length exp(G)
whose terms sum to 0. If G has rank at most two, then the precise value of s(G) is known (for
cyclic groups this is the theorem of Erdős-Ginzburg-Ziv). Only little is known for groups of higher
rank, we refer to [1] for a recent result.

As our main work for this constant, we have developed an algorithm that allows us to determine
the exact value of s(G) for groups of order less than 48. In particular, for the group C2⊕C2⊕C2⊕C4

we determine that s(G) = 13. We recall that the value of s(C2 ⊕ C2 ⊕ C2n) is known for all n, yet
that s(C2 ⊕ C2 ⊕ C2 ⊕ C2n) is only known for n ≥ 36 (see [1]).

The purpose of the talk is to explain the two approaches that we followed to obtain these results.
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2 Main definitions

We recall some key definitions; for a more complete account see [2]. For a, b ∈ R the interval of
integers is denoted by [a, b] = {z ∈ Z : a ≤ z ≤ b}. A cyclic group of order n is denoted by Cn.
Let (G,+) be a finite abelian group. There are uniquely determined non-negative integers r and
1 < n1 | · · · | nr such that G ∼= Cn1 ⊕ · · · ⊕Cnr . The integer r is called the rank of G. Moreover, if
|G| > 1, then nr is the exponent of G, denoted exp(G).

A sequence over G is an element of the free abelian monoid over G. Multiplicative notation is
used for this monoid and its neutral element, the empty sequence, is denoted by 1. We use this
formalization of sequences as in the given context the ordering of the terms is typically irrelevant.

That is, for S a sequence over G, for each g ∈ G there exists a unique non-negative integer vg
such that S =

∏
g∈G g

vg ; we call vg the multiplicity of g in S. For each sequence S over G there
exist not necessarily distinct g1, . . . , g` in G such that S = g1 . . . g`; these elements are determined
uniquely up to ordering. The sequence S is called squarefree if vg ≤ 1 for each g ∈ G, equivalently,
all the gi are distinct. Thus, a squarefree sequence is basically a set, yet there are certain technical
advantages in keeping the two notions apart.

For A,B ⊂ G one has A+B = {a+ b : a ∈ A, b ∈ B} the sum-set of A and A+̂B = {a+ b : a ∈
A, b ∈ B, a 6= b} the restricted sum-set.

3 Results

3.1 The Harborth constant

We determined the value for the Harborth constant for the group C3⊕C3n with n a prime number
(see [3]).

Theorem 1 Let p be a prime number. Then

g(C3 ⊕ C3n) =

{
3n+ 3 for n 6= 3

3n+ 4 for n = 3

For the proof of this theorem, we first established a lower bound based on intuition gained from
computational results, specifically results for g(C3⊕C6) = 9 and g(C3⊕C9) = 13. Then, we proved
a matching upper bound.

To this end we consider the projections bellow: Let G = C3 ⊕ C3n with n co-prime to n, then
G = H1 ⊕H2 where H1

∼= C2
3 and H2

∼= Cn.

πi :

{
G → Hi

g = h1 + h2 7→ hi

where hi ∈ Hi is the unique elements such that g = h1 + h2.
To establish the bound we need to show that every squarefree sequence of length 3n + 3 has

a zero-sum subsequence of length 3n. Of course, a sequence is a zero-sum sequence if and only if
both projections give zero-sum sequences.

We then consider the problem for the two projected sequences separately. For the former, as
the group C3 ⊕ C3 is small, the situation is relatively straightforward to understand. For the
latter, we use various addition theorems, namely the theorems of Cauchy-Davenport, Dias de Silva-
Hamidoune, and Vosper, which we recall below:

Theorem 2 (Cauchy–Davenport) Let p be a prime number and let A,B ⊂ Cp be non-empty
sets, then:

|A+B| ≥ min{p, |A|+ |B| − 1}

This yields immediately that for non-empty sets A1, . . . , Ah ⊂ Cp one has:

|A1 + · · ·+Ah| ≥ min
{
p,

h∑

i=1

|Ai| − (h− 1)
}

The associated inverse problem, that is, the characterization of sets where the bound is sharp,
is solved by the Theorem of Vosper.
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Theorem 3 (Vosper) Let p be a prime number and let A,B ⊂ Cp. Suppose that |A|, |B| ≥ 2 and
|A+B| = |A|+ |B| − 1.

• If |A + B| ≤ p − 2, then A and B are arithmetic progressions with common difference, that
is there is some d ∈ Cp and there are a, b ∈ Cp such that A = {a + id : i ∈ [0, |A| − 1]} and
B = {b+ id : i ∈ [0, |B| − 1]}.

• If |A+B| = p− 1, then A = {c− a : a ∈ Cp \B} for some c ∈ Cp.

We also need the analogue of the Theorem of Cauchy–Davenport for restricted set addition. It
is called the Theorem of Dias da Silva–Hamidoune

Theorem 4 (Dias da Silva–Hamidoune) Let p be a prime number. Let A ⊂ Cp be a non-empty
subset. Then:

|A+̂A| ≥ min
{
p, 2|A| − 3

}

3.2 The Erdős-Ginzburg-Ziv constant

We describe the important steps for our algorithm to determine the Erdős-Ginzburg-Ziv constant.
It allows us to determine s(C2 ⊕ C2 ⊕ C2 ⊕ C4) = 13, which until know was unknown.

• We have developed an API for sets of integers. A set of integers is given as a union of sorted
intervals.

• We use a special indexing of sequences of a fixed length over some fixed group G, such that
each number corresponds to a sequence.

• For the initialization step, we consider all zero-sum sub-sequences of length exponent of the
group. At the end of this step, using the above mentioned indexing, we obtain a set of integers,
which corresponds to zero sum sequences.

• In the next step, the ‘successors’ of these zero-sum sequences are determined. That is, we
determine the set of all indexes of sequences that are obtained by adding one element to a
zero-sum sequences of length exponent of the group.

• We repeat iteratively, until we obtain all sequences of a specific length as ‘successors’.

• This length represent the Erdős-Ginzburg-Ziv constant.

The crucial point of the algorithm is that the API and the indexing of the sequences are designed
in such a way that determining the ‘successors’ is very efficient. We store sets of integers as unions
of intervals. The ‘successors’ of all the sequences corresponding to the integers in an interval can
then be determined in one step.

4 Conclusions and perspectives

• Conclusions: We have determined the Harborth constant of the group C3 ⊕ C3n for n a
prime number. We did so by first establishing a lower bound based on intuition gained from
computational results. Then, we proved a matching upper bound using various addition
theorems, namely the theorems of Cauchy-Davenport, Dias de Silva-Hamidoune, and Vosper.
Furthermore, we developed an algorithm to determine the Erdős-Ginzburg-Ziv constant, and
this algorithm in principle works for any finite abelian group. In practice, we can compute
the constant for finite abelian groups of order up to 48. In particular, we determined the
Erdős-Ginzburg-Ziv constant for the group C2 ⊕ C2 ⊕ C2 ⊕ C4.

• Perspectives: The main restriction for applying our algorithm is memory. One of our
perspectives is to improve our algorithm in order to be able to determine the value of the
s(G) for further groups G. Another is to modify the algorithm in such a way that it can
handled other constants than the Erdős-Ginzburg-Ziv constant. For example, the constants
Ed(G). For an integer d, co-prime to the exponent of G, the constant Ed(G) is defined as
the smallest k such that each sequence over G of length k has a zero-sum subsequence whose
length is not a multiple of d.
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Abstract

Most real life problems encountered in practice require the simultaneous optimization of multi-
ple, often conflicting, objectives. For such problems, the concept of optimality is replaced with that
of efficiency. A non dominated vector in the outcome space is a vector from which it is impossible
to increase the value of one criterion without deteriorating that of at least one other. An efficient
solution in the decision space is a solution whose criteria vector is non dominated. Indeed, finding
all non dominated solutions of multiobjective combinatorial optimization problems is, in general,
NP-complete. In this document, we are interested in discrete multiobjective optimization. So, we
have developed an exact method, named Zε, to solve multiobjective linear integer programming
problems (MOILP). We also tackled the study of the multiobjective linear fractional integer pro-
gramming problems (MOILFP) and the multiobjective quadratic integer programming problems
(MOIQP) and we succeeded in generalizing the method Zε to these two last problem classes.
Key words : Integer linear programming, multiobjective combinatorial optimization, non domi-
nated solution, linear fractional programming, multiobjective quadratic integer programming.

1 The addressed types of multiobjective discrete problems

Multiobjective programming problems ([2],[3]) arises when several linear objective functions k(k >
1) has to be maximized (or minimized) on a convex polytope, in general, It is defined as follows:

(P )

{
Min Z(x) = (zi(x))i=1,k

x ∈ S ∩ Nn
(1.1)

where S = {x ∈ Rn/Ax ≤ b} is the compact set of feasible solutions of (P ), A is an m×n-integer
matrix and b is an m-integer vector. The image of S is denoted by Z(S) = {y ∈ Rn : y = Z(x), x ∈
S} and referred to as the image of the feasible set, or the feasible set in criterion space.
If zi(x) = cix, ∀i = 1, k, with ci 1 × n-real vectors, ∀i = 1, k, then (P ) is a multiobjective linear
integer program.

If zi(x) =
cix+ αi

dix+ βi
,∀i = 1, k, with k ≥ 2; ci, di are 1×n-real vectors; αi, βi are scalars ∀i = 1, k,

then (P ) is called multiobjective linear fractional integer program.

If zi(x) = 1/2xtQix+ ctix, ∀i = 1, k, with Qi, i = 1, k, n× n-positive semi definite matrices and
ci, i = 1, k, n-real vectors, then (P ) is a multiobjective quadratic integer program.

2 Generation of the non dominated solutions set

2.1 Principle of the Zε method

In this paper, we propose an exact method, Zε, to generate all the non dominated solutions of a
multiobjective linear integer programming problem, where the coefficients of the variables of the
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zi(x) vectors are not restricted to integer values. The Zε method is also generalized to solve the
MOILFP problem. Indeed, the proposed approach is based on exactly the same principle of the
Zε method. The Zε method starts with an optimal solution of the following linear program (Pl)
at stage l, for l ≥ 0:

(Pl)

{
Min

∑k
i=1 zi(x)

x ∈ Sl
where S0 = S. The principle of branching to the search for integer solutions is used. As soon as

an integer solution xl is found, his criteria vector is compared to those of solutions already found.
If Z(xl) is not dominated, then the efficiency test [1] is called for xl. If xl is an efficient solution,
then the sub-problems (P 1

l ), (P 2
l ), ..., (P kl ) are created from (Pl), each one having the corresponding

sub-domain Sjl , j = 1, ..., k of the domain Sl. So, each sub-domain Sjl , j = 1, ..., k is obtained from
the domain Sl by adding the cut zj(x) ≤ zj(xl)− εj ,∀j = 1, ..., k, where εj is not greater than the
accepted error on the zi(x) values. The Benson efficiency test [1] returns another integer efficient
solution y if the current integer solution xl is not efficient. In this case, the previously cuts are
added at the solution y.

Remark 1 To affirm the good functionality of our Zε method (all non dominated solutions must be
detected) the ε−value must be not greater than the error accepted on the values of zi(x). Otherwise,
only a part of non dominated solutions will be found.

2.2 Adaptation to the quadratic case

If the Zε method, defined initially for multiobjective linear integer programming problems, was
readily generalized for MOILFP problem, however, the adaptation of this method for the MOIQP
problem need additional tools for his implementation.
In order to describe our procedure for generating non dominated solutions of the program (P ), the
following notations are used throughout the paper. Let x∗ be an integer solution of (P ) obtained
at he stage l of the algorithm. We can write functions zi, i = 1, k, at the neighbourhood of x∗

as: zi(x) = zi(x
∗) + ∇zi(x∗)(x − x∗) + (x − x∗)ε(x − x∗) where ε : Rn → Rn with lim

x→x∗
ε = 0,

i = 1, k; represent the rest of the approximation of zi(x) by zi(x
∗) +∇zi(x∗)(x − x∗), i = 1, k at

the neighbourhood of solution x∗. We define the following mono-objective linear program:

(E)





maxϕ =
∑k
i=1 vi

(Qix
∗ + ci)x+ vi = (Qix

∗ + ci)x
∗, i = 1, k

x ∈ S ∩ Nn

vi ≥ 0, i = 1, k

(2.1)

We define the following cuts:

(Qix
∗ + ci)x ≤ (Qix

∗ + ci)x
∗ − ε, i = 1, k. (2.2)

2.2.1 Description of the method

In this contribution, the Zε method dedicated to the MOILP problem and described above is
extended to generate the set of non dominated solutions for MOIQP problem. The proposed
Zε − quadratic method is presented in the steps of the following algorithm :
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Algorithm 1 Zε − quadratic
Eff = ∅,SND = ∅, l = 0. We consider a mono-objective linear programming :

(Pl)

{
maxct1x

x ∈ Sl
(2.3)

Step l: As a long as a non fathomed node exists in the tree, do:

1. Solve the program (Pl).

2. If program (Pl) has no feasible solutions, then the corresponding node is fathomed.

3. Else, let x∗l be an optimal solution.

(a) If x∗l is not integer, go to Step l1.

(b) Else, go to Step l2.

Step l1:
Choose one coordinate x∗j of x∗l . separate the actual node l of the tree in two nodes: xj ≤ bx∗jc and
xj ≤ dx∗je. l := l + 2, go to Step l.
Step l2:

1. If z(x∗l ) is dominated by z(y) for a solution y ∈ Eff , then x∗l = y and go to Step l3.

2. Else solve the linear mono-objective programming (E)

(a) If ϕ = 0, then x∗l is efficient, Eff = Eff ∪ {x∗l }, SND = SND ∪ {z(x∗l )}, go to Step l3.

(b) Else Update SPE and SPND, go to Step l3.

Step l3:
The programs (P 1

l+1), (P
2
l+1), ..., (P

k
l+1) are created from (Pl) by adding the corresponding cuts (2.2)

to the domain Sl to obtain the sub-domains S1
l+1, S

2
l+1, ..., S

k
l+1. Let l := l + k and go to step l.

2.2.2 Main results

Let (P ) be a multiobjective quadratic integer programming problem, xl an integer solution of (P )
obtained at the stage l of the procedure by solving the program (Pl) and the set Fl+1 the feasible
sub-domain obtained at stage l + 1 of the procedure from Sl:

Fl+1 =

k⋃

i=1

Sil+1.

Theorem 1 The feasible solution xl ∈ S is efficient for program (P ) if the optimal objective value
of (2.1) is 0.

Theorem 2 All non dominated solutions of (P ) are in Z(Sl), that belong to the set Z(Fl). where
for any X ⊂ Sl, Z(X) is the image of X by Z = (z1, z2, ..., zk).

Theorem 3 The described algorithm Zε − quadratic terminates in a finite number of iterations
and generates all non-dominated solutions of program (P ).

3 Experiments and Results

The computer programs was coded in MATLAB R2015a, using PC Intel (R) Core (TM) i5, 2.6 GHz
and 6 Go. The methods was tested with randomly generated m constraints, m ∈ {5, 8, 10, 13}, k
objective functions, k ∈ {2, 3, 4, 5} and n variables n ∈ {10, 13, 15, 20}. The coefficients are uncor-
related integers uniformly distributed in the interval [1, 50] for constraints and objective functions.
We show the results of the computational experiment in the following tables:
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instance SND CPU(s)
n m k Moy Min Max Moy Min Max

10 5 2 5.9 1 15 0.332 0.24 0.55

15 8 3 7.3 2 15 0.423 0.265 0.751

20 10 4 26.9 13 67 1.720 0.91 4.646

25 13 5 42 12 111 5.458 0.77 13.06

30 15 6 144.8 29 364 29.22 2.29 60.11

Table 1: Results for MOILP

instance SND CPU(s)
n m k Moy Min Max Moy Min Max

10 5 2 7.2 3 11 0.128 0.064 0.194

15 8 3 43.3 23 87 9.30 1.296 31.74

15 5 4 79.7 15 167 42.133 2.21 107.78

20 10 4 153.2 40 229 131.59 460.50 7.69

Table 2: Results for MOILFP

instance SND CPU(s)
n m k Moy Min Max Moy Min Max

10 5 2 5.8 3 13 4.58 0.662 20.66

15 8 3 41.7 27 73 24.96 15.98 43.09

20 10 3 39.4 23 75 58.46 28.29 87.01

20 10 4 126 105 187 165.30 74.96 292.28

25 13 5 340 124 724 427.76 231.10 604.56

Table 3: Results for MOIQP

The results show that for the same instance, the CPU time increases exponentially with the
nature of criteria. Also, the non dominated solutions increases as the criteria number. In the other
hand, for the same instances studied, it is noted that the mean number of non dominated solutions
found for MOILFP is greater than those found for MOILP and MOIQP, unlike the mean CPU time
of MOIQP which evolves exponentially regards to those of MOILP and MOILFP.

4 Conclusion

In this paper, an exact method to generate all non dominated solutions set for multiobjective
linear programming problem is first presented. Then, it was generalized to MOILFP and MOIQP
problems. First results are achieved and others, are still to be implemented to show the robustness of
the method. Also, we plan to elaborate a comparative study with recent methods in the literature.
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